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Parameter Estimation for a Discretely
Observed Integrated Diffusion Process
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Département d’Economie, Université Bordeaux 4

ABSTRACT. We consider the estimation of unknown parameters in the drift and diffusion coeffi-
cients of a one-dimensional ergodic diffusion X when the observation is a discrete sampling of the
integral of X at times iA,i=1, ..., n. Assuming that the sampling interval tends to 0 while the total
length time interval tends to infinity, we first prove limit theorems for functionals associated with
our observations. We apply these results to obtain a contrast function. The associated minimum
contrast estimators are shown to be consistent and asymptotically Gaussian with different rates for
drift and diffusion coefficient parameters.
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1. Introduction

The statistics of one-dimensional diffusion processes with ergodic properties and when the
sample path is discretely observed has been the subject of many recent papers. More pre-
cisely, let (X;) be given by the stochastic differential equation:

dX, =b(X;, wdt+a(X,,0)dB;, Xo=n (1

with B a standard Wiener process and 5 a random variable independent of B. Suppose that
for some positive A, a sample (Xja, i <n) is observed and that it is required to estimate (y, o) €
R2. The exact likelihood of such an observation being generally intractable, other methods
have been developed to obtain explicit estimators. Under the assumption of fixed sampling
interval, different kinds of estimating functions have been studied (see e.g. Barndorff-Nielsen
& Serensen, 1994; Kessler & Serensen, 1999; Serensen, 1999, 2000; Kessler, 2000; Bibby &
Serensen, 2001).

Another point of view which is also classical and complementary to the former one is to
assume that the sampling interval A=A, tends to 0 as n— oo and nA, — co. In this frame-
work, the likelihood of the Euler scheme of (1) is a contrast function and provides consis-
tent and asymptotically Gaussian estimators. A noteworthy result is that drift and diffusion
coefficient parameters are estimated with different rates, (nA,)"? for the drift parameters and
n'? for diffusion coefficient parameters (see e.g. Dorogovtsev, 1976; Florens-Zmirou, 1989;
Kessler, 1997).

In this paper, we consider a new type of observation. Our aim is to estimate the parameter
(p, o) of (1) when we observe a discrete A-sampling of the integrated process I, = fot X;ds.

Integrals of diffusion process have been recently considered in the field of finance in rela-
tion to stochastic volatility models (see e.g. Leblanc, 1996; Barndorff-Nielsen, 1998; Genon-
Catalot et al., 1998; Barndorff-Nielsen & Sheppard, 2002; Bollerslev & Zhou, 2002). Data
may be obtained from option prices and their associated implied volatilities (see e.g. Pasto-
rello et al., 1994)

For fixed sampling interval A, the exact distribution of (1;4, i <n) is difficult to compute except
for few models. For example, the case of X a stationary Ornstein—Uhlenbeck is treated in Gloter
(2001) and the case of a Cox—Ingersoll-Ross model is studied in Ditlevsen & Serensen (2004).
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To deal with a general diffusion X, we shall assume that the sampling interval A=A, tends
to 0. Now, let

. G »
=0 [ X8 s, ) @
ZAY]

We shall base our estimation on the sample (Y?)l’syl_l which is in one-to-one correspondence
with the observation ([, )i<,. Our starting idea is that, for small A, the law of (Y:.', i<n—1)
may be close to the law of (X;a,, i <n—1), so that methods available for the discrete sampling
(Xia,) apply for (Y:l). In fact such a substitution fails mainly because (Y;l) is not Markovian.

As preliminary steps, in Gloter (2000) we have obtained asymptotic expansions of Y? as
A, — 0. The results of Gloter (2000) hold without ergodicity assumptions on model (1).

In this paper, we assume that the diffusion (X;) has ergodic properties with invariant proba-
bility dvg(x). We first prove limit theorems concerning the variation and the quadratic vari-
ation of (Y?), which enlight the difference between (Y?) and the discrete sampling (Xja,).
These theorems enable us to construct a contrast by introducing the appropriate corrections
on the Euler contrast of the diffusion.

The paper is organized as follows. Sections 2-4 are devoted to general limit theorems. In
these sections, parameters are omitted and we set a(x, o) =a(x), b(x, ) = b(x). Section 2 con-
tains the assumptions and a recap of some expansions obtained in Gloter (2000). In section
3, we introduce the following functionals of the observed process (where X =77 to simplify
notations):

n-2
(=" f(X) 3)
i=0
n—2
i) =A) "> fXDXip1 — Xi — Ab(X ) “)
i=0
n—2
Q=AY fXNX i1 = X7 (5)

i=0

Section 3 contains convergence in probability results and section 4 some associated central limit
theorems. The main result is that, under smoothness assumptions on f, g,

((}’lA,,)”Q (jn(f) - %@n(fl))a }11/2 (%@n(g) - Vn(gaz)> )

converges in distribution to a N'(0, vo(f2a?)) @ N (0, 9/4vy(g*a*)) (where vy is the invariant prob-
ability of the diffusion and vo(f) = [ f(x)dv(x)). This needs the additional (but classical, see
e.g. Florens-Zmirou, 1989) condition nA> — 0.

In section 5, we give examples of diffusion models satisfying the set of assumptions intro-
duced in section 2.

Section 6 contains the statistical applications. Using results of sections 3 and 4, we define a
contrast function, see (51), and study the associated minimum contrast estimator 0,=( Ly G-
This estimator is shown to be consistent and ((nA,)"?(f1, — 1), n"*(6, — 60)) asymptotically nor-
mal (0= (g, 09) denotes the true value of the parameter). We compare the asymptotic vari-
ances with those obtained for estimators based on a discrete sampling of the diffusion itself (by
Kessler, 1997). The only difference is a slight increase in the asymptotic variance of the estima-
tor of ay. In section 7, examples of parametric models are fully treated. We provide simulation
results to see how our estimator behave on finite sample for small, but fixed, value of A,.

Some technical results are given in the appendix.
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To simplify notations and proofs we have chosen a one-dimensional parameter for the drift
and for the diffusion coefficient, but we could easily extend this work to multidimensional
parameters (see remark 5).

2. Assumptions and preliminary results
2.1. Model and assumptions

Let (X;) be defined as the solution on a probability space (Q, F, P) of the stochastic differ-
ential equation:

dX,=a(X,)dB,+b(X,)dt, Xo=n (6)

where (B;),>o is a standard one-dimensional Brownian motion, 7 is a random variable inde-
pendent of (B,);>0. We make now some classical assumptions on functions b and a ensuring
that the solution of (6) is a positive recurrent diffusion on an interval (/, r)(—oo </<r < o0).

To keep general notations, we introduce two positive measurable functions B, and B, de-
fined on (/, r) satisfying the following property: Vo, .o/, f/,p>0,3c,Vx e (l,r),

(BH(x)+ BE(x)) x (B (x)+ BY (x)) < e(Br+ (x) + B (x)) @)
(B (x) + BE(X)Y < (B (x) + B (x)). ®)

These functions are used below to bound the growth of other functions near the boundaries
I, r of the state space. For example, if /=0, r =00 we may take B/(x)=1+x"1, B,(x)=1+x.

(A0) Equation (6) admits a unique strong solution such that P(X, €(l,r),Vt>0)=1.
(A1) Function a and b are real valued, C> on (/,r) and
e, o, 00, B, fr >0,Yx e, 1),
a(x)>0,  |a(x)| + [b(x)| < c(1 4 By(x)),
|d' ()| < e(B)' () + B (), |a"(x)] < (B> (x) + B2 (x)),
/(| < (B () + B (). [B'(x)] < (B (x) + B2 ().

Let G, =0a(By,s<t;n).
(A2) There exists a positive constant K; such that

Vke [05 Kl)a de, V> 0, E (Supse[m+1] B;((Xs) | gt) < CB;C(XI)
Vk €[0,00), 3¢, V1 >0, E (sup,y,, 1y BY(X) | Gi) < By (X))

For xo €(/,r), let s(x)= exp(-2 f;;(b(u)/az(u)) du) denote the scale density and m(x)=
1/(a*(x)s(x)) the speed density.

(A3) [ s(x)dx= f:o s(x)dx=o00, [ m(x)dx=M <oo.
Let

1
vo(dx)= Mm(x) yreq,ny dx.

(A4) 3M;, M, >0 vy(B"") <00, vo(BMr) < cc.

(AS5) sup, E(B,M’(X,))<oo, sup,o E(BM (X)) <oo (where M; and M, are defined in A4).
(A1) and (A3) imply (A0) but some results hold without (A3) under (A0)-(A2). Under (Al)
and (A3), vy is the unique invariant probability of model (6) and X satisfies the classical
ergodic theorem

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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Assumption (A4) means that some powers of B; and B, are in L!(dv,) and hence all func-
tions on (7, r) bounded by these powers of 15; and B, will also be in L'(dvy). Assumption (A5)
follows immediately from (A4) if the initial distribution is vy (the process X being strictly
stationary). In section 5, we prove that (AS5) follows again from (A4) when the initial con-
dition is deterministic.

Assumption (A2) was already introduced in Kessler (1997) and in Gloter (2000), as a use-
ful tool to control the behaviour of X near the endpoints /,r. In Gloter (2000), it is shown
that (A2) holds for general diffusion processes on R, and for some classical diffusions on
(0, 00). The reason why (A2) is not symmetric appears in the examples of section 5.

2.2. Expansions for the observed process

Now, let A, be a sequence of positive numbers with A, — 0, as n— oo and assume, for con-
venience, that A, <1, for all n. We set G =G,

We now recall the main properties of Y:':Y,- (see (2)) proved in Gloter (2000). In the
following statements the constants ¢ appearing never depend on i or n.

Proposition 1
Assume (A0)—(A2) and let f €C'(I,r) satisfy:

Iy >0,3c¢>0,Vxe(,r)|f"(x)] < c(B)(x)+ Bl(x)).

1. For all integer k> 1, such that ky<K; (with K; given in (A2)), there exists ¢>0 such
that for all i,n>0

E ( sup  [f (X)) — f(Xa,)|* |gf> <A (B (Xia,) + B (Xia, ).
vE[iAn, (i + 1)Ay]

2. For all k>1, there exists ¢>0 such that for all i,n>0,

E (%= Xia,[*1G7) < cAl(1+ B (Xia )
E([Xui = X[ 167) < eny(1+ BL(Xin, ).

Let us introduce

(i+1)An
En=A" / (s—iA)dB, fori, n>0 ©)
(i+2)An
é§+1n:A;3’2/ (iA,+2A,—s)dB, fori>—1, n>0 (10)
’ (+1)A,
Ui,n = éi,n + é;+ljl' (1 1)
For all n>0, (;,)i>0, (5;+1 Wizo and (U;,);»o are Gaussian processes; ¢;, is G7; measurable
and independent of G; &, , is G, measurable and independent of G . We easily compute
the following expectations: E (&, |G!) =E (&1, 1Gr,) = (G,n | g") = (f;iln \ Q,+|)

1/3, E (&,&,1G") =1/6. We deduce that for i >0, var( U,~,,,)=2/3 and cov(U,,, Uip1,,) =116,
cov(Ui,, Uiy, n) =0 for j >2. Hence (U, ,)i>o has the covariance structure of an MA(1) process.
The following results hold.

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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Theorem 1
Assume (A0)—(A2).
1. We have

Yi - A/iA,, = Aylll2a(XviAn)£;,n + €ins

with, if 201 <K;,Vi,n >0 |E (e1,|G}')| < Ave(1 + B,(Xia,)) (12)
E (¢2,1G1) < A2e(B] (Xia,) + BT (Xia,)). (13)
2. We have

Xiv1 — X =X )A, = A a(Xia,) Ui + i

where ¢;,, is G}, measurable, and if p;V2p, V4o <K, Vi,n>0

|E (e0 | G1) | < A5e(B) 2 (Xin, )+ BV (X, ), (14)
{f40(1 \/20(2 <K[, Vz,nzo

E (2,1G7) <A2e(B2 (Xia,) + BX#1 42 (Xia,)) (15)
E (,1G!) < Aje(BP 2 (Xia,) + B4+ (X)) (16)
Furthermore, if 40,V ay V4P, <K;, Vi,n>0

|E (2000 | G1) | < A2 (B2 (X, )+ BIF V@t (xy ) 17
| (enElann | GF) | S A B (Xin, ) 4 BV (X, ), (18)

3. Limit theorems for functionals of the observed process

In this section and the following one, we study the behaviour of functionals (3)—(5) for f':
(1, r)— R satisfying some regularity assumptions. The conditions on f are expressed by the
following.

Condition C,: f €C*(l,r) and for y>0,

Fe,Vxed,n), [+ ')l + [f" ()] < (B (x) + Bl(x)).

For statistical purposes, we also need to consider the functionals (3)—(5) for f(x,0):(l,r) x
®— R where O is a product of two compact intervals of R. To obtain uniform convergences
with respect to 6, the conditions on f'=f(x, 6) are the following.

Condition CU,: f:(I,r) x ® — R satisfies f(-,-) €C*[(/, ) x O] for some open set O DO and
with y >0,

Je>0,Vxe(l,r) suplg(x,0)| <c(Bj(x)+B)(x)), for g= f.f.f5. Vof, Vofi.
0cO

3.1. Empirical mean

As a first application of the expansions recalled in section 2, we give a mean theorem for the
process (X;)ien-

Proposition 2
Assume (Al)—(AS5), let [ satisfy CU, with y<M;, 14+y<M, and 2y<K,, then

V(£ ¢, 0) == v(f (-, 0)) uniformly in 0, in probability.

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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Proof. By lemma Al of the Appendix, we only have to prove the L' convergence to zero
of
n—2

supn! Z |/(Xi,0) —f (Xia,, 0)].
0c® i=0

By Taylor’s expansion and condition CU, on f, we get the bound

%ug ’f(yi, 0) —f (Xia,» 9)| <c  sup  (B](X)+Bl(X))|X; — Xia,
c

s€fidn, i+ 1)Ay]

Now, the Cauchy—Schwarz inequality, (A2), proposition 1(2) and (7) yield
E (Sup |/ (Xi,0) —f(Xia,, 0)| gf) <A (B](Xin,) + B (Xia, )-
0O

By assumption (AS), we deduce E(sup,.q [f(Y,-, 0)—f(Xia,, 0)|) < cA,ll/z. So, the proposition
is proved.

3.2. Variation of the process

Our next result concerns the functional Z, which involves the increments of the process (X)

(see (4)).

Theorem 2
Assume (Al)—(A5), and let [ satisfy CU,, with (y+20 4+, + )V (2y+oa) <M;, (4+2y+
200 +02) V242004 B+ ) <M, and 2y 4oy V20,V V26, <K,

= n—oo 1 y . . ) .

Z.(f(, 0) == 0 (f1(-,0)a*(-)) uniformly in 6, in probability. (19)
Proof. The proof relies on the expansions of theorem 1. Set for the proof

Vin(0)= f(Xi, 00X i1 — X — Ab(X ). (20

Since Vi, (0) is G, measurable, to deal with a triangular array of martingale increments,
we split Z,(f(-, 0)) into the sum of terms with even index i and the sum of terms with odd
index i. Now, it is enough to show that

n—1
n—o0 1 / . . P
(nAy,)7" Z Vaion(0) = i (fi(-,0)a*())  uniformly in probability (21)
i=0
(and that (2A2,)" 32075 Vair124(0) == 1/6vo (£1(-, 0)a*(-)), but the proof is analogous).
By the Taylor formula, and theorem 1(2) (recall (9)—(11)), V;,(0)= Es W9(0), with,

j=0 “i,n
o(0)=A,Usa(Xin, )f (X, 0) 22)
o0 = A Ui (X = Xin,Ja(Xia, )f(Xin, . 0) 23)
B O)=A"U, 1(Y-—X— Va(Xn )5 (X;, 0 24
in — B l,nz i i, a( 1A,,)fx2( is ) ( )
o (0)=6if (Xin, . 0) 25)
o0) =61, (X 1 = Xin, Jf1(X:, 0) (26)

where X;, X; €[X;, Xia, ]

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.



Scand J Statist 33 Estimation for integrated diffusions 89
Now, define Z.(0) = (nAs,)~" Y10 v9),,.(6) for j=1,...,5.
Let us first study 75,2)(9) and prove that, for each 0,
=2) ) nsoo | 1
2O 2w (16, 0a0). @
By lemma A2 of the appendix, it is enough to show that:
n—1 1
— (2) n\ H—00 .
(ndo)' > E (520 1G3) 2 20 (£, 007(). (28)
n—1
(n82) 2 Y E (050,00 | G3) =0 (29)
i=0
Using theorem 1(1) and E(Us;2,Eh;5, | G2 =1/6, we get
) A2n 2
E (859,(0)| G2 ) = =202 (Yo, Vi (KXot )+ i (30)
with 13, = E (AL Usioaf (X, (X, i | 93
Now, (13), assumption (Al) and condition CU, yield
il < A E(B] ™ (Xain,, )+ B (X, ). (31)

Therefore, by (A5), (nA,,) ' S0, ﬂ,,,'iiO
L!

Hence, an application of lemma Al in the appendix to the first term of (30) yields (28).
Now, by proposition 1(2), E ((vggn(e))z | gg,.") <A (B (Xain, )+ B (X, ). This gives

(29), and (27) follows.

To obtain uniformity with respect to 0 we shall use proposition Al of the appendix. We
compute Vvl (0)= Ay, Usioa(Xoi — Xainy, )a(Xaia, )V of i Xaia,,» 0). By condition CU,, we
deduce E(sup|Vgu§)2"(6)| | g3 < cA,z(B"(Xz,-AZH)—I—Brz”()(z,-Azﬂ)). With assumption (A5), it

implies E(supy.e \ngzl 2n(ﬂ)\) <cA,. Hence, sup,.y E(supyce \V(;I (0)|) <oo and uniformity

in (27) follows.

To end the proof of the theorem, it remains to show the uniform convergence to 0 for

%1)

in the dppendlx.

Remark 1. To enlighten the previous result, recall that

n—1
A" f(Xia,) X, — Xia, — b(Xia,)JA) =30,
i=0

The difference with our result comes from the fact that f(Xis,) and Xiiia,

Z,(0), I (0) (0) and 7, (0). This leads to rather long computations which are detailed

_A/I.An_

b(X;a,)A, have a negligible correlation (of order A,) whereas f(X;) and X, — X; — b(X)A,

have a correlation of order AY?.

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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3.3. Quadratic variation of the observed process

The following result deals with the quadratic variation of X; (recall (5)).

Theorem 3
Assume (Al)—(A5), let [ satisfy CU, with 2yV (y+ 20 + o) <M;, 4429+ 20 + 0, <M, and
29V 4oy V20, <K, then,

(-, 0)=> %vo (f(~, O)az(-)) uniformly in 0, in probability. (32)

Proof. First, we show the pointwise in 0 convergence. Set Wl,,(O)_ (X i1 —7,»)2 f(X:,0).
As W;,(0) is G, , measurable, to prove the convergence of (nA,,)~ LS o Wia(0), as in the pre-
vious theorem, we deal separately with the sum of even indexes and the one of odd indexes.
And it is enough to show that:

n—1
(1) Waia(0)"= 370 (/(-0)()) in probability. (33)
i=0

Using theorem 1(2) and Taylor’s formula, we write: W2,»,2,,(9):wg?z,i(@)—}—wg?z”(@)-f-

w2l Zn(e) + w2t 2n(9)

with wzl ihn(0)=As, U3 2, @ (Xaing, )f (Xoin,, , 0) (34)
WS, (0) = 2457 Uy 2y Xainy, N e2i2n + Aaub(Xainy, )f (Xaia, - 6) (35)
WS, (0)= (2210 + Aoub(Xain,, )Vf (Xain,, - 0) 36)
Wit ()= (Xais1 — X2)* (X2t — Xain,, (X, 0),  where X; €[Xsi, Xoin,, . (37)

We set @L})(H):(nAgn)’IZf L wd, (0) for j=1,2,3,4.
We start by studying Q,, \(0). Using E (U3,,1G3") =213 and E (Us,,, | G3') =4/3 we obtain:

E (0, 0)163) = 2221 (Ko, 00 (Xin,)

4A;
E (i, (007 131 ) = =32/ (Xing O’ (X, ).

First, applying lemma Al we get:
n—1
(nA) 'S E (wggn(m | gz") nocg 2 0 (£, 0)a()) in probability
i=0

Second, using (A5) we get
E|E (), (0)7|G3)
and therefore, (nA,) > Y1) E ((wg}_gn(g))z ‘ gln) ";0?0.

Hence, by lemma A2, we deduce 0. (0) "%OZ/SVO (f(-,0)a’(-)) in probability.
=) n—oo
—

To establish the pointwise in 6 convergence for (32), it remains to show that 9, (0)
in probability for i=2,3,4. This is detailed in the appendix. To obtain the uniformity, we
use proposition Al of the appendix together with the easily obtained following bound:

<A

2n>

n—1

sup(nA,)” ZE{ i+1 771.)2%\%/(7,4,0)]] <o00.
S

n>1 i—0

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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Remark 2. Comparing theorem 3 with the well known result

n—2
(nA,)™! Zf(XfAn)(X(fH)An — X, v (fdP),

i=0

the main difference comes from the fact that the variance of U, is 2/3, whereas A, 12 (Bis+ya,—
Bia,) has variance 1.

The quadratic variation Q,(f) based on (X)) is therefore a biased estimator of the qua-
dratic variation vy(fa*). An analogous result was obtained in Delattre & Jacod (1997) for the
quadratic variation based on discrete observations of the diffusion with round-off errors.

4. Associated central limit theorems

Now, we study some related central limit theorems. We need no more uniformity in 0.

Theorem 4
Assume (Al)—(AS5) and nA2 0. Let f satisfies C, with (2y4 30 +o+ 4+ f,) VA4dy <M,
A4+2y+30+o+ B+ ) V(A +4y) <M, and 4y NV 4oy V20,V V20, <K; then,

N = VBT~ QNN (0.0 (176)). ()

Proof. In this proof, we use the notations (20), (22)—(26) introduced in theorem 2. Further-
more, here we set v}, P = —1/4(X 111 — X,)>f'(X)).
Define N =(nA,) 2 510 for j=1,3,4,5 and N =(nA,) 2 0, o (02 +0,,?). With

lOtn

these notations N,(f)=>,_, N
First, we study N(,,l) n-1? Z" Vo Xia,) Ui With a(x)= f(x)a(x). In order to apply a mar-
tingale central limit theorem, we first have to reorder terms (recall (9)—(11)).

1 /
Ny = ””Zs“) 1 ((X0) o+ UKo 1a,)E 1) (39)

with
st = (X, )Ep + o Xma, ) (40)

We now have the conditional centring, ( () | Q") =0, and compute the conditional
variance E ((S, Uy | Q”) =1/3{c2(Xia,) + *(Xii—na,) + 4 Xia, ) Xi—1ya,)}. An application of
lemma A1, and proposition 1(1) yields: n~' Y1) E (( Oh2 Q”) vy (f*a*). We easily bound
E ((sl.’n)4 | Q}’) and show n 2" E ((sm M Q;’) ":*IO?O. Using theorem 3.2 (p. 58) in Hall &

Heyde (1980), these two conditions are sufficient to imply

n—1

no12 (1)'HOC (0 Vo (fz 2)) (41)

i=0
Clearly, by (39), we deduce Hl)nﬂx./\/ (0,vo (f2 ).

Second, we show the convergence to 0 of Nn . Computations based on theorem 1(1) and
proposition 1 show that E (v;,.,z,fz’ | gf) = —(A2,1/6)a2(X21-A2n)f’(Xz,-AZn)+r§’n with,

[Pl < CASB] T (U, ) o+ BT (X, ). “2)

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.
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Recalling (30), we get E (Ug?zﬂ + 0@ | ggl.n) =ru+7,,. Now, by (31), (42) and (A5) we de-
duce,

2 n
E ‘E (v(21)2n + UZ/ 2n ‘ g221 )
This implies £ ‘(nAz,l)’”z S B (o5, + 40,7 |G

now the condition nA> — 0. As for (29), we get (nAy,) ' S\ E ((vg?h—i—v’z,-,hm)z|g§lﬂ> =
op(1). This implies the convergence for the sum of terms with even indexes:

< cAy2

< ¢(nA3,)"2, which tends to 0 using

n—1

(nAy)~" Z{U(z?zn + UlZi,Zn(2)} =op(1).

i=0

Analogously we show (1A, 1)™2>"1"" {v(zflrl on T Vo, an} _0p(l) Hence Nf) —0.
To end the proof, we show the convergence to zero for N N N and N N, using that nA2 —0

. .. 4
(the proof is a repetition of the proof of convergence for the corresponding terms, I( " I( )

and 7., in theorem 2).

Remark 3.
1. Comparing with the classic convergence limit,

n—1

(A) ™ " (K, — Xin, = Mb(Xin ) f (Xia,) == N (0,v0 (f*a?)),
i=0
it appears that, if we just replace X;a, by X; above, then the expression may tend to oo,
in probability, because of the non-negligible correlation between f(X;) and X, .| — X; —
b(X)A,. So we have to introduce the appropriate correction.
2. We cannot replace in the statement of the previous theorem 1/4Q,(f’) by the term
1/6vy (f"a*) since we can show that

(nA,) ”Z{Z ) (X - X)) —évo (f’az)}

does not tend to zero when n— oo, hence theorem 4 does not provide an exact central
limit theorem for theorem 2.

3. The condition nAi — 0 is classical (see Florens-Zmirou, 1989). This condition imposes
that the discretization step decreases to zero fast enough, to ensure that the contribution
in N,(f) of the error terms ¢, tends to 0 as n— oo.

Let us now state a central limit theorem related with the functional Q,(g) (see (5)).
Theorem 5

Assume (Al)—(AS5) and nA2"=50. Let g satisfies C, with 4y V (2y+4oy + 20, + ) < M,
8+4y)V(6+2y+40, +20,+ ;) <M, and 4y\/(2y+4oc1 +20) V4P, <K, Then,

M@= (300wt ) 5 N (0. Juietat) ). @)

Proof. In this proof we use notations (34)-(37) of theorem 3. Further, we set fi(x)=
@ (x)g(x), w)," = —2/3(Xia,) and w, > =213(B(Xia,) — BX ).

Define MY =3/2n12A;' S0 2w, for 1=2,3,4,5 and M, =3120""2A; S 2w +

Ln>
o), V). With these notations, M,(g)= Y5 My
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First, we study M. = n 2S5 B(Xia,){3/2(Ui,)? — 1}. Reordering terms in 7 to
obtain a triangular array of martlngale increments, we get (recall (11)),

n—1
—0n_ 3 Z 0 2 1
Mn - iz { Sin + (C—O,n - § B(XO)

i=1
1 . .
+ (é/nz,n - g) B(X—iya,) + 2€n1,nC;,nﬁ(X(n1)A,,)}
where,

Sin = (é )ﬁ(X,An)Jr (é %) BXis-08) + 2611, CinB(Xii 1) (44)

(2)

But, now, s;,

is G!' , measurable and centred conditionally to G;. Furthermore, using the
expression for the covariance structure of (&;,, é;,n) given in section 2, we deduce:

E(62716!) = SR+ 5 F (X n,)
4 B BCia) + 36 o K, (45)
By lemmas Al and A2 (in the appendix) we show the convergence for the following array of
martingale increments, '3 & LaBAX ~,2)An)'?>° 1/3vo(B%) (recall f(x)=a*(x)g(x)).
Using proposition 1(1) we deduce n~ IZ 0 C, LaP (X(,-,I)An)ﬂo 1/3vo(f?). Thus we have, by
(45), 94n ' S E ((s(”)z\g”) =%9/4v0($%). Using the bound on f*, we see that we can

101n

apply theorem 3.2 in Hall & Heyde (1980) and get, 3/2n~ 125" s 'HOO/\/' (0 9/4vy(B ))

(1) n—o0

Finally, using that nA — 0, we can show M, =30 in probability for /=2,...,5 and, as
a consequence, obtain (43).

Remark 4. Comparing with the usual property

172 ! (X(t+1)A,, )(iA,,)z 2 Nn—00 2 4
) 9(Xin,) " = 9(Xia, )" (Xia,) ¢ =5 N (0,2vo(g%a"))
i=0 n

we see that when we replace X;, by X; in the equation above the variance of the limit in-
creases a little.
Finally, we have the following theorem.

Theorem 6

Let f and g be two functions satisfying, respectively, C, and C,i. Assume that the assumptions
of theorem 4 are valid for f, and those of theorem 5 are valid for g. Suppose, furthermore, that
2942y +oy <M, 64+2y+2y +oy <M,. Then,

0 3,0 30 (0070 ) 07 (0. e ) (46)

Proof. We have shown, in theorems 4 and 5, that N,,(/) —n "2 52" 5" and M ,(g) — 3/2n~ 2

llln

S !5 tend to zero in probability. As we deal with martingale arrays, it suffices to prove

zlln
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DA RS (47)

i=1

But using (40) and (44), we get (recall a(x)=a(x)g(x), B(x)=a*(x)g(x)):
1 2
E (51(11)552,,) | Q{’) =&t wB(Xi-na,) (g‘“(lYiAn)‘F gfx(X(,-,l)A,,)>.

Then (47) can be obtained by using proposition 1 and lemma A2.

5. Checking assumptions

In this section we give examples of models for which our assumptions hold. Actually, only
(A2) and (AS5) have to be studied. The examples below show that they are not restrictive
conditions.

The condition (A2) was studied in Gloter (2000) and was shown to hold for all models
below.

5.1.  Diffusion on R
Here (/,r)=(—00,00); B_(x)=1 and B, (x)=1+ |x|; (X;) is the solution of
dX,=a(X,)dB,+b(X,)dt, Xo=n. (48)

Let us assume that assumptions (Al) and (A3) are satisfied, and the stationary distribu-
tion vy has finite moments of every order. This means that (A4) is satisfied for any positive
constants M, and M. By Gloter (2000), assumption (A2) is satisfied with K . =oc.

It remains to check (AS). If 5 has distribution dv, then (A5) follows from (A4) by station-
arity. The next proposition shows that (A5) follows again from (A4) if # is deterministic.

Proposition 3
Let X be solution of (48) starting from Xo=y € R. Assume that (Al), (A3) and (A4) hold
with any positive constants M_., and M., then

Vp>0, sup E(|X;[")<oo (and hence (A5) holds).
>0

Proof. Define the probability measure dm(x) = dvy(x)vy ([, 0)) ! ll;,>,;. Using that the sto-
chastic differential equation admits strong solutions we can define on (2, F, P) the processes
(X)), x€R and (X7), solutions of:

dXT =a(X))dB +b(X))dt, X§=x
dX[ =a(X[)dB,+b(X[)dt, X7=I1

with IT a random variable with distribution dn(x), independent of B.
Now,since Xo =X} < X7 a.s.,usingthat X = X”and X" coincideafter thetime 7 = inf{s > 0;
X=X} we get P(Vi>0, X, <X")=1. So, for pe N (with the notation x*=xV 0):
E(00Y) <E((7Y) = [ E(00)) dat)
R

< (000 [ E Q) = r00) " [ () dato

R
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Since by assumption, vy has finite moments of every orders, we have sup,. E((X,+ )” )<oo.
We analogously show: sup,., £( (X,*)p)< oo with x~ =(—x) V0 and get the proposition.

As a result, the work of sections 3 and 4 encompasses a large class of diffusion models on
R, among them we can quote the Ornstein—Uhlenbeck process (for b(x)=pux and a(x)=o0)
or the hyperbolic process (for b(x)=ux(1+x*)""? and a(x)=o0).

5.2. The Cox—Ingersoll-Ross process
Here (/,r)=(0, >); Bo(x)=141/x, By(x)=1+x and
dX, =X, +)dt+0/X,dB,, Xo=n, 49)

with u<0, o, i/ >0. We set ¢g=2p/'/o%,/.=2|u|/6*> and suppose that ¢;>1.

Assumption (A1) is clear and ¢o>1 implies assumption (A3), with the stationary proba-
bility measure, dvo(x) = AT (c)Lx0 e 1l{,50y dx.

Using this expression for the stationary probability, we easily check (A4) with any My <co.
It is shown in Gloter (2000) that (A2) holds with Ky=cy— 1 (actually this model justifies the
introduction of the constant K; in (A2)).

If n has distribution vy, (A5) holds. If # is deterministic, we show (AS5) as in proposition 3.

6. Statistical applications. Minimum contrast estimation
Let (X;) be the unique solution of the equation:
dX,=a(X;,00)dB, +b(X,, py)dz, Xo=n, (50)

where (B,)>o is a standard one-dimensional Brownian motion, 7 is a random variable inde-
pendent of (B,);>0; b and a are two real-valued functions, respectively, defined on R x @,
and R x ©®,, where ®; and ®, are two compact intervals of R. We denote by 0=(y, o) the

elements of @ =0, x O,, furthermore we suppose that 0y =(,, 0p) € O.

In the case of the observation of Xj,, a contrast may be constructed by approximating
Xz, — Xia, by an N(b(Xia,, tto)An, @*(Xia,» 60)A,). This leads to the Euler contrast (see
Kessler, 1997).

To obtain a contrast based on the observation of X;, we correct the Euler contrast by tak-
ing into account the factor 2/3 in theorem 3, and compensate the effect of the correlation
between X; and X, — X; — A,b(X, 1ty) (theorem 2).

This leads to the following contrast

n—2 a7 Y Y 2
_ 3 (XH—I _Xi_b(Xi,/")An) An ~ =va + \2
Li0)=3_ 2An( @2(X:,0) 5 HX5 0) (Xia = Xi) >

i=0

+logd*(X;, 0) (51

with h(x, 0)=(0/0x)(b(x, wla*(x, 5)). Let é,,:arginfgegﬁ,,(ﬁ) be a minimum contrast esti-
mator.

Observe that £, is not obtained as a pseudo-likelihood function suggested by the expan-
sions of theorem 1. Indeed, it seems difficult to deduce a pseudo-likelihood function from
these expansions, in particular because U;, in theorem 1(2) is not Markovian.

We suppose that the diffusion X satisfies assumptions (A1)-(AS) (where a(x) stands for
a(x,a9) and b(x) for b(x, u,)). Furthermore, to keep proofs on the behaviour of 0, trac-
table, we make the additional assumption that K; in assumption (A2) is equal to oo and
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that assumptions (A4)—(AS) hold for any M; and M, (and hence these constants can be
chosen as large as we need for the application of results of sections 3 and 4). We have seen
in section 5.1 that this is true for a large class of diffusion processes. For models that do
not satisfy this additional assumption, we will give a specific proof of the consistency and
normality of 0, (see section 7.2).

We suppose that the following identifiability assumption holds:

(S1) a(x,o0)=a(x,a¢) dvo(x) almost everywhere implies ¢ =gy,
b(x, W)=b(x, 1ty) dvo(x) almost everywhere implies = p,.

We need an assumption on the smoothness of a(x, g) and b(x, u) with respect to the para-
meter.

(S2) a and b are the restrictions of functions defined on an open subset of R?, on which
they are differentiable up to order 6, furthermore they satisfy: 3¢ >0, 3k >0 such that
vi, j€{0,...,3}2,Vxe(l,r):

i+j

oW~/

i+
a(x g)

i+j

sup 0 a*l(x, o)| < e(BF (x) + B (x)).
neB] Jat

+ sup

5e0,

b(x u)‘ + sup ‘é)

By the previous assumption, all functions appearing below satisfy CU, for some y>0 and
hence limit theorems of sections 3 and 4 apply for these functions.
We can now prove consistency and normality for 6,. To maintain formulae short we denote

0uf = (D100, D f = (DIOWY , Pof =(PIOG) , 2 f =(P1Dop)f ...

Theorem 7
The estimator 0, is consistent,

0,=%0, in probability.

Proof. Following the proof of Kessler’s (1999) theorem 1, by assumption (S1), it is enough
to show that, uniformly in 0,

n L (0) == v, ( = ((’ 0)) + loga®(-, a)) in probability. (52)

This will ensure the convergence of 6, to gg. Then, we prove that, uniformly in 0= (u, o),

b, 1) — b, 1))

(nA) (Lo, 0) — Lo, 0)) = %vo < ( o) ) in probability. (53)

This enables to obtain the convergence of fi, to y, (for more details on why (52)—(53) imply
consistency, see Kessler, 1997).

We start the proof by (52). With the notations (3)—(5), the contrast (divided by n) writes,
after easy computations,

n L,(0) = %@n (a—2(~, a)) 7, (1og e a)) 3T, (a‘z(-, o), u)) + %@" (h(~, 0))
3An,
2

Using proposition 2, theorems 2, 3 and A, — 0, we easily obtain (52).

+

(472 0B 0 = 200 10 )} ) (54)
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For the proof of (53), by the expression of the contrast (divided by ) above, we get
— (b b
(1) 1:0)~ £, ) =T, Bt o) L))

3_
- Z Qn (h(’ Ho, U) - h(’ i, 6))

3 (B — b))’

Now, we apply theorems 2, 3 (recall A(x, 0) = d,(b/a*)(x, 0) too) and proposition 2 to get (53),
and the theorem follows.

Remark that for the consistency of the estimator we only need A, — 0. We now prove
that, under the additional condition nA2 — 0, the estimator 6, is asymptotically normal. The
scheme of the proof is classical.

Theorem 8
If nA, =0, then ((nA,)"(fu, — 1), n"*(6, —00)) converges in law to an

@0 )\ (9,0)%(-, 79)
'N<Q{%< @(00) )} = 16 O\ o) '
Proof. A Taylor’s formula around 9,, shows: j;)l C,.(6y +u(9,, —6))du &, =D, where,
2
(nA,)~ 1 L (0) n’lA,jma—Ln(@)
dapt

82 82 >
172 -1
Jug L@ m 252 L,(0)

Cn(g) =

n—

gn — |:(nAn)1/2(,&n - :uO):| ,

n'2(6, — ay) 0

-1/2 L (00)

-1
Now the proof of £, =3 N (0, {Vo (%)} ) QN (0’ % {Vo (%7(;‘;@) } )
» o0 00

consists in showing the two following points.

IMA)W zww]
u .

1. We have the convergence in law:

2 .
9“0%2:?O o
D,“3N |0, w0
2 0 9 (9,0)°(:, 9)
! az('a 60)
2. We have the uniform (with respect to 6) convergence in probability:
n—o00 Cl 1(0) O :|
Cn 9 I ’
© { 0 Cy,2(0)
with
Oub
Ci1(0)=3v <( 22 ¢ ),u) >

@A®=wQ@Wu@(@iﬁg_ 2 ))

a*(,o0)  a*(-,0)
2(.
+v (2832“(3 o) (a(l o) B L;}((" O;))))) .
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Indeed, this second point immediately implies, using the consistency of 6.,

(aub)2('v :u(])
\/0 Cn(00 + u(0n - 00)) du T) (aaa)z(" 60)
0 o\ eCa)

For (1) we remark that ¥,, Z, and Q, are linear functionals, therefore we can differentiate
the expression of n~' £, given in the proof of theorem 7 with respect to the parameter u and
get (recall h(x, 0) = 0.(bla*)(x, 0)),

(1) 20,6,(00)= = 3N, (.00 (59)
Analogously, we get

0 V20,£,(00) = —2M, (a%"c, 90))
a
_ b 3
+ \/;lAn {3Ir1 (arr (;) (', 00)) + ZQn (arfh(a 00))

_%Vn (Oa(a_z)('a GO)bz('a MO)) }

By proposition 2, theorems 2, 3 and nAﬁ — 0, this yields

Oec., 90)> Top(l). (56)

a

n71/280£;1(90) = - Zﬁn (

Now, (1) follows from (55)-(56) and theorem 6.
To obtain (2), we differentiate twice £, and use results of section 3.

Remark 5.

1. As for estimation based on (Xja,)o<i<s—1, the rate of convergence is different for fi, and
6,. The drift term is estimated with rate (nA,)"? and the diffusion term is estimated
with rate n'2. Comparing with the asymptotic variance of the estimator based on the
Euler contrast (Kessler, 1997; when X, itself is observed), we notice a slight increase
in the variance of the estimator of the diffusion term (the constant 9/16 instead of 1/2

2
for Kessler, 1997). The estimation of u is asymptotically efficient since vy ((952) G, 00))
is the Fisher information of the continuous time model.
2. In the case of multidimensional parameters e R o € R?, under the additional assump-

tion that the matrices Iy, Jy defined by,

{ ((@qb)('aﬂ)(@,@(u#))] { <(5a,a)(', 0)(05;a)(-, 0))}
Iy=|v ,Jo=|vo
1<i, j<d 1<i, j<d'

az(-, o) az(-, o)

are non-singular at the true value of the parameter, we can prove that theorem 8 holds
with the limiting law N (0,7;") @ N (0,9/16J, ).
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7. Examples of parametric models

We apply our statistical results to some classical models.

7.1. Example 1: Ornstein—Uhlenbeck process

The diffusion solves dX; =puX,dt+adB,, with u<0,0>0 and X, is deterministic or has for
distribution the stationary probability of X.
Here, we can compute explicitly the estimator 6, by minimizing the contrast (51). We find,
3 n—2
) -1 83 b3
ani(nAn) ;(Xi+l _XI)
_ A SIS (X —X)X; 1 A (Xi _Yi)z
n— n=2 (v \2 4 n-2 (v \2
Zi:O (Xf) 4 Zi:O (Xf)
(we have suppressed negligible terms in &ﬁ).
Using results of section 5.1, (A1)—(AS5) are valid with K_., =00, and any positive constants
M_,, M. Thus, results of section 6 apply:

2

(R- G2) 5 (1. 0%)
o A2 (1), — 1) | o 2pl 0

and if nA; —0, { n172(?7§702) "?n/\/' 0, 0 34))
Using numerical simulations, we see that our estimator gives good results on finite samples
(see Table 1, where we give mean and variance of 0, for different values of n and T =nA,
when —u=0¢?=1; we have used 500 replications). It is worth noticing that if A is not small
enough then we underestimate both ¢ and |u|. This is similar to the behaviour of the esti-
mator based on the Euler scheme when Xj,, is observed (see Bibby & Serensen, 1995).

Table 1. Simulation results for an Ornstein—Uhlenbeck process.

) N

Oy Hy

A=1/100, n=10,000, T =100

Mean 0.99 —1.01

n.Var 2.26

T.Var 2.19
A=1/10, n=10,000, T =1000

Mean 0.93 —0.96

n.Var 1.84

T.Var 1.76
A=1/2, n=1000, T =500

Mean 0.70 —0.82

n.Var 1.21

T.Var 1.54
A=1/100, n=1000, T =10

Mean 0.99 —1.20

n.Var 2.24

T.Var 3.22
A=1/10, n=1000, T =100

Mean 0.92 —0.98

n.Var 2.19

T.Var 2.16
A=1/2, n=200, T =100

Mean 0.69 —0.83

n.Var 1.06

T.Var 1.75
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7.2. Example 2: The Cox—Ingersoll-Ross process

The diffusion solves (49) and starts either from the stationary distribution or from a deter-
ministic variable. We find the following explicit expressions for the estimator 0, =(f,, fL,, 6>)
by minimizing the contrast (51):
A, nA, i,
[ nh, AL 5)( } [ }
~ i (o — X1}
- {Z” X i =X+ X, (Ko - X7 }]

n—2

,(,m) Zx (X - X))

n

(we have suppressed negligible terms in 7).

Results of section 6 do not apply since here, Ky=cy— 1 =24/'/6?> — 1 <oo and we can only
choose M, <c, (see section 5.2). We directly show the convergence of 0, using its expression
and applying results of sections 3 and 4. For this we have to take care that K, and M, are
large enough. After some easy computation we get the following theorem.

Theorem 9
o If ¢y>9, then 0, ’%C 0.

o If ¢o>13 and nA2 —0, then

(), — 1) 2l 2 0
Y e [ K e
n1/2(a.’21 _ 0.2) 0 0 %GA

8. Discussion

Investigations in this paper show that even for non-Markovian observations it is possible
to introduce an explicit contrast function and obtain an estimator with good asymptotical
properties. However, the question of efficiency for the estimation of the diffusion para-
meter remains opened. In the specific case where X is an Ornstein—Uhlenbeck process, we
can improve the estimation of ¢? and find an estimator &> such that n'/2(5> — 62) "= N/(0, 26*).
Comparing with section 7.1, we see that Hi is not optimal in this case. As suggested by an
anonymous referee, an improvement in the estimation of ¢ seems feasible more generally, by
constructing directly a contrast function as a consequence of theorem 1(2). This idea yields
to technical difficulties above those of this paper and we were not able to obtain satisfactory
results.

The final words are about applicability of the method. Two issues appear. First, our crucial
assumption A, — 0 is not as realistic as a constant sampling interval, however it is suitable for
the ‘high-frequency’ data commonly encountered in finance. Second, in stochastic volatility
models the integrated volatility itself may be estimated with some errors which could yield
to serious biases.
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Appendix
Technical lemmas

The following lemma precises lemma 8 in Kessler (1997).

Lemma Al
Let £ €CY((1,r) x ®), satisfy

sup{l/(x. 0)] + [f1(x, 0)] + [Vof (x, )]} < e(B(x)+ B (x)),

with y< M;, 1+9' <M, and y<K; then:
n—1

n! Z S (Xing, 0)==vo (f(-,0)) uniformly in 0, in probability. (57)
=0

Proof. We use assumption (A4) and the ergodic theorem for X to obtain the convergence
(A~ Ji™ (X, 0)ds™ vo (£, 0)).

Denote for the proof, D,(0)=(nA,)"! Z;’;Ol IX:])A" {f(X;, 0)—f(Xia,,0)} ds. Using proposi-
tion 1(1) and (AS5) yields sup,ca, (41, ENf(Xs, 0) = f(Xia,, O < cv/A,. We deduce that
D,(0)™=30 in L', which gives the convergence in (57) for all 0. To get the uniformity in
0, by proposition Al, it suffices to show: sup,-, E(sup,|n~" Z;:OI Vof (Xia,, 0)]) <oo. Using
sup, |Vof | (x,0) < C(B,M/ (x)+ BMr(x)) and (A5) yields the result.

Proposition Al

Let S,(w, 0) be a sequence of measurable real valued functions defined on Q x ®, where (Q, F, P)
is a probability space, and O is product of compact intervals of R. We assume that S,(-,0)
converges to zero in probability for all 0 € ©; and that there exists an open neighbourhood of
® on which S,(w,-) is continuously differentiable for all w € Q. Furthermore, we suppose that
sup,cn E (supyee [VoSy(0)])<oo, then

n—o0

S,(0) — 0 uniformly in 0, in probability.

Proof. Let €¢>0 and >0, let us show that for n large enough: P(sup.g |S.(0)] >1n)<e.
Denote Z, = supyee |VoSa(0)], and let M such that sup,.\ E (Z,) M~ <€/3.

Using that @ is compact we can find an integer d and (o, ..., ) € ©, such that for all
0 in ©: inficqy, . 4y o — 0| <n/(2M). Define ny such that, n>ny implies P (|S,(e;)| >n/2) <
€/(3d). Using that © is convex: suppee [Su(0)] < Z/(2M)+ sup,_; 4 |Su(e)]. We deduce,
P(supyce |S.(0)] > 1) < P(Z,n/(2M) > n/2)+ 27:1 P(|S,(a;)] >n/2), and conclude using the
Bienayme-Tchebychev inequality.

We recall, the useful lemma which is given in Genon-Catalot & Jacod (1993).

Lemma A2
Let X!, U be random variables, with x! being G!'-measurable. The following two conditions imply

" P
Y Xi U

n . ., P
ZE(Xi |Gl = U,
i=1

STEOM G ) 0.

i=1

© Board of the Foundation of the Scandinavian Journal of Statistics 2006.



Scand J Statist 33 Estimation for integrated diffusions 103

Details on the proo/' of theorem 2

First, we study (0) By (9) and (10), we have

E (4,(0)]G2) =0 and £ (44,0076 ) = 222 (X, )2 (Yo, . 0).
We deduce, using nA, — oo, 2y < M;, 242y < M, and (AS) that
n—1 2 n—1 -
(nAy) > E ((v;t-?h(e))z | g%;’) =(nhy,)"! <3n1 > @ (X, (Xain,, - 9)) =0.
i=0 i=0

L =( . .
Now lemma A2, again, yields the convergence IE, )(9) 2,0 for each 6 in ©. To prove that this
convergence is uniform we cannot use proposition Al because £ (‘U(QPZn %I”) is of order

VAs,. We will instead use theorem 20 in appendix 1 of Ibragimov & Khas'minskii (1981). It
is enough to show that there exist two constants M >0, and ¢>0 such that:

V0, n, (

with D,(0,0)=E <

(9)‘ )gM and  V0,0,n, D,(0,0)<M|0—0|" (58)

We only prove the first inequality (the second one is similar). Using Rosenthal’s inequality
for martingales (see Hall & Heyde, 1980, p. 23), we get for any € >0,

dl

(l)

1+el2

2+
f()

n

n—1
) < (nhoy) *E ‘Z E (42, 193)
i=0

2+e)

By the classical inequality, for p=1+¢/2, (X202 ||y <n?~' 31~ |a;|, we have
n—1

i L+e2
Se(enrior)| )= (|e(otrien)] )
i=0 i=0

But, if € is small enough, 2y(1+¢€) < M; and (2y+1)(1+¢€) < M, and by (AS) we deduce

() sz (=

1+e/2

sup (£ (2, 12)

1+€/2 2+
A L+el2
) < CAZn > SupE (‘ UZI 2n

o 2+¢
Hence, E ( = ) <c{(nA2) '+ (nAy,) T 02}, As (nAy,)”! is bounded, we obtain
(58). So, Z, 41)(0)'2?0 uniformly in 0.

The convergence to zero of I (9) and 7. (9) is easily obtained since we have by (Al),
(A2), CU,, proposition 1(2) and (16):

£ (sup [0 + sup[ 2,0 167 )
0cO 0cO
< CA%? (B;Hul W(y+ 12/2)(X2m2n) + Bfﬂ'ﬂ] HZ/Z(XZiAz" ))
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Now, we treat ff:”(@). Using (14) and (15) we show that, if (2y+20)V 2y+0o) V
+p+P)<M;and Q+y+p,+ ) V(3+2y+ 20 + o) < M,, then

n—1

n—1
(nA,)"! z:; E (ugjjzn(O) | g;;“) R0, (A ; E ((Ug‘:}hw))z | 9227) 0,

We deduce that for all 6, fﬁ:”(@) 'HTO? 0. Furthermore, this convergence is uniform in 6 by appli-
4)

cation of proposition Al and since we can show E(sup, V|vy,,(0)]) < cAy,.
Details on the proof of theorem 3
A few computations based on theorem 1 gives, for /=2, 3,4,

E ([wll, 0] 193 ) A3 (B2 002 (i, ) 4 BE29 (Yo, ) ).

2i2n

Now, (A5) implies the L' convergence to 0 for @3)(9), with /=2,3,4.
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