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Abstract

We study the estimation of parameters § = (u,0?) for a diffusion
dX: = a(Xt,az)dBt + b(X¢, p)dt, when we observe a discretization with
step A of the integral I; = fot Xsds. To keep computations tractable
we focus on the case of an Ornstein—Uhlenbeck process, but our results
provide information on how to deal with other processes. We study
an efficient estimator 6, based on the Gaussian property of the process
(fz.(Hl)A Xsds);>0, and we give an estimator 0, based on Ryden’s idea of
maximum likelihood split data. We compare these different estimators:
first we give some numerical results, then we give a theoretical explanation
for these results.

AMS 1991 subject classification. 62F12, 62M09, 62M10.
key words: diffusion processes, discrete time observation, parametric inference,

minimum contrast, Whittle approximation.



1 Introduction

Parameter estimation for a diffusion process (X;);>0, which solves dX; =
a(X¢,0%)dBy + b(X¢, u)dt is now classical. It has been treated under many
different assumptions for the observation of the sample path: (X;) may be con-
tinuously observed throughout a time interval [0, 7] (see Kutoyants (1981)); or
only a discretization may be observed, the sampling interval A being fixed or
tending to zero as the number of observations tends to infinity (see Bibby and
Sgrensen (1995), Dacunha—Castelle and Florens-Zmirou (1986), Genon—Catalot
and Jacod (1993), Kessler (1997)).

In this paper we suppose that we don’t observe the process (X;) itself but a
discrete sampling of the integrated process I; = fg Xds.

Integrals of diffusion processes have recently been considered in the field of
finance in relation with the stochastic volatility models (see e.g. Ghysels et al.
(1996) for a survey of these models). Data may be obtained from option prices
and their associated implied volatilities (see e.g., Pastorello et al (1994), Taylor
and Xu (1994, 1995)).

The process (I} )¢>o is discretely observed with a regular sampling interval A.
For a general diffusion X, the exact distribution of a n—sample (I;a, @ < n) is not
explicit. Therefore, we consider one of the few models for which computations
are possible in order to try and compare different inference methods in view of
further generalizations. In this paper, we study the case where (X}) is a strictly

stationary Ornstein—Uhlenbeck process:
dXt = ,LLXtdt + O'dBt.

The unknown parameter § = (u,0?) is to be estimated from the observation
of (I;a,7 < n) which is equivalent to the observation of the increments (J; =
Iignya — Lin, i <n—1).

We first investigate the probabilistic properties of the process (J;,i € N)
(Section 2). It is a Gaussian ARMA(1,1) process with exponentially decaying
a—mixing coeflicient.

In Section 3, we study efficient estimators of §. Although the exact distribu-
tion of (J;,7 < n) is explicit, the likelihood function is hardly tractable. So we
study the Whittle estimator of # which is known to be asymptotically equivalent
to the maximum likelihood estimator (see Dzhaparidze and Yaglom (1983)). It
turns out that the Whittle contrast is explicit (Theorem 3.1). In particular,
when g is known, the Whittle estimator aA?n is explicit and its asymptotic vari-

ance is equal to 20?.



In Section 4, noting that (J;,7 € N) is a special case of Hidden Markov
Chain, we use Ryden’s approach to build other estimators namely the maximum
likelihood split data estimator (MLSDE) (see Ryden (1994)). For m integer,
the MLSDE é%m) is based on the maximization of the likelihood of a n-sample
distributed as (Jo, J1,...,Jm—1). Thus éﬁ,,m) uses nm datas. We prove that it
is consistent, asymptotically Gaussian and give an expression for its asymptotic
covariance matrix.

Section 5 deals with the comparison of asymptotic covariances of the pre-
vious estimators. We give numerical values and a theoretical comparison. The
conclusions are the following. For large values of m, the MLSDE and the Whit-
tle estimator have a close asymptotic behaviour. For small A, the results are
more surprising. For the drift parameter, the asymptotic variances of estima-
tors are similar. For the diffusion coefficient parameter, they are quite different.
The asymptotic variance of o:Qn does not depend on A, whereas the asymptotic
variance of 0~2;m) is of order % (Theorem 5.1).

In Section 6, we discuss possibilities of extensions of the two methods to

more general diffusion processes.

2 Model and assumptions

In this section, we describe the probabilistic properties of the observed process.

Let (C =C(R4+,R),C,(Ct)i>0, (X, t > 0),Pg) be the canonical probability
space associated with the observation of a strictly stationary Ornstein-Uhlenbeck
process with parameter § = (u,02): for t > 0, X is defined on C by X;(w) = wy,
Ci=0(Xs, 0<s5<t),C=0(Xy, t>0); 0= (u0?) is a two-dimensional
parameter: 6§, = p is negative, and 6, = o2 positive; Py is the probability on
(C,C), such that, under Py, there exists a standard Brownian motion (B?,¢ > 0),

adapted to (C;);>0 and such that the canonical process (X;);>o is solution of:

dX, = pX.dt + ocdB? (1)
with X centered, Gaussian, with variance ﬁ;‘ and independent of B?.

Under Py, the process (X, t > 0) is a stationary Ornstein-Uhlenbeck process.
Solving (1), we obtain, for all ¢t > 0 and h > 0:

t+h
X =X, + e“(Hh)U/ e_“sdBf (2)
t
For A a positive real and 7 € N, let
(i+1)A
Ji = / Xsds forieN (3)
iA



The process (J;)i>0 is not Markov, but we can link J; and J;11 by a relation of
ARMA(1,1) type.

Proposition 2.1. Under Py, for all i > 0,

A g G+DA A ((i+1)A—s) 0
Ji+1 — et Jz = — (6” — et )ng
HJin

o [(iT2A '
+ 7/ (em+2DA=5) _1)gRBY
HJG+1)A

Hence for alli > 1, Jip1 — e*?J; is independent of (Jo, ..., Ji_1)
Proof. See the appendix. O

We define the following expressions

1 1 —ert
r(O,pu)=— | A+ > 4
0.0 = ( : (1)
r(k, 1) = 72%&““'%*“& (er? — 1)2 for k#0 (5)
0]
1 1 — e2mA
Ao(p) = — A++A62“A) 6
o) = ( : (6)
1 e2HA 1
A = (—2e“AA> 7
Bo(p) =1+ €*4,  By(u) = —e® (8)

Proposition 2.2. The process (J;)ien is strictly stationary and Gaussian with
fori,j >0,

E(J;) =0, Var(J;)=7r0,p)0? Cov(Ji,J;) =r(i—j,pu)o* for i#3j.

Its spectral density f(X,6) has the explicit form:
5 Ao(p) + 241 (p) cos A

A 0) = 9
f.0) =0 Bo (1) 4+ 2By (1) cos A ©)
with
Bo(p) = 2B1(p) >0, Ay(p) >0, Ao(p) —2A1 () > 0. (10)
Proof. See the appendix O

An immediate consequence of (10) is that infyeg f(A,6) > 0. Due to the
form of its spectral density, the process (J;);en has an ARMA(1,1) representa-
tion (see e.g. Brockwell and Davis (1991)). Moreover, we can study its a—mixing

coefficient.



Proposition 2.3. Let aj(k) denote the a—mizing coefficient of (J;):en (see e.g.
Doukhan (1994) chap.1). We have

oy (k) < er+DA,

Hence, the process is ergodic.

2

Proof. Let QQp denote the stationary distribution of (X;)s>0, i.e. Qg =N (07 ﬁ

The infinitesimal generator of the Ornstein-Uhlenbeck process considered as an

N—

operator on L?(Qy) is self-adjoint and has discrete spectrum equal to {nu,n €
N} (see Karlin and Taylor (1981) p.332). Thus, using Proposition 1 p.112 in
Doukhan (1994), we know that the a-mixing coefficient ax (t) of (X;);>o satis-
fies:

ax(t) = a(o(Xo),0(Xy)) < et
(The first equality above is valid because (X;);>¢ is a strictly stationary Markov

process). Since J; is 0(X,,iA < s < (i + 1)A) measurable, ay(k — 1) < etFa,
Now, u < 0 implies limg_. o a.j(k) = 0, which gives the ergodicity. O

3 An efficient estimator

The likelihood function of the (Jy,...,J,—1) is explicitly known but its ex-
act formula is difficult to compute. Therefore, instead of the exact likelihood,
we shall use its Whittle approximation which provides efficient estimators (see
e.g., Dzhaparidze and Yaglom (1983)). This approximation is also studied in
Dacunha-Castelle and Duflo (1986) (chapter 3) and called the Whittle contrast.

3.1 The Whittle contrast

Recall the definition of the periodogram I,,(A) for n € N and A € R:

2

n—1
1 .
I _ —ipA

W)= |5 e ()

p=0

The Whittle contrast is given by:
1 (7 I,(\)

n = 1 y 12
U,.(6) %/Jnm 9)+f<)\70)}d>\ (12)

Let 6,, = arginfycg Un(#). This estimator is called the Whittle estimator.
We can actually compute the Whittle contrast explicitly.



Theorem 3.1. We have

—1In UzAl(H) L = ek —
Un(6) =1 ( _g(u)>+02n g::OJle (k—1,p) (13)
where (see (6) — (8))
_ [ Buw)€ (1) + Bo(w)é(p) + Bi(p) | Bi(n)
“On) = ( VAW - A A1<u>> "

. _ e lil-1 [ Br€ () + Bo(wE(w) + Bi(w) |
() = &(w) ( VM ) fIk[#0  (15)

£(n) = —Ao(p) + g;ﬁ%) — 4A5(p) (16)

(Note that, by (10), £(u) is well defined and is negative.)

Proof. For the sake of simplicity, we omit p in all expressions depending on pu

only. Using (11) and (12) we have to prove that

1 (7 Aq
o [ﬂln FN0)d\ = In(c? =) (17)

1 (" N Bi&2+By¢+B, B\ 1
— A\ 0)"tdN = +— | = 18
2m Jx fo.0 ( ¢JAZ—4A2 A ) o2 (18)

L™ -1 -1 [ Bi& +Bo§+B1) 1
— [ R 0)Ldr = —if |k 19
ol BSOS | itk (19)

First, we state a useful equality (see e.g. Theorem 15.18 p.307 in Rudin
(1987)):

For |z| <1, / In(1+ 2% —22cos \)d\ = 0 (20)

Let us prove (17). Using (9),(8) we have
A A

In f(A,0) zln(UQ—é) + lm(—A—Og —2¢cos \) — In(1 4 €2 — 2eH2 cos \)
- 1

But using (16), we have A;1£2 + A€ + A1 = 0, and so

In f(\0) = ln(azil—é) +1In(1 4+ €2 — 26 cos A) — In(1 + e2#2 — 2e#2 cos \)

Since, by (16), |¢| <1 and e*2 < 1, we can apply (20), and this gives (17).
Let us prove (18). We compute:
1 [T _ 1 T ([ Bo+ 2Bjcos A
or ) . f0)7 A = 2mo? / (AO + 241 cos \
1 / By + Bi(z+2z71)
a22im Jy (Ao + A1(z+271))
1 Bi12%2 4+ Byz + By
- /U (A122 + Apz + By)z :

—T

dz, where U is the unit circle
z

o2%m



Blz +Boz+B1

m for the sake

Using the residue Theorem we have (with G(z) =
of simplicity)

c(0) = Z res(G, a)
a pole of G, |a|<1
By B1£°4 Boé+ By
The pole zero has residue i and £ is the only other pole with residue A

This gives (18).
To get (19), we compute the expression of %f:r e f(X,0)71d), in the

same way as for (18). O

3.2 Properties of the Whittle estimator

To study the Whittle estimator, we assume that © = [u,71] x [02,02] with

2 < ¢2. The assumption of compacity for © is used in

p<u<00<ga
Dacunha—Castelle and Duflo (1986) in order to simplify the proof of consis-
tency of minimum contrast estimators (see Dacunha—Castelle and Duflo (1986),
Theorem 3.2.8). We denote by 6y = (p0,03) the true value of the parameter
and assume that 6y € (i)

Let 1(0) be the 2 x 2 matrix defined for 6 € (i), by

for i,j € {1,2} I(0), —/ 26, ) 0 lnf()\ 0)dA (21)

Proposition 3.2. 1) For all 0 € O, the matriz 1(0) is non singular.
2) Va0, — 00) 2= N(0,171(0y)) in distribution under Py, .

Proof. Provided I(6p) is non singular, 2) is easily obtained by a classical proof
(see Dacunha—Castelle and Duflo (1986), Dzhaparidze and Yaglom (1983)).
Let us prove 1). By noticing, using (9), that f(),6) = 02g(\, u), we obtain:

0
S m(f0) =

g

Hence the matrix 1(0) is

10y = | I (o W) dx e 7 (o)

477(,2 _ ( 1ng)\ﬂ)) d\ 2%4 (22)

Suppose that I() is singular, then det I(f) = 0. Because of (22) we have

2 2
I (a“ Ing(, u)) X = (f:r (% In g(A, u)) d)\> ; but equality in the Cauchy-
Schwarz inequality implies that %ln g(\, ) is independent of A. We deduce

that 5 p p 5
o (a/\l g(A, u)) 5 (alng(/\ u)) =0



Derivating (9), we find

8 —24, —2B
(m ng( ’u))u—" A Be

where this expression should not depend on u. Replacing (6) and (7) above
yields the fact that

e2HA _q _ 26“’AA Qe“A .
A4 =R T AA 14 e2d should be independent of
N

By letting 4 — —oo we find it is equal to zero. Hence, for all p,
— (eQ“A —-1- 2uAe“A) (1 + 62"A) — (,LLA +1—e® uAeQ“A) 2etA =)
This is absurd. So I71(6) exists. O

Remark 3.3. If pg is known, then the Whittle estimator &Qn of o3 is given by

n—1

> Tidie(k — 1, o)

k,i=0

- 1
02, ==
n
and satisfies /n(o2, — 02) 222 N(0,208). This is the same asymptotic dis-

tribution as the MLE of o2 based on the observation of (Xin)i<n-

4 Maximum likelihood split data estimator
4.1 Introduction and notations

The process (J;):en is not Markov, but is a deterministic function of the 2-
dimensional Markov chain (J;, X(;41)a)ien. This is a special case of Hidden
Markov Model, therefore we use Ryden’s idea (Ryden (1994)). We split the
observation into groups of fixed size, consider these groups as independent and
then maximize the resulting likelihood. The resulting estimator is called the
maximum likelihood split data estimator (MLSDE). In this section, we prove
the consistency and asymptotic normality of the MLSDE.

Let m be an integer, m > 1. Define for i =0,1,...,n — 1,
Kz(m) = (Jimyt]ierla---aJiermfl)* (23)

If x is a vector or a matrix, we denote by z* its transpose. Since m is fixed

throughout this section, we shall set,

K™ = K, (24)



The process (K, € N) is ergodic and its a-mixing coefficient satisfies ax (k) <

aj((k+1)m). By infycg f(\, 0) > 0, the covariance matrix of Ko,

(U2Mi(3‘1) (M)) =0’ (r(i =7, N))ogi,j§m71 ) (25)

0<i,j<m—1

is invertible.

Let Pa(m) be the distribution of Ky, p™)(.,0) its density under Py, and:

1™ (,0) =Inp™(.,0) (26)

n—1
1 ~
UL 0) = 5 D1 (K 6), 6 = argmax U™ (9)
=0

For i,j € {1, 2},

gy — g, | 9 jom) 9 yom)
I0) = o | 1™ (0,0) -1 o, 0) (21)
For i,j € {1,2}, k> 1,
m 8 m 8 m
’Yi(,j)(k‘,@) = Fpy [%l( )(Koﬂ)%l( )(K;C,G)} (28)
% J

4.2 Asymptotic behaviour of the maximum likelihood split
data estimator

Before stating results for é&m) we need two preliminary propositions. The first

one is the identifiability assumption.
Proposition 4.1. If m > 2, then Pg(m) = Pe(,m) if and only if 0 = 0¢'.

Proof. Assume that 0 = (y,02), 0’ = (1/,02") and Pg(m) = Pg(,m). Since Pe(m) is
a m-dimensional Gaussian law and m > 2, Pe(m) = PQ(,m ) implies the equality
between the variance of Jy and the covariance of (Jy, J1) under Py and Py.. By
Proposition 2.2 and (4), (5):

2 1— JT7AN 2/ 1— uw'A
zZ (A +—— > =2 (a+—— (29)
% M W H
2 2/ L N2
% (1—er)’ = 20 3 (1 - A)
7 7
It follows by a simple calculation that p = p/ and o2 = 2. O

Remark 4.2. If m =1, then only one parameter may be identified.
Now, for the asymptotic normality, we need the following result.

Proposition 4.3. For m > 2 and 0 € ©, I'™)(0) is non singular.



Proof. Assume that (™) (0) is singular, then det I(™)(9) = 0. By (27),

(iﬂm)(Ko,e))Q (;‘zzw(f{o,e)ﬂ

= Ey 25(7”)([(0 g)il(m)([(o 0) ’
o " 002 ’

This equality in the Cauchy-Schwarz inequality implies that there exits a con-
stant ¢(f) such that (recall (26)):

FEy Eq

0 0
o Inp'™ (z,0) = ¢(0) 902 Inp'™(z,0) Vx €R (30)

Using the fact that the covariance matrix of K is 02M ™) (1), we get:

r -1
Inp(™ (z,0) = f% m2m +mlno? + Indet M (1) + igx* <M(m) (p)) x]
o
0 1[m 1 —1
s (m) e RS VD)
o™ (w.0) = 5 | 75— Lt ()] (31)
0 170 1,0 —1
= (m) - _ | = (m) Il S (m)
gy 0P 0) = =5 | S (ndet MOV () + ot ((M (1)) )x}

So, by (30), we must have -2 e (M ()=t = —%(M(m)(u))’l' since M (™) (1)

(

does not depend on o2, the same is true for —%. Set ¢(u) = ) , then we

have:
5 (OO = () )

We can solve this equation: (M) ()™t = (M (o))~ ! exp (f“ &( ds)

Hence,
M (1) = M () ex ( )

But this implies that M(gjg) (1) and Mé 1)( ) have the same asymptotic be-
haviour as g — —oo (~ constant eXp( f‘ ¢( ds) . And this is absurd:

Mé%)(u) is of order =2, and MéT) (p) is of order p=3 (using (4) and (5)). O
We can now prove that éﬁlm) is asymptotically normal.

Theorem 4.4. Assume m > 2 then

HP(0 Z%’" C TPO) =170 217 0) (32)

are well defined (for i,j € {1,2} and 0 € (S)) and
VO™ = 86) =2 (0, 10 (80) 71T (80) 1™ (60) )
= N (0,10 (6) =1 + 21 (6) = H ™) (6) 1) (65) ")

i distribution under Py, .

10



Proof. Consistency is obtained by adapting Ryden’s proof (Ryden (1994)) to
this model. We only consider the asymptotic normality.

Denote
VIO (z,0) = (%zw) (,0), %ﬂm)(x,a)) and V210" (z,0) = | 5210 @,e)}

By using standard arguments it is enough to prove

i,j€{1,2}

1) %Z:‘:ol V2 (K, 00) 2= —1(™)(6,) Pg,a.s.

2) ﬁ S VI (K, 0) 2222 N(0,T0™)(6))), in law under Py, and T (6,)
is well defined.

3) For 4,4,k in {1,2}, sup,cngeo © Z;:Ol %l(m)([gﬁ) is bounded in
Py, probability.

Point 1) is obtained by the ergodicity of (K;, i > 0), since Eg, (V1™ (K, 0p)) =
—10M)(6y).

To obtain 2) by Theorem 1 p.46 in Doukhan (1994), it is enough to show
that H(™)(6) is well defined . (Because the other assumptions of the theorem

M) < oo and Y32, ax (k)7 < oo, for some & > 0,

are easy to check: E[|K|
since ax(k —1) < ay(km).)

Applying the first covariance inequality given in Doukhan (1994), Theorem
3 p-9 we get, for all 6 € (2), (see (28))
1

% a m ! a m ‘
’Ym (k,0) < 8aj (mk) {EG {%l( )(K079):| Ey [aejl( )(Kk>9):| }
P 4 P a1
) = _m)
(mk) {E o™ o) B |t . 6) }
Using Proposition 2.3, we see that -, a% (mk) < co. Hence, H™ () is well

defined.
Finally, for , 7,k in {1,2} and n > 0,

ol

8«

——1"(K;,0) ™) (K;, 0
> [l 0] < Zsup (5:.0),

) 00,0,0), 9 9k

which converges when, n — oo, to Ey, {supee(_) ‘aeéfhl(m)(9)‘}~
iVjVk
So we have the result. O
Remark 4.5. If jg is known, using (31) we get:
(m) 1 n—1
2" = N K (M (1)) UK,
7" = S KM (o) K

11



5 Comparison of the theoretical asymptotic vari-
ances

In this section our aim is to compare the efficient estimator 0,, with the MLSD
estimators éﬁ,m) by means of their asymptotic theoretical variances for different
values of A and m.

Clearly, when m increases, the MLSD estimator must behave better: indeed,
the asymptotic covariance matrices of /nm (@, — o) and \/W(é,&m) —6p) tend
to be similar as m becomes large (see Table 2).

When A varies, for fixed m, the results are more surprising. The asymptotic

variances of fi,, and [Lﬁlm)

are very similar: Table 1 shows that this variance is
high for small A. This is consistent with the usual results of drift estimation
for diffusions based on the discrete observation of the diffusion itself (Dacunha-
Castelle and Florens-Zmirou (1986)), where the asymptotic variance is shown
to be of order O(%).

On the contrary, the asymptotic variances of 02, and a~2£,lm) behave differ-
ently as shown in Table 2. When A is small, the variance of the MLSD estimator
is high. Indeed, the numerical results are confirmed by the theorical result of

Theorem 5.1.

Table 1: We assume that o9 = 1 is known, and pg = —1, the figures take

account of the fact that ﬁg) uses 2n datas.

Theoretical asymptotic variances of the estimator !

A=2|A=1|A=01|A=0.01
Var v/n(i, — o) 1.1 2.0 20.0 200.0
~(2) _
Var V2n(jz’ — po) 1.1 2.0 20.0 200.0
Table 2: We assume that pg = —1 is known, and oy = 1, the figures take

account of the fact that 0~2£Lm) uses mn datas.

Theoretical asymptotic variances of the estimator T
A=2|A=1|A=01|A=0.01
Var \/n(c?, — o?) 2 2 2 2
Var van(o2) —o2) | 22 | 27 74 52.4
~ (4
Var \/471(0251) —02) | 20 2.3 3.6 14.8
Var vBn(a2) —o2) | 21 | 22 2.6 5.3

12



The rest of the section is now devoted to the theoretical study of matri-
ces 10™)(9), H™ (), and T (h). As m — oo, it is possible to prove that
10 ()~ 0™ ()10 (9) "
request). The latter property is consistent with the numerical results of Table
2.

~m—oo M 1I(0) (a detailed proof is available upon

For m = 2, as A — 0, the following theorem precises the difference between

both types of estimator.

Theorem 5.1. In the case m = 2, we may precise the following expressions for
I?(0) and TP ()

1

2 1 2
1£2)0) = =, T9(0) ~a_o A

(33)

~ (2
Hence, if g is known, the asymptotic variance of 0251 ) is equivalent when A — 0
4

10 Taela-
Proof. 12(22) (0) is the Fisher information for the parameter o2 of a Gaussian
vector with covariance matrix o?M @) (u) of size 2 x 2. So we know that
2

I3(0%) = 7+

To prove the second part of (33), let us calculate the sum H2(22) (9). We
write the following diagonalization of M) (u) (recall that, by (25), M®)(u) =
[T(O,u) T(l,u)]):
r(Lp) (0, p)

M® () =V DA (v @
1 [1 1 r(0, ) + (1, ) 0
V(z):[ } D@ :[ : :

Denote L,(f) =V@K,, for k=0,...,n—1and Ni(z), i =2k, 2k + 1 the

components of L,(f) :

2 2 (2)
L(()z) = [Nézﬂ ng) = [NQEQ;] L(2)1 = [NZ(H_U]
9 L) n— 2
N| N Ny

Now, formula (31) writes:

1 N©@ , N@ 2

s,
= Ino(K - "%k " 2k41
902 P (K, 9) 204 |\ r(0, 1) + (1, p) T r(0, ) — (1, p)

1 We have calculated varl, numerically with the formulae (9) and (21) the integral being
classically approximated.

We have calculated varﬁg) and varobim) numerically with the formulae (27), (28), (32)
the expectations beeing calculated by using the special Gaussian form of the considered r.v.
We numerically diagonalize their covariance matrices to get computation on independent
variables.

13



To compute 'yé?%(kﬁ) (see (28)), we use the fact that if (Z,7’) is a Gaus-

sian vector with law A (07 {(Z Z]), E[(Z2? — a)(Z"* — a)] = 2b%, and that

Covg(N?, NQ(?_H) = ez(k_l)“ACovg(Ni(Q),Nj@)). we obtain:

64(k71)/_LA
7522)(1%9) = TS(A) )
where
(2) N(2) (2) N( )2
S(A) = Covg (N, )2 Covg(Ny )2
( (Ovﬂ“) (]wu)) (07/1‘) —7"(1,,[1,)
Covg (N1(2), N2(2))2 Covg (N1(2), N3(2))2
7”(0,/},)2 _T(lwu’)2 (7"(0»/1) —7’(1,#))2
Hence,

S (2 () — 1
;72,2(1{:79) - 20-8(1 . 64#A)S(A)

So, we have to give the limit of S(A) when A — 0. Using Néz) = %(Jo +
T, NP = (= Jo+ 1), N§? = J5(Ja+ Js), N§® = J5(Jo — Jy), and Propo-

V2
sition 2.2, we obtain:

And we easily deduce that S(A) 270, 54 , by using the following straightforward

equalities (by (4)—(5)):

7’(0»/1)_—2*—?+ (A%), T(laﬂ)_—E_T‘f‘O(A%
2 2 3
P2 = 5 AV o8, r(3) =~ 22t o(a?)

6 Conclusions and possible extensions

Let us now draw some conclusions on the two methods in view of possible ex-
tensions. Suppose we want to estimate unknown parameters of an ergodic one-
dimensional diffusion (X;) from the observation of the sample .J; = [/ DA Xds,
0 < i <n—1. First note that the exact distribution of a m-tuple (J;,4 < m—1)
is hardly tractable for large m (hence for the whole sample m = n). So, actually,

we started with the idea of using Ryden’s method for small values of m in the
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general case. In fact, our result enlight the fact that the method will not be
appropriate at least for estimating the diffusion coefficient parameters.
Moreover, even for small values of m (m = 1,2) Ryden’s likelihood will not
be easily computable.
On the contrary, the Whittle contrast seems more suitable for generalization
since it relies only on the covariance structure of the J;’s and there are several
ergodic diffusions for which these covariances are explicit and simple. Further

work is in progess in this direction.

7 Appendix
7.1 Proof of the proposition 2.1

We integrate (2), (with h = A), between iA and (i + 1)A:

(i+1)A
Jiyr —etBJ; = 0/

t+A
eH(t+R) / ef“Sddet
1A t

Using the Fubini Theorem, we get:

(i+1)A s
Jiy1—er =0 / dB? (e“s / eﬂ<f+A>dt>
A A

(i+2)A (i+1)A
+o / dBd | e7# / et g
(i+1)A s—iA

This gives the results O

7.2 Proof of proposition 2.2

Since (Xs)s>0 is a strictly stationary Gaussian process, so is the process (J;);en.
Because the expectation of X is zero, by the Fubini Theorem E[J;] = 0, for all
7.
Let us calculate the covariance function of (J;);en. Elementary computa-
tions show that covariance function of (X;)s>o is given by: Cov(X,, Xy) =
So, with some computations, for 0 < i < j,

@+nA rGE+DA
E(JiJ;) =/ / E[X,Xy]dsds' = o?r(j — i, p)
iA jA
The spectral density f(A, ) is given by:

° , , Ag + 2A; cos A
_ 9 2¢,irk —iXk 20T AR A
FN0) = o?r(0, 1) + ;0 (e*r(k,p) + e Mr(k,p) =0 Bo + 2B, cos A

The inequalities of (10) are obtained by elementary computations.
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