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DISCRETE SAMPLING OF AN INTEGRATED DIFFUSION PROCESS
AND PARAMETER ESTIMATION OF THE DIFFUSION COEFFICIENT

ARNAUD GLOTER!

Abstract. Let (X¢) be a diffusion on the interval (I,7) and A,, a sequence of positive numbers tending
to zero. We define J; as the integral between iA,, and (i + 1)A, of X,;. We give an approximation of
the law of (Jo,...,Jn—1) by means of a Euler scheme expansion for the process (J;). In some special
cases, an approximation by an explicit Gaussian ARMA(1,1) process is obtained. When A,, =n"!, we
deduce from this expansion estimators of the diffusion coefficient of X based on (J;). These estimators

are shown to be asymptotically mixed normal as n tends to infinity.
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1. INTRODUCTION

Consider the stochastic process Iy = fot Xsds where X is a one-dimensional diffusion process given by
dXt = G(Xt)dBt + b(Xt)dt, X() =1, (1)

B is a standard Brownian motion and 7 is a random variable independent of B. The process I; appears naturally
in many problems studied recently.
First, the two-dimensional process (I;, X;) solves the system:
dXt = a(Xt)dBt + b(Xt)dt
which is a special case of two-dimensional model without noise in the first equation. In Lefebvre [10], the
component I; is used for modelling a non Markovian process.
Second, integrals of stochastic processes play an important role in finance. For instance, in the continu-

ous stochastic volatility models, introduced by Hull and White [6], the logarithm of the stock price, Y3, is
modelled by:

dYt = p(Xt)dt + Xtth, (3)
dXt = G(Xt)dBt + b(Xt)dt
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where X; is a positive diffusion process called the volatility of the stock price. The quadratic variation of Y;
is I = fg Xds. This integrated volatility plays a crucial role in finance. For instance, to derive option prices
formulae, it is necessary to compute the distribution of I; (see e.g. Leblanc [9], see also Genon-Catalot et al. [4],
Barndorff-Nielsen and Shephard [1]).

Now, the exact distribution of the integrated process (I;) is generally not explicit except for very few models.

In this paper, our first concern is the study of the distribution of a discrete sampling of (I;). Then, we have
in view statistical applications to the inference of unknown parameters in the coefficients of model (1) from
such an observation. Data may be obtained from option prices and their associated implied volatilities (see e.g.
Pastorello et al. [11]).

We focus on the estimation of unknown parameters in the diffusion coefficient without knowledge of the drift
in the spirit of Genon-Catalot and Jacod [3]: we shall assume that I is discretely observed on a fixed length
time interval with sampling interval tending to 0, and no ergodicity assumptions will be required on model (1).

For i > 0, let us set J; = fi(:rlm Xsds = Iip1)ya — Iin. We study here the joint distribution of (.J;).

The case of X a stationary Ornstein-Uhlenbeck process,

dX; = pX,dt + odB,

has been investigated in a previous work (see Gloter [5]). Explicit computations, for this special model, yield
that (J;) is a Gaussian ARMA(1,1) process.

There are difficulties in dealing with a general case, and our approach, which is now classical in the statistics
of diffusion processes from discrete observations, is to obtain an approximation when the sampling interval
A = A,, depends on n and tends to 0 as n — oo.

Indeed, under the assumption A,, — 0, the Euler scheme,

Xita, ~ Xia, +b0(Xia,)An +a(Xin, )(Biata, — Bia,) (4)

provides an approximation of the distribution of (X;a,,i < n): conditionally on (X;a,,j < i), Xuq1)a,
is almost Gaussian with mean X;a, + A,b(X;a, ) and variance A,a?(X;a, ). This approximation has been
fruitfully used for statistical applications (see e.g. Genon-Catalot and Jacod [3] for the estimation of the diffusion
coefficient and Kessler [8] for estimation of drift and diffusion coefficients under ergodicity assumptions).

Here, we obtain expansions for J* = LZH)A" Xsds = I(i11)a, —lia, - For simplicity, we omit the superscript

n and simply write J; = J'. Noting that A] is close to X;a,, we should in particular answer the following
question: can we approximate the law of (Jy,...,J,—1), by the law of a Markov process? Actually, we prove

that ( A] ) is different from (X;a,, ), and this has consequences for the statistical inference.
The paper is organized as follows. Assumptions on the model are presented in Section 2.1.
Then, in Section 2.2, we give our asymptotic expansions. First we compare A] and X;a, (Prop. 2.2): the

1
difference is of order A2 and we give an expansion for the difference A]” — Xin,, -

But, this expansion is not enough for the statistical applications. Sot in Theorem 2.3, we give an expansion
Ji Ji
of it — i

An Ap”

A, \A,

Jir1  Ji b Ji
JANS JANS

1
) Ap = a(XiAn)(gi,n + §£+1,n)A72L + €in

where ¢; ,, is a remainder term and the vector (& ,,+&} 11 n)o<i<n—1 is centered Gaussian with the same covariance
n)0<i<

matrix as a MA(1) process. Let us notice that the analogous term in (4), (%) is Gaussian
0<i<n—1

with independent indentically distributed components. In particular, when a is constant, our expansion provides
an approximation by a Gaussian ARMA(1,1) process. Hence, ( A’ﬂ ) is really different from X;a .

Section 3 is devoted to the estimation, based on the observation of (Ji)o<i<n—1, of an unknown parameter oy,
appearing in the diffusion coefficient a(x) = a(zx, 09).
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Recall that when (X : )i=0,....n is observed, Dohnal [2] shows that the statistical problem of estimating o

satisfies the LAMN property More precisely, his result implies that an asymptotically efficient estimator, O'EH

of oy must satisfy

n%(aff —09) 2, Z,

8 2 -1
where Z is conditionally on X centered Gaussian with variance 1 ( fol (%) ds) . The construction

of such efficient estimators is possible and is essentialy based on an approximation of the quadratic variation
of X.
Hence, in Section 3, we choose A,, = n~! and first study the quadratic variation of our observed process (.J;).

2
A surprising consequence of expansions of Section 2.2, is that, 2@72 (JA+1 - A‘]—> is not a consistent estimator
of the quadratic variation of (X;) but converges to £ fo (see Sect. 3.1).

In Section 3.2, we derive statistical applications for the estlmatlon of the parameter og, based on the obser-
vation of (J;). We introduce the following contrast, modification of the contrast used in Genon-Catalot and
Jacod [3],

n—2 n—2

3 (ndiy1 —nJ;) 1
. 1
D) Z a( TLJ“J Z og(a ng,U))

=

and denote by @, = arginf_ U, (¢) the associated minimum contrast estimator. We show that this estimator is
consistent and asymptotically mixed normal:

(Tn — 00) = S,

[N

n

-1
where S is conditionally on X centered Gaussian with variance = ( fo ( a(XX;§)0)> ds

Section 4 is devoted to the extension of our results when we replace the uniform mean % f (DA Xds by

the more general form X x fin (1A Xso(= ZA )ds with ¢ a non negative, measurable function defined on [0, 1] and
such that fo s)ds = 1. This correspond to the discrete observation of the convoluted signal X % 12, where

VA (z) = x9( ’””) and thus model the mesurement of X through an instrument.
In Section 5, we give examples of classical models satisfying our set of assumptions.

2. ASYMPTOTIC EXPANSIONS FOR SMALL SAMPLING INTERVAL

2.1. Assumptions on the diffusion model

We assume that (X;) is the one dimensional diffusion process defined by:
dXt = G(Xt)dBt + b(Xt)dt, Xo =T (5)

where (By)¢>0 and 1 are defined on a probability space (£, G, P): (B¢)t>o0 is a standard Brownian motion, 7 is
a random variable independent of (By).
Let —oo <1 < r < oo and consider the following assumptions:

(A1) Equation (5) admits a unique strong solution taking value in (I,7); a and b are two real valued functions
defined on (I, r) with continuous second derivatives on (I,r).
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Let us consider two positive measurable functions, B; and B, defined on (I, r) satisfying the following property:
for all five non negative real numbers «, 3,a/, ', p, there exists a constant ¢ such that for all x € (I,7):

(B (x) + B (2)) x (B () + BY (@) < e(B* (x) + BY ()
(Bf(x) + B (x))" < c(B}* () + B (x)).

These functions are introduced to bound the growth of other functions near the boundaries [ and r. For instance,
if —oo < I < oo (respectively —oo < r < c0) we may take Bj(z) = 1+ -1 (respectively B.(z) = 1+ — ). And
if | = —oo (resp. r = ), we may take Bj(z) =1+ |z| (vesp. By(x) =1+ |z]).

(A2) There exist non negative constants ¢, aq, g, 1, 2 such that, for all x € (I,r),

la(@)] + [b(2)| < (1 + B (2)),
< o(B" () + B (2),  |a"(2)| < (B (x) + By (2)),
V' (2)] < e(B" () + B (x)), " ()] < e(B*(2) + B (x)).

Now, let A, be a sequence of positive numbers with A,, — 0 as n — oo and assume (for convenience) that
A, <1 for all n.
We set G; = 0(Bs, s <t; n) and G = G;a,,. Below, the values of the constant ¢ may change from one line
to another but never depends on i or n.
(A3) There exists a positive constant K, such that:
Vike [07 Kl)v de, Vi, n (Z < n)a E (SUPse[iAn,(iJrl)An] Blk(XS) | g?) < CBlk(XiAn)

VEke [07 OO), HC, Vz,n (Z < TL), E (Supse[iAn,(i+1)A"] Brl?(XS) | gﬁ) < CBrl?(X’iAn)'
Assumption (A3) means that the diffusion will not approach too abruptly the end points [ and r.
In Section 5, we check this assumption for some classical models. The reason why our condition is not

symmetric in ! and r appears there. Indeed we shall see that for all models, except one (see Sect. 5.2.2), we
have (A3) with K; = oo

2.2. Expansions for means of the diffusion process over small intervals

(i+1)
Let Jz = Jzn = / Xsd37
iAp

and consider the following random variables which will appear in our expansions,

1 (i+1)A,
&in= A% /A (s —iA,)dBs fori, n>0 (6)
n Y15n
1 (i+2)A,
§£+1,n = E /(‘+1)A (1A, +2A, — 8)dBs fori>—1, n>0. (7)
n 7\ n
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Lemma 2.1. The r.v. & and &, ,, are independent and Gaussian; &; p is Gf'; measurable and independent
of GI*; §z+17n is Gl o measurable and independent of G' . The following expectations are useful for the sequel:

E(in | G") = E (€41, |G") =0
(€,167) = B (681,0197) = §
E((ffn—g |Q">=E< z+1n—%>2lgﬁ>=§
(G mgn): ((Wg)gg,n|g;):0

(gz nfz n | gn =
Proof. Easy computations based on (6) and (7) give the result. For example

1 (i+1) n ) . 1
E (&, n&in | gr) = A7 / (s —iA)(iA, + Ay — 8)ds = G

O
Our first result is a first order comparison between A‘]— and X;a,, .
Proposition 2.2. Assume that 20y < K, (with oy and K; given in (A2, A3)) then:
J; 1
A~ Xia, = alXia, JARG , + ein (8)
where,
|E (ein | G1')] < Apc(1+ Br(Xia,)) (9)
E(ef, | GF) < Abe(Bi* (Xia,) + B (Xia,)). (10)
Moreover, if k is a real number > 1, then for all i,n (i <n —1):
Ji g :
E (‘ Al —Xin, | | gf) < AZe(1+BE(Xia,)). (11)
n
Proof. We have:
J; (i+1)A,
A — XiAn = A_/ (Xv — XiAn)dU
and X, — Xia, = [ix 0(Xs)ds + [\ a(X)dB;.
So by the Fubini theorem, we get:
Ji 1 (i+1)A 1
A, = _a(XiA,,L)/ ((Z + ]-)An - U)dBv + €in = A%G(XiAn)g; n + €in (12)
An An A ’
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where €;, = ®i.n + Bin, and

Qjp =

1 (7,+1)An
N / (a(X) = a(Xia ))(iAn + An — 0)dB, (13)

'Hrl)An
ﬁz n _A_/ / deU (14)

Using Assumption (A2), we get |5;,] < cAn(1 4 sup,cpia, (it1)a,] Br(Xs))-
Now by Assumption (A3), for all k >0

B (1Binl 1G7) < eAb(1+ BE(Xia,)). (15)

Also E (v | GI") =0, so we get |E (e | G| < cAn(1+ Br(Xia,,))-
Now, for k£ > 2, applying the Burkholder-Davis-Gundy and the Jensen inequalities yields:

2

(i+1)A,
E (}a§n| |Gr) < FE (/ (i + DA, —v)2(a(X,) — a(XiAn))%lv) | G!

iAn

(i+1)A,
< C/ o) (v)dv

iAp

with ¢y (v) = E (|a(Xv) —a(Xia,)|"
for all v € [iA,, (1 + 1)A,],

| g") By Proposition A of the Appendix, there exists ¢ > 0 such that,

(V) < eAF (B (Xia,) + BEHIH (X)),
Finally,
E (|ak,|167) < A (B (Xia,) + BEHR(Xia, ). (16)
So, by (15, 16), with k = 2,
E (¢, |GF) < eA2(BX (Xia,) + BXH) (X)),

Using Proposition A (in the Appendix), we have

k
E sup X, — Xin, M1 G2 ) < AZ(1+ BF(Xia,)).
SE[EAL,(14+1)A,)

This implies (11). O
For statistical applications, Proposition 2.2 is not sufficient. An approximation of the joint law of ( A’ﬂ) is
required. This is done by the following result:
Theorem 2.3. We have
Ji J; Ji 1
X: - A_; —b (A_;> A, = a(XiAn)(gim + §£+1,n)A72l téin (17)
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where €; ., is G, o measurable, and there exists a constant ¢ such that for all i,n:

If B1 V262 Vday < K,

B (2im | G < AZe(BPY2 (Xia,) + BIFAVEER) (X0 )
If 4aq V 200 < K,

E(e2, | G) < A2e(BI Y (Xia, ) + BI2702 (X0 )

B (e}, |GF) < Ahe(Bl™V** (X;a,) + BIH 1014292 (X0 )
If 4oy V g V 45, < K,

3 « «
1B (Einton | G < ARe(B" TP (i) 4 BTV (X))

3
}E (Ei,nfz{+1,n | gzn)} < AZ (Bl(a1+51)\/042)(XiA") + B£1+a1+51)\/(2+a2)(XZA"))'

Futhermore, if k is a real number > 1, then for all i,n (i <n —1),

“

Proof. We integrate, between ¢A,, and (i + 1)A,, the following equality:

Jiv1 Js

A, A,

k k
| Q{’) <AZ(14BF(Xia,)).

s+An,
Xopa, = Xy = / (a(X,)dB, + b(X,)dv).

Hence, J;y1 — J; = A; + B;, with

(i+1)A, s+A, (i+1)A, s+,
A; :/ ds/ a(X,)dB,, B z/ ds/ b(Xy)dv.
1A, s 1A, s

Interchanging the order of integrations, we obtain

(i+1)A, (i+2)A,
A= / a(X)(v — iAg)dB, + / a(X,)((i + 2)A, — v)dB,.

iAp (i+1)A,,
Analogously,
(i+1)A, (i+2)A,
B; = / b(X,) (v —iA,)dv + / b(Xo)((i 4+ 2)Ap — v)dv.
i, (i+1)A,

Introducing a(X;a,, ) in A; yields

iAoy, (i+1)A,

(i+1)A, (i+2)A,
A =a(Xia,) / (v —1iAy,)dB, + / ((i+2)A, —v)dB, | +ain + a;H,n
K3

3
= a(Xin, ) A% Ein 4+ Ein) + Qi + a1,

211

(23)
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with
(i+1)A,
iy = / (v —1Ap)(a(Xy) — a(X;a,))dB,
iAn
(i+2)A,
= / (i +2)8n — 0)(a(X,) — a(Xia,))dB,.
’ (i+1)A,
Analogously, i A
(z+1 (i14+2)A,
v—z'An)dv—i—/ ((i4+2)An —v)dv | 4+ bip + iy,
(i+1)A,
with

(i+1)An, I
bin = / (v —iA,) (b(Xv) _p ( i )) dv
1A, An

(7'+2)An J
/ (1 +2)A, —v) (b(Xv)—b( z))dv.
(i+1)A, An
Therefore, we get the expansion

Jiyin i b ( Ji

An An

) A =a(Xia,)(in + §£+1,n)A7§l + Ein

with

/! /
e — Qi n + Qi1 + bi,n + bi+1,n
nwn :
Ay Ay Ay Ay

e Let us prove (18). By (26), we have

1 iAp+An,
p(Reior) =5 [ s B 00— ) do

iAp

Since we know by Ito’s formula, Assumptions (A3) and (A2), that

sup |E(b( ) . b( ) | gn)| <A C(Bﬁﬂ/ﬁz( )+B 1+ﬁ1)\/(2+ﬁ2)(XA ))
UE[iAn7 (7;+1)An]

an application of Taylor’s formula and Proposition 2.2, yields

() s
B (o) -0 (5-) 1ar)

< Anc(Bﬁlvﬁz(Xz ) 4 BOFAIVEH) (X5 ).

Hence

sup
VE[iAR, (i+1)AL]

< Ane(BMYP2(Xya,) + BUHAOVEEE) (x4 ).

(28)
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bin
E(—2|gr
(&)

E (%= gr)| (see (27)).
Now (see (24, 25)), E (ain | GF') = E (ajy,,, | G') =0, so (18) is proved.
e We now prove (19) and (20).

Using the Cauchy-Schwarz inequality it is enough to show (20).
By (A2), we write (see (26, 27)):

Hence

< ALe(B (Xia,) + BUTPVERE) (Xin ).

In a similar way, we bound

bi,n

n

< A,2c sup (1+ B,.(Xs)),

A
—Hln <AL 2¢ sup (1+ B, (Xs)).
SE[IAR iAn+Aq] A

n SE[IAL+An,iA,+2A,]

Using Assumption (A3), we get

o

To end the proof, we have to bound F (

“

But using the Ito formula, and Assumption (A2) we can write: (a(X,) — a(X;a,))? = M, + A,, where

4

bin
- _|_

An

’
bi+1,n

An

4
| 9{’) < Ane(l+ B (Xia,))-

4
aA—ﬂ’ | QZ”) . Using the Burkholder-Davis-Gundy inequality we obtain:

Qin

An

4 ¢ A, +A, 2
IQZ’>:FE ( / <a<Xv>—a(Xm,,J)?(v—z'A)?dv) ar . (29)

iAp

v
M, =2 / Yin(8)dBs, with ¥in(s) = (a(Xs) — a(Xia,))a' (Xs)a(Xs) (30)
iAn
and:
sup |A,| < cA, sup (B2vez (X)) + Bl(2+2a1)v(3+a2)(Xs)). (31)
vE[iA,, (i+1)A,)] s€[iA,, (i+1)A,]

So, replacing in (29), after some easy computations, and applying (A3) to the right hand side of (31), we get

“

with v; , = fi(AiJ;l)A" M, (v —iA,)?%dv (see (30)).
It remains to bound E (%‘%n | gf). Using the Fubini theorem, we have

(i+1) A, iAn+AR
Vin = / Yin(s) / (v —iAp)%dv | dBs.
iAp s

Qin

An

4
2
| gg) < o B (| G) + ALBITY (X, ) 4+ B0 X))
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Hence,

(i+1)A,
BOR G < [ B0 |6) Alds )

A
But by the Cauchy-Schwarz inequality,
E (¢7.(5) |1 G7") < B ((a(Xs) = a(Xia,)* | G7)* B (a"(Xs)a (Xs) [ G7')* -
Then using (A2, A3) and Proposition A of the Appendix, we obtain for s € [iA,, (i + 1)A,]:
E (07.(5) | GI') < Ane(B[* (Xia,) + B2 (Xia,)-

Replacing the last inequality in (32), we get E (72, | GF') < ASc (B/*(X;a,) + Bit2e1). We obtain a similar
bound for E () e — ) | ggl), and hence (20) is proved.

e To show (21, 22), it is enough to obtain the following inequalities (recall (28)):

|E (ainin | GI') AEC(BQNQQ (Xia, ) + BUTenlV@ren (1 )

<
|E (a;+1,n£i,n | gzn)} =0

|E (bintin | GF)| < Aécw“*ﬁl (Xia,) + B0 (Xia )
B (W nion | G| < ALe(BI P (Xia,) + B (X)),

These inequalities follow from the expressions of a; n, a1 ,,» bin, biiq -
e By a straightforward modification of Proposition A, we show that for all k£ > 0, there exists ¢ such that for
alli,n (i <n-—1),

F ( sup | Xs — Xm|]C | ggl> <e(l4 Bf(an)).

s€[iAR,(i+2)A,]
This implies (23). O

Remark 2.4. 1. In the case where X is a stationary Ornstein-Uhlenbeck process dX; = pXidt + odB; and
for a fixed sampling interval A, we have an exact formula, analogous to our expansion (17) (see Gloter [5]).

s DA , o [+ 4
Jig1 — e“AJi _ ;/ (e“A _ eu((z+1)A—s))dBS + ;/ (eu((z+2)A—s) —1)dB,.
iA (i+1)A

Furthermore, in this case, the covariance structure of (J;) is the one of an ARMA(1,1) process.
2. (Up)i=o,...n-1 = (&in + §§+1,n)i:0»~~>n*1 is a Gaussian vector with covariance function:

Var U; = %, Cov (U;,Uiy1) = % and Cov (U, Uisx) =0 if k > 2.

This is the covariance function of an MA(1) vector. Therefore, through expansion (17) we do not

recover a Markovian property for A‘]— In the special case where a is constant, the expansion means that

the process (AJ—l) may be approzimated by an ARMA(1,1) process.
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3. STATISTICAL APPLICATIONS: ESTIMATION OF THE DIFFUSION COEFFICIENT

For the estimation of the diffusion coefficient, we suppose that the integrated process I is observed on a

time interval with finite length (which we arbitrarily suppose to be equal to 1). So, A, = n~! and J; = J!
i1

—f”de

We recall that, when (Xi)i=o,. . n—1 is observed, estimation of the diffusion coefficient is based on the

quadratic variation of X (seeL Genon-Catalot and Jacod [3]). Hence, in Section 3.1, we study the quadratic
variation of the process (J;). In Section 3.2, where the coefficient a depends on an unknown parameter o, we
deduce an estimator of this parameter.

3.1. Approximation of the quadratic variation

We show that we can not replace X i by nJ; in the classical approximation of the quadratic variation of X:

n

1
Z (X — X, )? m/o a*(X,)ds. (33)

Theorem 3.1. Let (X¢)icjo,1) be a diffusion satisfying (A1-A3) with K; = co. Furthermore assume that:
(Ad) V k>0, E (Bf(Xo)) < oo, E (BF(Xo)) < .

Let f € Ct(l,r) be a function with real values and suppose that there exists ¢ > 0 such that

f (@) + 1S (@)] < e(Bf (x) + By (x)). (34)
Then,
ne3 )
; (nJipr = ni)” f(ndi) =55 2 i a®(X,) f(Xs)ds.

Proof. First, we remark that by Assumptions (A3) and (A4), we have

Vk >0, sup E(Bf(X;) <oco and sup E (BF(Xy)) < oo (35)
te[0,1] t€(0,1]

By the continuity of a, f and X, 2 372 a*(Xi)f(X:)n™! % 2 01 a*(X,)f(Xs)ds. Hence it is enough to
prove:

[ V)

S { (nJit1 —ndy)? f(nd;) — %aQ(X

=0
For this, we use the expansion (17):
n—2

S {nies = nd? ) - Zoa?(x (X

=0
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with:
n—2
DY = "(nJi1 —ndi)*(f(nd;) — f(X 1))
=0
n—2 9
D = -1 in ! 2_Z 2(X X
I {(Gn e -3 e roxy)
n—2
DY) = "(b(nJi)n ™" + i) f(X 1)
=0
n—2 .
D7(z4) =92 n-2 (fz,n + ££+17n)(b(nji)n—1 + EZ,n)a(X%)f(X%)
=0

First, we write f(nJ;) — f(X1) = f/(Tin)(nd; — X 1), where T; ,, € [nJ;, X :]. Using Cauchy-Schwarz’s inequal-
ity (34, A3) and (11) we obtain

a

Again Cauchy-Schwarz’s inequality, with (23) yields

B (s =m0 | fn) — £ (x2)| 167) < en (Bf (x.)+5 (%)) .

Z
n

f/(Tim)(nJi - X}L)

A
n n

2
| g{’) < en H(BF(X i)+ BS(X:)) with ¢ a positive constant.

Hence, by (35),

E(|p0]) ent sup B (Bi(X) + Bi(X0))
t€(0,1]

Now, we bound, using (A2, 34, A3) and (19):
E ((b(nJi)n_1 +in)? ‘f <X7>‘ | gﬁ) <en? (Bf (X%> + B;. (Xj)) with ¢ a positive constant.

Hence, by (35),

#(

) <en! sup E(Bf(X:) + BS(Xy)).
t€[0,1]

We deduce DS’ ) % 0.
Analogously: F ()Dﬁf )

) <en? sup E(BA(X;) + BS(X,)), with ¢ > 0. Hence DY % 0.
t€[0,1]
Using that, by Lemma 2.1, E ((§n +&/11,)% —216G") = 0 and then Cauchy-Schwarz’s inequality we
compute:

2\? 2\?
B(0P") = Y wm <a2<xm,,>{(@,wfgﬂ,m—5} a2<Xm,,>{<§j,n+f;H,n>2—g})
e

<ent sup E(1 +B§(Xt))%'
te(0,1]
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Therefore, Dg) converges to zero in L? sense. [l
Remark 3.2. In particular, for f =1, we see that if we replace X by nJ; in (33), then we underestimate the
quadratic variation of X by a factor %

3.2. Parametric estimation of the diffusion coefficient

We suppose that a(z,0) is a real function defined on (I,7) x © where O is a compact interval of R. The

diffusion X satisfies (1) with a(x) = a(z,00), where o9 € ©. Our goal is to estimate the true value oo of

the parameter with the observation (Jo, ..., J,—1). The function b may be known or unknown and since our
observation of I is restricted to the finite time interval [0, 1], we cannot estimate b (see Genon-Catalot and
Jacod [3]).

We suppose that a(ac 6) is the restriction of a function defined on an open subset O of R?, such that

(I,7) x ©® C O and 87968, a(x, o) exists and are continuous on O.
We need some assumptions for statistical purposes:

(S1) There exists ¢ such that for all z € (I,7),

iti
sup  sup < c(Bj(z) + By (x))

——a(z,0
7€0 (ij)e{1,2,3} | 0'x0 o (z,0)

sup [a~ (2, 0)| < e(Bf () + By ().
4<SC]

Our identification assumption is the following

(S2) For almost all realisation of the path X, if o # o¢ then the two functions on [0,1] t — a?(X¢, o) and
t — a?(Xy,00) are not a.e. equal.

Taking into account Theorem 3.1, we modify the contrast based on X ., used for instance in Genon-Catalot
and Jacod [3]. This yields the definition of the following contrast,

3= (nJ; ;
Un(o) = =3 Z e ) - Z log(a ngv 0)). (36)

a?( nJl,a

Let 7,, = arginf,cg Upn(0) be the associated minimum contrast estimator.
Theorem 3.3. Assume (A1-A4) with K; = oo and (S1, S2), then 7, % 09-

Proof. We follow the standard proof of consistency of minimum contrast estimators: we easily check, using

Assumption (S2), that the function o — K(o,0¢) = fo {(22())((7[;0) +loga?(Xs, a)} ds admits a unique mini-

mum for 0 = o¢. Hence to show the consistency it suffices to prove
Un(o) 2== K(0,00) uniformly in ¢ in probability.
The pointwibe convergence in o is clear by Theorem 3.1, and since we can show, using (11), that
= S0 {log(a2(n i, 0)) — log(a®(X 4, ) } 2% 0.
To get the uniformity, by (S1, 23) and (35), we deduce

(ndiy1 —nJ;)? aia_Q(nJi, o)
o

) < en L

Hence sup,>oL (supge@ }%Un(a)b < 00. Since © is compact, this bound is sufficient to imply the uniformity
in the convergence. [l

E (sup
(<)
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Theorem 3.4. Assume (A1-A4) with K; = 0o and (S1, S2),then

n—oo

(Tn — 00) — 5 S, (37)

[N

n

where S is a variable defined on an extension of the space (Q,G1, P) and such that conditionally on Gi, S is

2 2 B
centered Gaussian with variance 1—96 (fol (%) ds)
Proof. By the classical scheme of proof for studying the asymptotic law of contrast based estimators, we see
that it is enough to show the two following properties:
n—oo

1) The convergence in probability fol %Un(ao + (Gn — 00)s)ds B 4f0 (a(ﬁggg) ds (where f — %f

for a function f).

2) The stable convergence in law n2 %Un(ao) % Z, where Z is a variable defined on an extension of the

. 2
space (€2, G1, P) and such that conditionally on G, Z is centered Gaussian with variance 9 fol (Zg;gg) ds.
By stable convergence, we mean that for any variable Y, Gj-measurable, we have convergence in law
(Y,néa—iUn(oo)) n;OO (Y, Z). Let us point out that we need this stable convergence since the limit
in 1) is not deterministic and that this difficulty appears as soon as mixed normality is involved (see
Genon-Catalot and Jacod [3] for instance).

We start by proving 2). We compute

8 a(nJ;, oo) _ a(n
55 Un(e0 z o 1za

a3(nJ;, oo)
and set
n—2 (X UO)
Vi=n""Y {=3En + &) +2}m'
=0
We write

[N

n

a n—2
_Un - Vn = R
(Frnte0 1) = X
— d(X,i :70) a(nd;,o — a(nd;,o a(X 5 ,00) . n
where ¢; , = {?m Yim + fll'ﬂ,n)zm 3(nJiy1 —nJ;)? WO%}+2” 1 {aEnJ,;,agg D) } is GP -
measurable. ' '
Now, we show after some easy but tedious computations based on Proposition 2.2 and Theorem 2.3 that:

B ($in | G1) < en™ 2(B{(X2) + Bi(X1)),  E (67, |GF) < en™(Bi(X:) + Bi(X1)).

n

1

2
These two inequalities implies, with (35), E ((Z?:_OQ qﬁi,n) ) < en~ 2. Hence it is enough to study the asymp-

totic law of n%Vn.
For this, we reorder terms in V,, to deal with a triangular array of martingale increments and obtain

n—2
n%‘/n = Z Xin + OP(l)

=1
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where,

00) (X’ L UO)

1 C.LXL',O'O 1 (Xi—l,
Xi7n:n*% _3< zn_ _) g _3< l{2n_ _) — 66 1n€zn7
) 3 CL(X%,O'O) ’ 3 a (XEMTO) (Xi—l N 0'0)

n

-3 2 1 d(Xo,o’o) la(Xw 2,0‘0) ) I
and op(1) stands for —3n~2 (§o,n - E)W —3n" 2 m { (G m g) + 2§"_27"5n—1,n}-

219

If suffices to prove that Z?:_f Xi,n converges stably in law to a variable Z, as recalled in 2). For this, we
follow the proof of Genon-Catalot and Jacod [3] (pp. 138-139) (see Jacod [7] Th. 3.2, too): using that the

variable x; , is G, ;-measurable, it is sufficient to show the four following properties.

[(n—2)t]

sip | > E(xin |G 1220

tefo1] | =7 P

[(n—2)¢] . ,
e S B o) o [ (e,
[(n 2)] n—oo
vt € [0,1], ;Exm|g”) =20
[(n—2)t] o
vt € [0, 1], ; B (Xin(Bis — B1) | GF) 222 0.

The convergence (38) is immediate, since by Lemma 2.1, E (x| GI') = 0.
For (39), by Lemma 2.1 again,

. 2 . 2 . .
E(X2 | gT‘) :n_l 9 CL(X%,UQ) P a(X%,Jo) L a(X%,O'o) a(X%,Jo)
Hn ¢ a(XL:,Uo) a(Xﬂ,O'()) a(Xi,Jo) a(Xﬂ,O'())

2
d(Xi—l 5 00)
12 ————) &
+ (a(Xi,00)> fz—l,n

Hence, the only difficult part, to establish the convergence (39) is to show

+ . 2 (X ) 2
— (I,(XMO'()) : - 70/( £ 70
Ui % 4A <m) dS, with Ujn = 12n 1 (a(Xil,U ) gz 1,n-

n

[((n—=2)¢]

i=1

Remarking that u; , is G;'-measurable and that,

£ Gr 1 d(X%,Jo) 2 st (g - a(x%,ao) 4
(uz,n| ifl)— n m y (U‘i,n| ifl)_ n m ,

we use Lemma B of the Appendix and obtain (42).
The convergence (40) is clear since E (| E (xt.1GM)]) <en2
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Remarking that E( n(Bix1 —Bi) | g”) =1in ~3, we get

1 (L(Xi 5 00)
B (xin(Bis = By) |G') = =307 o e St
Since E(&i—1.n | 1) = 0, an appliciation of Lemma B of the Appendix yields (41).
Hence the property 2) is proved.
Now, we compute the second derivative of Uy (o) (see (36)) and then apply Theorem 3.1 to easily obtain the
convergence, for all o € O, in probability

0? n— 00
@Un(o) — c(o,00), (43)

with

o =2 Lo { S g o [ (s - e

Recalling the consistency of 7, to obtain 1), it is enough to show that the convergence in (43) is uniform with
respect to o € © and that (o, 0p) J_P"m 4]1 J (X*’UO)ds

a?(Xs,00)

The uniformity in (43) is obtain by an argument similar to the one used in the proof of Theorem 3.3.

By (35), we deduce that almost surely, sup,c(o,1) Bi(Xs) < 0o and sup,ejo,1) Br(Xs) < oo. Hence, we can
apply, almost surely, by (S1), the Lebesgue dominated convergence theorem, and obtain the almost sure con-
vergence (and hence the convergence in probability):

C.LQ(XS,O'Q)

7@2()(5’ p ds. (44)

1
c(o,00) % c(og,00) = 4/
0

So 1) is proved. O

Remark 3.5. 1) In the case of a multiplicative dependence for the parameter, a(x,0) = oa(x), we have an
explicit expression for our estimator of o2:

—_3 — (TLJl 1—77,J)
_52 c:;(ng) '

Furthermore, this estimator is asymptotically Gaussian, since, in this case (37) reduces to n%(_2 — o) =

N (0,503).
2) Recall that an asymptotically efficient estimator based on X i is defined as:

n—1 ()(ﬂ — Xl>2 n—1
oy =arginf U} (o), with U, (o) = Z A Z log a* (X7 , O') .
o€O i=0 a? (XL,U) =0 "

It is known that n2 (o} — o) converges in law to S, where S’ is defined on an extension (0, Gy, P) and is,

-1
conditionally on Gy, centered Gaussian with variance = (fo (82((;&)(:5)0)) ds) (see e.g. Genon-Catalot and

Jacod [3]). Hence, the asymptotic conditional variance of our estimator @, is slightly bigger than the one of .
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3) Our identifiability Assumption (S2) is the same one as when (X%: )i=0,... n—1 is observed (see Genon-Catalot
and Jacod [3]). '

4) For simplification of the proof of Theorem 8.4 we have supposed that K; = oo, but in Section 5 we shall
see that K is finite when X is a Cox-Ingersoll-Ross process. In this case, a direct study of the estimator based
on expansions of Section 2 yields the result (see Sect. 5.2.2).

4. EXTENSION

In Sections 2 and 3 we gave results for the process (A]—O, ceey Jg‘l ), where A’I is the uniform mean, in the
n n

interval [¢A,,, (i + 1)A,] of X. Here, we consider more general means. We suppose that ¢ is a measurable,

bounded, non-negative function defined on [0, 1], such that fo s)ds = 1, and we define

(i+1)A,
Xi(p) = A, /+ X¢( ZnA>ds.

Remark that (X;(¢))i>0 may be interpreted as the discrete sampling with step A,, of the convoluted function
X xpBn, where 2 (z) = Ay p(—2).

In this section, we extend results of Sections 2 and 3 to (X;(¢)). We do not give proofs for these results,
since they are analogous to those of Sections 2 and 3.

We define:
(i+1) A, A
&in(9) = ¢> (” ”) dvdB, fori, n>0
(z+2)A (z—‘rl)A YN
le‘+1 n / ( n) dvdBs; fori>—1, n>0.
A2 (i+1)A, Ayn

Proposition 4.1. Assume (A1-A83) and 204 < K, then:

_ 1
Xi(¢) — Xia, = a(Xia,)ARE (@) + €in(®)
where e; n(¢) satisfies inequalities analogous to (9, 10). Moreover, if k is a real number > 1, for all i,n:
x n £ k
E([Xi(0) = Xia,|" 1G7') < Ade(1 + BE(Xia,)).
Theorem 4.2. Assume (A1-A3). We have

Xiv1(9) — Xi(0) = b(Xi(9))An = a(Xia, ) (&in(9) + £§+1,n(¢))Aé +€in(0)

where €; n,(¢) is Gi' o measurable and satisfies inequalities analogous to (18-22).

1 2
/ ) ds
0
1 2
) ds

k= BlEn(0)€L(0) = | ( | otwan [ 1 ¢<u>du) ds.

0

Suppose, now, that A, = n~! and define

= E((&in(

U
U

) o(u)d
o = B(EL(6)?) blu)d

0

0
I
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Theorem 4.3. Assume (A1-A4) with K; = oo and let f be as in Theorem 3.1. Then,

|
N}

n

(Finr(0) = Tul0)* FKi(0) 252 (04 [ a(X)F(X)ds.

I
=

i
If a depends on a unknown parameter o, we introduce the contrast

n—2

Un((ba 0_) _ (’U—FU’)il v_ (XH-l((b) _Xi( -1 ZlOg ))

Let 7, (¢) = arginf, g U, (¢, o) be the associated minimum contrast estimator.

Theorem 4.4. Assume (A1-A4) with K; = oo and (S1, S2),then

=

n

(@n(6) — 00) "= 5(9),

where S(¢) is a variable defined on an extension of the space (2, Gy, P) and such that conditionally on Gy, S(¢)
is centered Gaussian with variance (% v+v ) (fo (G(LLUO)) ds)

Xs,00)

5. EXAMPLES

5.1. Diffusion on R

Here, (I,r) = (—o00,00) and we set B_oo(x) = 1, Boo(x) = 1+ || (by this choice, we decide, for simplification,
to use the same function, Be,, to bound other functions near the two different bounds —oo, o). Let X be the
solution of dX; = a(Xy)dB; + b(X:)dt, and assume that there exists ¢ such that for all x € R, |a(x)| + |b(z)]
< ¢(1+ |z]); a and b are twice continuously diffentiable and their second derivatives have polynomial growth.

Then, it is immediate to check Assumptions (A1) and (A2). By the following proposition, Assumption (A3)
is satisfied with K; = oo

Proposition 5.1. Assume that X is the solution of (5) and that (A1) holds. Furthermore, a and b are supposed
such that for all x € R, |a(x)| + |b(z)| < ¢(1 + |z|). Then, for all integer k > 1, there exists a constant c(k)
depending only on ¢ and k such that:

E( sup | X, [F | gt> < c(k)(1 + | X ") (45)
sE

[t,t+1]

Proof. We can suppose (by the Holder inequality) that k > 2. For s € [t,t + 1] we write:

X, Xt+/ )dB, +/b (46)

Using the Burkholder inequality, we get (c(k) may change from a line to another):

B (;%ps] [xH gt> < (k) |Xi|" + e(K)E (( / sa?()mdv)g | gt> +e(b)E (( L (Xv>dv)k | @) .
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Using that k£ > 2:

E ( sup | X*| |gt> < ek | X[ + (k) E ( / Tal* (X,) + B (Xo)do | gt).

u€lt,s]

Using the bound on |a| + |b|, and the Fubini theorem:

E ( sup [ Xy Igt> < c(k) | X" + e(k) /t SE(<1+ 1%.1) 1 G1) do. (47)

u€lt,s|

Hence we have, if we set ¢(s) = sup,¢cpy o £ (}Xﬂ | Gi):

6(s) < (k)1 + | Xo]*) + (k) / (1) 16) do < )1+ 1[4) + clh) / (o),
By (A1), ¢(s) is almost surely finite, and we may apply Gronwall’s Lemma to obtain:
o(s) < (1 + |Xt|k)eC(k)(S_t)-
Using that s € [t,t + 1], we deduce:

sup B (| X5| | Ge) < e(k)(1+ 1X.[").

u€lt,t+1]
Reporting the last inequation in (47) gives (45). O
As example, we may consider the case of X an Ornstein-Uhlenbeck process solution of dX; = —X;dt

+0odBy, Xo = 0. Results of numerical simulations, given in Table 1, show that our estimator ¢2,, performs as
well as the classical estimator, 02* based on X . (see Rem. 3.5 2)).

TABLE 1. (Mean; Standard deviation) of the estimator for n = 100 and different values of o3.

o3 =0.01 03 =0.1 s =1 08 =2
02 | 0.0094; 0.0014 | 0.094; 0.013 | 0.93; 0.15 | 1.87; 0.27

n

o2* 1 0.0095; 0.0014 | 0.094; 0.013 | 0.94; 0.13 | 1.84; 0.26

n

5.2. Positive diffusions

In these models [ = 0 and r = oo.

5.2.1. Ezponential of a diffusion on R

Here (I,7) = (0,00) and we set Bo(z) = 1+ 1 and Boo(z) = 14 2.

We assume that X; = exp(Z;), where Z; is a diffusion on R defined as the solution of the equation: dZ; =
a(Z)dB; + b(Z;)dt and Zy = 1, is independent of B. Consider the following assumptions.

Functions & and b are defined on R; @ is bounded; limsup, .. b(z) < co; liminf, . b(z) > —oo; there
exists ¢ such that: for all z € R, )?)(z)’ < ¢(1+ |2|); @ and b are twice continuously differentiable; their second

derivatives have polynomial growth and ' is bounded.
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Then diffusion X satisfies the stochastic differential equation:

dX, = a(X;)dB; + b(X,)dt, (48)

with a(z) = za(Inz) and b(z) = zb(In z) + tza*(Inz). By assumptions, a’ is bounded, so a has linear growth.
Proposition 5.2. The diffusion (X) satisfies Assumptions (A1-A3), with K; = cc.

Proof. (Al) and (A2) are clear. For (A3), we first show the inequality with B.,. Using the Markov property for
X, it suffices to show that, for all £ > 0, and Y solution of (48) starting with yo > 0, there exists ¢ such that:

E ( sup YJ“) < (1 +yp)- (49)

t€(0,1]

Since @ is bounded and lim sup,,_, . b(x) < oo there exists a constant M such that V x > 0, b(z) < M(x+1). We
define Y as the strong solution, with the same Brownian motion B, of dY; = a(Y;)dB; + M (Y; + 1)dt, Yo = yo.
Using a comparison theorem (see Revuz-Yor [12], p. 375), we get:

VE>0, Y, <Y as. (50)

Now, Y solves a stochastic differential equation with coefficients having at most a linear growth, so by
Proposition 5.1:

Y,

k
E| sup <c(l+yf). (51)
s€[0,1]
Then (50) and (51) imply (49), hence we get the first inequality of (A3).
Noticing that + = exp(—Z), and —Z has the same properties as Z, we obtain the second inequality

X
(with Bp) analogously. O

Remark 5.3. Hence, our results are valid for the exponantial of a Brownian motion or the exponential of an
Ornstein- Uhlenbeck process.

5.2.2. Cox-Ingersoll-Ross process

Again, here, (I,7) = (0,00) and we set By(z) =1+ L and Boo(z) = 1 + z.
Let X be given by:

dXy = (aX; + B)dt + o/ XydBy,  Xo =, (52)

with a < 0, 0,8 > 0 and 7 is a positive random variable independent of (B;), and i—é > 1.
Assumptions (A1) and (A2) hold. Combining Propositions 5.1 with the following proposition, we see that (X;)
satisfies Assumption (A3), for Ky = i—‘j -

Proposition 5.4. Assume that X is the solution of dXy = (aX; + B)dt + o/ XdByt, Xo =n > 0 with a < 0,
8>0,0>0 andi—g > 1. LetkE[O,i—g— ), then 3¢ such that ¥V t > 0:

1\* 1\"
E su — g §c<—> .
<se[t,tp+1]<Xs) | t) X,
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Proof. Using the Markov property, we get for = > 0:

1\" 1\"
Nex, = sup (—) G| =FE| sup (~—> ,
(e=r} (se[t,t+1] X |G s€f0,1] \ X

where X solves the same stochastic differential equation as X, with the initial condition X = .

Now, we use that the process X can be represented as (see Leblanc [9]): X, = e** R, (s, where (R,) is
the square of a Bessel process of dimension §, with § = i—‘j, starting from X, = z, and T(s) = ";%
deterministic change of time._

We deduce that infyejo,1] Xs > ¥ infs>o Rs, and hence:

1\" 1
E| s — <ellE <7 ) :
(é}é‘,’u (Xs> ) = infs>0 RY

But we know that, since 6 > 2, the law of infs>o Rs is zU 522 where U is uniformly distributed on [0,1] (see
Revuz-Yor [12], p. 430 Ex. 1.18). So,

1 1 2k 1 [t e 1
Fl— ) = _E( f) = — —2du < c—
(instORg) xk ue xk/o wes U=k

since the integral above is finite for % <1i.e for k< % —-1= i—é -1 O

is a

Since Ky < 0o, we cannot apply results of Section 3. But, here, the estimator is explicit (Rem. 3.5 1)) and
a direct study based on the expansions of Section 2 shows that, if Ky > 4, o2, % o2 and that if Ko > 6,

n# (0%, — o) “ > N(0, §o3).

5.2.3. Bilinear diffusion

We set By(z) =14 1 and B (z) =1+ .
We suppose that:

dX; = (X + f)dt + 0 X4dB,, Xo=n, (53)
with a < 0, 0,3 > 0 and 7 is a positive and independent of (By).

Using Propositions 5.1 and the following proposition, we get that the diffusion (X;) satisfies Assumptions (Al-
A3) with K; = cc.

Proposition 5.5. Assume that X solves the equation
dXt = (OéXt + ﬂ)dt + O'XtdBt, X() >0 (54)

with a <0, 8, 0 > 0.
Then Yk > 0, Jc such that for all t:

1 1
Ef sup — |G §c<1+—)-
<se[t,t+1] Xt Xt
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Proof. Again by the Markov property of X, for z > 0,

1 1
Arx,on I sup — | G¢ | =FE| sup — 55
{Xi=s} (se[t,t+1] Xk | t) (sE[O,l] X§> (55)

where X is the solution of (54) starting with Xy = .

We set Z, = )%, then Z solves dZ, = —0Z.dBs + {(0? — ) Zs — Z2}ds, with Zy = % Now, we define Z’
as the solution: dZ, = —cZ.dB, + (0 — a)Zlds, with Z) = 1 = Z,.

Since 3 < 0, we can use a comparison theorem (see Revuz-Yor [12], p. 375) to obtain:

Vs, Zs<Z. a.s. (56)

We apply Proposition 5.1 to Z':

):c(1+$—1k>. (57)

The definition of Z (55, 56) and (57) yield the result. O

Ef sup 25| <c1+ ’Z(’)k
s€[0,1]

6. APPENDIX
Proposition A. Let f € Ci(I,r) satisfy:
JeVa € (I,r) |f'(2)] < e(B] (2) + B]())

then, for all integer k > 1, such that ky < K;j:

E ( sup |f(Xy) = f(Xia,)

1gr )| < eAd (B (Xia,) + B (Xoa,)). (58)
VE[IAR,(i+1)Ay]

Proof. We start with f(z) = x. Let

6i,n = sup |XU - XiAn . (59)

VE[iAn,(i+1)Ay]

Using (46) and the Burkholder inequality, we get:

(i+1)A,
BGonlon<eE ([ atta

4A7l

k

3 (i+1)A,, k
G| +cE (/ |b|<Xv>dv> gr
1

iAp

Hence,

E(6§n|g?)§cA§E< sup |a|’“<Xv>|gf>+cAﬁE< sup |b|’“<Xv>|gi">.

SE€[iAn,(i+1)An] SE€[iAn,(i+1)A]
Using Assumption (A2), we get |a|* + [b|" < cBE, so Assumption (A3) yields:

B (55, | Gr) < cAiBH(X;a,). (60)
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Now for a general f, we set

Sin(f) = sup |f(Xo) = f(Xia,)| (61)

vE[iA,(i+1)Ay]

and write, using the bound on f’:

din(f) <c sup (B (Xy) + B (Xy))di,n-
VE[IA L, (i+1)Ay]

We choose p and ¢ such that % + % =1 and pkvy < K and apply Holder’s inequality (see (59-61)):

BN 1G)) <cB| s (B +B(X) (6 ) B (6% 16r).
vE[IAR,(i+1)An]
Now, Assumption (A3) and (60) yield:
E (5:n(f)" | GF) < e(B)"(Xia,) + BI*(Xia,))(1 + B (Xia,)).
So, we have the result. O

Le

We recall, the useful lemma which is given in Genon-Catalot and Jacod [3].

mme B. Let x}', U be random variables, with x} being G'-measurable. The following two conditions imply

P
Yt —U:

(1]

2]
(3]

(4]

n

S EGG G U
i=1
- n n P
ZE((Xz )2 | GiL1) — 0.
=1
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