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Aim of the course

Some situations where their is no analytical formula for E(h(X)), where X
is a random vector (or stochastic process) defined on R? and h: R? i R.
Examples:
Q h(x) = cos(x?)Lg2x(x) and X ~ N (0, 1).
@ Let (X,)n>0 be a Markov process, A C RY, 7 = inf{k >0, X, ¢ A}.
Let m < n and F,, = 0(Xo, ..., Xm). Compute

E(h(Xos -, Xa)Lrsny|Fm) or E(h(Xo,- .., Xa)Liz<ny|Fm), (1)

where h and (X,)n>0 can be defined as follows:
@ h may be equal to 1: compute for example P({7 > n}|FX)
@ h(xo,...,Xn) = minj=g,. . ,dist(x;, A),
@ h(xg,...,x,) = dist(x,, A),
© (Xknan)k>0 may evolves as Xy = x € R9 and for every k > 0,

Xk+1 = Xk + ,u(Xk)/n + 1/n O'(Xk) Yk+1
where 11 : R? 5 RY, ¢ : RY s R9%9 and Y, < N(0; /).

Abass SAGNA, abass.sagnaQensiie.fr ( ensllE. Simulation methods January 6, 2026 5/57


http://www.math-evry.cnrs.fr/members/asagna/

Aim of the course

@ The set A may be equal to the circle of center xp and radius v > 0:
A=C(y) = {x € R?, dist(x,x) < 7}.
@ In the case d =2, we may choose X = (X, Y):
{ X, =X ((1+D8m)+ 01VAZiiq)

tet1 ~
Ytk+1 = Yfk ((1 + A,LL2) + p0‘2\/zzk+1 + ooy 1— ,02\/ZZ/(+1)
where pi1, 0 € R, A =1/n, 01,00 >0, p € (—1,1); Z and Z are
independent with Z, 2 N(0;1) and Z " N(0;1).
© Other example: for x = (x1,...,xq) € R, u(x) and o(x) may be

chosen as
N xx 0 -+ 0
1 0 xg --- 0
ux)=p | : o)=c|.
xd 0 0 - x4

where p € R, o0 > 0.
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Yfkﬂ =Y, ((1 + Apo) + pooVAZiy + azM\/ZZH)

where v = 4, [x0, yo] = [20,25], [u1, pa] = [0.01, -0.05], [o1, 0] = [0.09,0.2], p = 0.1,
n = 1000.

i X =% (1 + D Az
FIgUFEZ{ ! o (14 p1) + 01V AZ1)

Abass SAGNA, abass.sagnaQensiie.fr ( ensl|E. Simulation methods January 6, 2026 7/57


http://www.math-evry.cnrs.fr/members/asagna/

16 17 18 19 20 21 22 23 24

thy1

Yo = Y (1 + Ap2) + poaVAZis1 + 02/1 — 02\/ZZI<+1)

where v = 4, [xo, yo] = [20,25], [p1, 1] = [0.01, —0.05], [o1, 02] = [0.09,0.2], p = 0.1,
n = 1000.

Figure: { Xy = X (L4 Am) + 01V AZ)
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Aim of the course

In these previous examples, we have to approximate the quantities of
interest: E(h(X)), X € RY in general. We may use several methods as

© deterministic methods like rectangular rule, trapezoidal rule,
Simpson's rule (which depend on the dimension of the vector X),
@ or use probabilistic approximation method like the Monte Carlo
simulation method.
© The main advantage of the Monte Carlo method is that
@ it is easy to implement as soon as we may generate a sample from X:
it is approximated by (h(X1) + ...+ h(Xn))/N where (Xi,...,Xy) is a
sample of X of size N
@ it does not depends on the dimension d of X
Our aim is now to say how to generate samples from X in several
situations. We will first recall some usual distributions
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Recall of some r.v.

> Bernoulli distribution. It models a random experiment with two
outcomes: success with probability p, failure with probability g =1 — p. If
X ~ Bern(p) then

and
E(X)=p,  Var(X)=p(l-p).

Loi binomiale with parameters n and p. It is the distribution of the success
numbers from a sample of n independent Bernoulli experiment with
parameter p. If X ~ B(n, p) then

P(X = k)= Ckp*(1 = p)™ %,  k=0,...,n

We may write X ~ B(n,p) as X = Y7, X; with X; ~ Bern(p),
i=1,...,nso that

E(X) = np, Var(X) = np(1 — p).
ensllE. Simulation methods January 6, 2026 11/57
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Poisson distribution

Poisson distribution. X ~ Poiss(\) if its distribution reads

k
IP(X:k):e”\%, =0,1,2,...

We have
E(X) = A, Var(X) = A

Geometric random variable. A random variable X ~ G(p) if its distribution
reads

P(X=k)=(1-p)lp, k=12 ...

and we have
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Recall of some r.v.
Uniform distribution on |a, b[, a < b. It models a r.v. which behaves
uniformly on. If X ~ U(]a, b[) then, its density reads

1 o if x €la, b]
_ — b—a ’
fx) = b— al]a’b[(x) { 0 otherwise.

If X ~ U([a, b]) then E(X) = (a+ b)/2, Var(X) = (b— a)?/12.
f(x)

1
b—a

a b X
Figure: Density of an uniform distribution on ]a, bJ[.
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Recall of some r.v.

Exponential distribution. It describes phenomenons like waiting times,
lifetime, etc. If 1/A, A > 0 is the expected lifetime (or the expected
waiting time) then, the density of X is defined as

A iy >
f(x) = /\ef)‘Xl{Xzo} = { ())\e ifx 20

otherwise.
If X ~ £(X), we have E(X) =}, Var(X) = 4.

2

—e— X

—— e~
15

f(

18
05

05 1 115% 2
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Recall of some r.v.

Gaussian distribution. (Laplace-Gauss or Normal distribution) One of the
more used in applied probability. A r.v. X is Gaussian with expected value
p € R and variance 02 > 0: X ~ N (u,0?), if its density reads

1 _1G=p?
f(x) = e 2 05" Vx € R.

 oV2r

It is said standard if 4 =0 and 0? = 1. If X ~ N (u,0?),
E(X) = p, Var(X) = o2
Proposition. If X ~ N(u,0?) then

_X—p

o

Z

~ N(0,1), (2)
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Figure: Density of a N'(y; 02). Figure 1: yu = 0; Figure 2: o = 1.
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Other usual distributions

Gamma distribution. A r,v. X has a Gamma distribution with parameters
a>0and A >0: X ~T[(a)), if its density reads

F’E:)xa_le_’\x ifx>0

f(x) =

0 otherwise,

where I'(-) is the Gamma function definedfor any a > 0, by

+oo
(a) :/ x¥Le > dx.
0
If X ~T(a,\) then
E(X)=a/\x and Var(X)=a/\°
The exponential distribution is a particular case of a Gamma distribution:
X ~EN) <= X ~T(1,N).
ensllE. Simulation methods January 6, 2026 17 /57
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Other usual distributions

Beta distribution. A r.v. X has a Beta distribution with parameters
a,b > 0: X ~ Beta(a, b) if its density reads
e (=X ifx€]o,1]
f(x) =

0 otherwise,

where B(-,-) is the Beta function defined as

_ T(a)r(b)
B(a, b) = TG+b)
If X ~ Beta(a, b) then,
E(X) = —2— ot Var(X) = ab

(a+b2(a+b+1)
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Other usual distributions

Chi-square distribution with n degrees of freedom. Let Xi,..., X, be n
independent N(0, 1)-distributed r.v. Then

X = Z X7
i=1

has a Chi-square distribution with n degrees of freedom: X ~ x2(n) or
X ~ X,21-

The Student with n degrees of freedom. Let Z ~ N(0,1) and U ~ x?(n)
be two independent r.v. Then
V4
v U/n

has the Student with n degrees of freedom: X ~ T(n).
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Simulating a r.v.

~> The term

Generating a random number x from a r.v. X or

Simulating a realization x of X or

Sampling a random number x from X
consists on mimicking the r.v. in order to generate one possible value (or
observation) X(w) = x from X.

~ Example. Let X be a Bernouilli random variable with success parameter
p:P(X=1)=p, P(X=0)=1—p.

@ When we sample a random number x from X, x =1 or x = 0.

@ When the sample is of size N: Xj(w) = x1, ..., Xy(w) := xy are iid

with X; < X, it must be in line with the theoretical results as the Law
of Large Numbers: X, 1= XtotXu V242 |(x) = p as.

~> There are many simulation techniques: the inversion method, the
rejection method, the transformation method, etc ...
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The cdf and its inverse
Compute the c.d.f F and its generalized inverse F~! defined as
Fl(u):=inf{xeR: F(x)>u}, Vu €]0,1],

for
© the bernoulli distribution with success parameter p,

@ for a random variable X taking the values in {—3,1,2} with
P(X = —3)=1/6, P(X =1) = 1/2, P(X = 2) = 1/3.

© for a random variable taking values in {x1,...,x,} with associated
probabilities {p1, ..., pn}.
@ for a random variable taking values in {x1,...,X,,...} with

associated probabilities {p1,...,pn,...}.

© for a random variable X with density (the exponential distribution
with parameters \)

f(x)=Xe™, x>0

Abass SAGNA, abass.sagnaQensiie.fr ( ensllE. Simulation methods January 6, 2026 22 /57


http://www.math-evry.cnrs.fr/members/asagna/

Simulation of r.v.: inversion method

Proposition. Let U be a r.v., uniformly distributed on 10, 1[ and let X be a
r.v. with cumulative distribution function (cdf) F and (generalized)
inverse function F~1:

Flu)=inflxeR: F(x)2u},  Vueloll

Then X and F~1(U) have the same distribution: X < F~1(U).
X

(U
Proof. We need to prove that Vx € R, P(X < x) = P(F1(U) < x). We have
Yu €]0,1[, Vx € R, Flu)<x <= u<F(x).
Then

P(FY(U)<x) = P(U<F(x)) (F in nondecreasing)

It follows that the cdf of F~1(U) and X are the same.
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The inversion method: discrete r.v.

Let X be a discrete r.v. taking values in E = {xp, ..., Xn,...}, with cdf F.
Suppose that the xj are ordered in a nondecreasing order and denote,
Vk >0, px =P(X =xk) and cx = po + ... + pk. Then, for all u €]0, 1],

F—l(u) = XO]l{ugco} + Zxk]l{Ck—1<U§Ck}'
k>1

~> When the cardinality N of E is finite . We stock the values xx on a
table x and those of ¢k on a table c. To generate a sample X(w) of X we
use the following algorithm (rand generate a r.n. from U ~ U(]0,1[)) :

k < 0; u + rand

while (u > c[k]) and (k < N)
k< k+1

end

X(w) + x[k]
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The inversion method: example of discrete r.v.

~ Bernoulli distribution. Let X be Bernoulli r.v. with success probability
pe[0,1: P(X=0)=1—pand P(X =1) = p. In this case,

Fﬁl(u) =0x ]1{u<17p} +1 x ]1{1,p§u} = ]1{1,p§u}.
We generate a random number (r.n.) X(w) = x from X using the

following algorithm:

u < rand
if(u<l—p)x<«0

else x <1

~» Poisson distribution. Let X be a r.v. having a Poisson distribution with
parameter A > 0, defined as:

)\k
pk:IP)(X:k):e_AF, k=0,1,...
We remark that N
pk:;Pk—l, szl
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The inversion method: example of discrete r.v.

~» To generate a r.n. from X, we first stock the values of the cdf F(n),

n
ne{1,2,...,N}, where N is chosen such that F[N] is high (for example
F[N] = 0.999)

~» Then, we use the following algorithm (pN = py = P(X = N)):

u < rand
if (u< F[N])
then
k<0
while (u > F[k]) do
k<« k+1
end
else
k < N, p<+ pN, F < F[N]
while (u > F) do
k< k+1 p«Axp/k, F«< F+p
end

end
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Exercise

Exercise. 1. Give a program with the following entries
- a vector x = [xq,...,Xs] of values taken by a random variable X
- a vector p = [p1, ..., pa] of the associated probabilities
and with output a random number generated from X.
We set
n=3, x=[1,2,3], p=][1/2,1/3,1/6].

2. Generate a sample Xi,..., Xy of size N = 10 of X.

3. Generate a sample Xi, ..., Xy of size N = 10000 of X and compare,
for i = 1,2, 3, the empirical frequency

1 N
fl' - N Z ]I{Xk:X,'}
k=1

and compare it with p;.
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The inversion method: example of continuous r.v.

~ The exponential distribution. If X has an exponential distribution with
parameter A > 0, with density

f(x) = )\e*)‘X]l]O’MO[(X),
so that its cdf reads
F(x)=(1—e ™)1, (%)
then, for any v €]0,1[, F~(u) = —ln(l)\_”), so that if U ~ U(]0, 1), then,

In(1-U) 4 In(U)
DY D)

FY(U) = (since 1 — U g U).

~+ The Weibull distribution. Let X be a Weibull distribution with
parameters (A, a), with density

f(x) = Nax?le™ A, a> 0.
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The inversion method: example of continuous r.v.
Its cdf reads

F(x)=(1—e ™)1, (x).

It follows that for any u €]0,1[, F~(u) = ( —In(1 — u)/)\)l/a, so that if
U ~ U(]0, 1), then,

FAU) = (—In(1-U)/N)Y? £ (= In(U)/A)

~ As a consequence, if we want to generate a random number from an
exponential distribution or a Weibull distribution we just have

@ to generate a r.n. u = U(w) from a uniform distribution
U~ U(o,1[), and

e compute the inverse F~1(u) with respect to the associated
distribution.
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R.n. from U ~ U(S)

~ Let a,b € Rwith a < b; S =]a, b[ and let U ~ U(S). Compute
P(U € A), forany AC S.

~~ Let S be Borel set on RY and let U ~ U(S) with density (w.r.t. the
Lebesgues measure \g): f(x) = (1/Aq(S)) Ls(x)Aq(dx). For any Borel set
e (W _ 1A
1 Ad(A A
IP’UEA:/)\ dx) = = —.
WED= La@™ ™ =345 ~ sl

If d =2, we have

area(A)
P(UeA)= ——=
(UeA) area(S)’
Proposition. Let (U,)n>1 be sequence of iid r.v. with Uy ~ U(S). Let
AC Sand 7 =inf{n>1, U, € A}. Then U, ~ U(A).
Proof. We have for any B C A,
+oo
P(U- € B)=> P(Ux € B;T = k)

k=1
Abass SAGNA, abass.sagnaQensiie.fr ( ensllE. Simulation methods January 6, 2026 34 /57

ACS.


http://www.math-evry.cnrs.fr/members/asagna/

R.n. from U ~ U(S)
Now, it follows from the independence of the Uy's that

P(UkeB;t=k) = P({Uk S B} N {Ul ¢ A} n...N {Uk—l ¢ A} N {Uk S A})
= P({Ux € By n{Uk € A}) x P({Uy ¢ A})<?
= P{Uc € B}) xP({U; ¢ A1 since BC A

Since

P({Ux € B}) = n;‘ and P{U1 ¢ A})=1- =

we deduce that for any Borel set B C A,

+o0o
A\<18] _|8]
e =3 (1-5) 5=

As a consequence
Ur ~U(A).
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R.n. from U ~ U(S)

Example. Random numbers uniformly distributed on the unit sphere. Let

X be an uniform distribution on the unit sphere A = {(x,y, z) € R3,

x?+y? 4+ 22 <1} and let S be the cube | — 1, +1[3 on R3.
e We have AC S.
o If Uy, Uz, Us ~U(] — 1,1]), are independent then,
(U1, Uz, Us) ~ U(S).
e To sample a r.n. from U(A) we use the algorithm:
do ul - 2*rand -1
u2 < 2*rand -1
u3 + 2*rand -1
while (ul*ul + u2*u2 +u3*u3 > 1)

end
Ul < ul, U2 < u2 and U3 < u3

Abass SAGNA, abass.sagnaQensiie.fr ( ensllE. Simulation methods January 6, 2026

36 /57


http://www.math-evry.cnrs.fr/members/asagna/

Plan

© Rejection method
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General rejection method

Let f and g be explicit probability densities in R?, ¢ > 1, and suppose
that

@ we can simulate a r.n. from the density g but not from f.
o f(x) < cg(x), for any x € RY.
Example. Let X ~ N(0;1).

@ | X| has density f(x) = \/%—We_%xz]l{xwy

o Vx>0, f(x) < c g(x), with c = \/(2¢/7) and g(x) = e,
0 if ©® e {—-1,41} with P(© = +1) =P(© = —1) = 1/2 then
O|X| ~ N(0;1).
@ This is used to sample from a standard normal distribution.
The following algorithm generates a r.v. X with density f:

1. generate a r.n x from the density g and a r.n u from U ~ U(]0,1[)
2. if cxuxg(x)<f(x), go to 3., otherwise go to 1.
3. return X(w) = x.
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General rejection method

This previous procedure follows from the result below.

Proposition. Let f and g be two densities and let ¢ > 1 be so that

f <cg. Let (Xk)k>1 be an iid sequence of r.v. with density g and let
(Uk)k>1 be an iid sequence with distribution ~ U(]0, 1[), independent
from Xy. Then, the r.v. X, where

T=inf{k > 1, cUkg(Xe) < F(Xi)}

has density f and T has a geometric distribution with success parameter
1/c.

Proof. We have for every x € R,

+oo
P(Xr <x) =Y P(Xi < x;7 = k)
k=1
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General rejection method
~» Now, we have (letting h(x) = f(x)/(cg(x)))

P(Xx < x;7 = k) = P(X¢ < x; Uk < h(Xi)) x (P(Uy > h(X1)))"

and —+00 1
P(U1 > h(X1)) :/ g(t)dt/ du=1-1/c.
—o0 h(t)
~~ On the other hand,

P(X, < x: Ug < h(Xk)):/X g(t)dt/h(t) du:/x g(t)h(t)dtzl/x F(t)dt.
0 c

— 0o — 00 — 00

It follows that

P(X, < x) = i/ F(t)dt io (1- %)H - / F(t)dt,
e k=1 >

so that Z has density f.
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General rejection method examples

~» The Gamma distribution. Let X\,a > 0 and let X be a r.v. with Gamma
distribution (), a), with pdf

A a1 T a1
f(x):r(a)x e where T(a) = ; x?" e Xdx.

We want to generate a r.n. from the distribution of X ~ I'(\, a). First

note that if Z ~ (1, a), then X = Z/X ~ (), a), so that it is enough to
say how to simulate a r.n. from Z.

@ When a = n is an integer number then Z 4 Ei + ...+ E,, where the
Ey's are iid exponentially distributed r.v. with param. 1: E, ~ &£(1).
e If a€]0,1[ (and A = 1), we have f(x) < cg(x), where

e+ a ae

€= aer(a) and g(X) = e+ a [Xa_l]l]o’l[(x) + e_XIL[l,JrOO[] .

We can apply the rejection algorithm to generate a r.n. from Z.
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General rejection method examples

In fact, if X has pdf g its inverse function reads for every u €]0, 1],

671 (w) = (£220) 10 e () =0 (1= ) 2) 1y 2 ().
and h(x) = f(x)/(cg(x)) reads
h(x) = e *Tjo11(x) + XMy foqf-

Then, to generate a r.n. from Z ~(1,a), a €]0,1],

1. we generate a r.n. V from U(]0, 1[), we compute X = G~(V) and
generate another r.n. U from U(]0, 1[), independent from V.

2. If U < h(X), we set Z = X, otherwise, return to step 1.
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General rejection method examples

~» The Beta distribution. The Beta distribution with parameters a, b > 0
has pdf

f(x) = B(a, b)x* (1 — x)* ' q((x) with B(a,b) = =

For a,b > 1, we have

o) wen e (35755

and g(X) = ]1]0’1[(X).

Then, to generate a r.n. from Z ~ B(a, b),

1. we generate a r.n. X from 2/(]0, 1[) and generate another r.n. U from
U(]0, 1[), independent from X.

2. If U < h(X), we set Z = X, otherwise, return to step 1.
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Plan

@ Transformation method
@ The Gamma distribution
@ The Gaussian vector
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Transformation method: the principle

~> Some times, the random variable to generate reads as a function of
easy simulable random variables. This method is specific to some random
variables and we are going to give examples of the Gamma distribution
and the Gaussian distribution.

~ Let T=(Ty,..., Ty) : RY — R? be a diffeomorphism whose inverse
has Jacobian matrix

- (L),

It follows that if Z = T(X), where X is an R%valued random vector with
pdf fx, then, the pdf of Z reads

fz(z) = ix(T7Y(z2)) x |det(J(2))|, zeR9.
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@ Transformation method
@ The Gamma distribution
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Transformation method: example of the Gamma distribution

~ Example of the Gamma distribution. Let A > 0 and a; > 0,
iid

i=1,...,n Let X; ~T(\ a;), i=1,...,n Then, we know that

Z:X1+...+X ~T(\ a1+ ...+ a,). Suppose that a; = 1 for any /.

@ Since (A, 1) ~ Exp(X), we can represent Z ~ (A, n) as:
Z=Xi+ ...+ Xy, with X; ~ Exp()).

e We know from the inversion method that if X; ~ Exp(\) then
Xi £ —In(U;)/A, where U; ~ U(]0, 1]).

@ Then, Z= X1+ ...+ X, ~ (A, n) can be written as

Z=T(U,...,U, Zm :—im(ﬁu,-).
i=1
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Plan

@ Transformation method

@ The Gaussian vector
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Transformation method: example of the Gaussian vector

Let Z = (Z1, Z2) be a two dimensional Gaussian vector. The following
result, known as the Box-Muller method, say how to simulate Z from
independent uniform random variables.

iid

Proposition. Let U; ~ U(]0,1[), i =1,2. Then,

(Z1,25) = T(Us, Up) = (\/—2In(U1)cos(27rU2), \/—2|n(U1)sin(27TU2)>

iid

is a pair of indep. standard Normal distribution: Z; ~ N/(0,1), i = 1,2.

Proof. Note that the transformation T : ]0, 1[>~ R? is one to one and if
71 = \/—2In(u1) cos(2mur) and zo = \/—2In(u1) sin(27u2), we have

72 + 72 = —2In(uy) and z/z = tan(27wwp). Then (z = (21, 2))

(1, 1) = (T42), Ty (2) = (e*(zf“%)/?, (27) L arctan(z /zl)>.
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Transformation method: example of the Gaussian vector

The Jacobian matrix

OT @) 0T () <_zle—<z%+z§)/z _Z2e—(zf+z§)/2>

J(Z) = 8_211 8212(2) 1 Z> 1 z1

T, *(2) =
(’2921 0z 2 Z% +Z22 2 212+Z22

It follows that det(J(z)) = e (5+2)/2. Then

- 1 2 1 zp 1
f2(2) = v (T(2)) |det(J(2))] = e (wi+2)/2 oS sz

so that (Z1, Z2) ~ N (02, h): 02 =(0,0), k is the 2 x 2 identity matrix.
~~ Generating a Gaussian vector X ~ N (04, l5). One way of generating a
r.n. from X ~ N(0g4, Iy) is
@ to call d times the function generating a gaussian pair (Z1, Z2) ~
N (02, k) (using for example the Box-Muller method)
e and to set X = (Z},...,Z{), where ZI is the value of Z; at the i-th
call of the function generating (Z1, Z2).

e %/2
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Transformation method: example of the Gaussian vector

~~ Drawing a Gaussian vector Z ~ N(u,X), where i € R* and ¥ is a

¢ x d matrix. We can write Z = pi + ¥1/2X, where X ~ N'(0g4, Iy). We
have seen how to draw a sample from X. It remains to say how to compute
¥1/2_ Several methods exist but we recall here the two main methods.

© In the non degenerated case where ¥ is positive-definite we may use
the Cholesky decomposition: find a lower triangular matrix L so that
LLT =¥ and £Y/2 = L.

@ In general (including the degenerated case) we may use L = UA
where A and U are obtained from the spectral (or eigenvalue)
decomposition ¥ = UAU! of ¥. Then, ¥1/2 = [.

1/2
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© Mixed density
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Mixed density: the principle
~+ Let X be an R9-valued random variable with pdf f = ano Pnfn, where
Q := (pn,n > 0) is a probability on N and f, is pdf for every n > 0.

~ Let (Xp)n>0 be an iid sequence of r.v. such that for every n > 0, X,
has pdf f,,.

~ Let v : Q + N be a r.v. with distribution Q, independent from (X,)n>0.
Proposition. The random variable X, has pdf f.
Proof. For any Borel set A C R9, we have

P(X, €A) = Y P(v=n)P(X, €Ay =n)

n>0

= an/ (x)dx

n>0

:/ZW _Amm.

n>0
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Mixed density: example
Example. Let (p1,p2,p3) = (1/6,1/3,1/2) and X be a random variable
with pdf
f(x) = p1fi(x) + p2fa(x) + p3fz(x)
where
1 2
fi(x) =1py(x), hix)= 5(2X =Dl g(x), f(x) = 5(—3X+ 9)1)2,3(x)-
Propose an algorithm to generate a sample from X.

Example. Let X; ~ N(—3,1) and Xo ~ N (3,1) be two independent r.v.
with resp. pdf f; and f. Let X be a r.v. with pdf

f(x) = p1fi(x) + p2fa(x), p1,p2 € [0,1], pr + p2=1.
@ Plot the graphs of f for (p1,p2) = (%, %) (p1,p2) = (%, %)
(p1,p2) = (3, %).
@ Plot in the same graph (w.r.t (p1, p2)) the densities estimates from a
sample of f.
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Exercise to do in the practical session

Consider the file ToBeGropuedRandomly.x1x and implement a code
that compose randomly 5 groups of 3 individuals where, at each step
k <5 and for each group,

- 1 individual of the group is chosen randomly from the uniform
distribution among the 5 — k + 1 first individuals of the file

- the 2 other individual of the group are chosen randomly from the
uniform distribution among the remaining individuals

Display the groups with their set of individuals.
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