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1 Kato’s mild solutions.

In this paper, we consider the following Cauchz problem for the 3D Navier—
Stokes equations : given @y € (L3(R3))® with V.uy = 0, find a solution @ €
C([0,T], (L3(R3))3) of the equations

it = A — (@.V)d—Vp
(1) V.ii=0

7(0,.) =

St

where p is the (unknown) pressure, whose action is to maintain the divergence
of 4 to be 0 (this divergence free condition expresses the incompressibility of
the fluid).

In order to solve equations (1), we follow Kato [1] and use the Leray-Hopf op-
erator P which is the orthogonal projection operator on divergence-free vector
fields. We thus consider the following Navier—Stokes equations on (¢, x) :

Oyt = Ail — PV - (i ® 1)
(2)

@(0,.) =

Solving the Cauchy problem associated to the initial value iy then amounts
to solve the integral equation

¢
(3) il = ey — /e(t_s)A]P’ﬁ.(ﬁ@ u) ds.
0

In order to solve (3), we define the bilinear operator B by
t
(4) B(.9)) = [ *2PV.(f® ) ds.
0

We then define the sequence @™ by

(5) i = 2y and 7"tV = Py — B(a™, a™)
and the sequence @™ by

(6) G = gt g

For every n € N, we have @™ € C([0,+00), (L3(R?))3) and it is well known



that for some positive T" we have

(7) > sup @™t )]s < oo

neN o<t<T

so that the sum
(8) i = ey + Y w
n=0

belongs to C([0,T7], (L3(R?))?) and is a solution to the Cauchy problem (1).
The solution @ is then known to be smooth.

In this paper, we shall discuss the convergence of the series (8). In order
to ensure the convergence of the series, one usually works with weaker norms
than the L3 norm (writing that L? is embedded into Besov spaces [2] [3] or in
the space BMO™! considered by Koch and Tataru [4]). In order to get regu-
larity estimates, one tries to get a contractive estimate in a new norm and this
is usually done by taking a smaller value of 7. Thus, the series > w™ may be
convergent on an interval [0, 7] which should depend on the norm in which the
terms w™ are estimated. We shall prove that the interval of convergence does
not depend on most norms that are usually used to describe Kato’s solutions.
Some of those results were previously obtained in [5], [6] and [7], where they
were described as persistency results.

2 Size of the solutions.

In 1984, Kato [1] proved the existence of mild solutions in LP, p > 3. His
construction of mild solutions relies on the fact that the operator =98PV is a
matrix of convolutions operators (in the = variable) whose kernels K; ;(t—s, )
are controlled by

1
(VE—s+ |z

(9) |Kij(t —s,2)| <C

For p > 3, he used the estimate
—s = r — _1_3 R —|
(10) [ 2PV.(F @ Pl < Cplt — )72 2| Fll, |51,

to prove the boundedness of B on L>([0,T], (LF)?) :

g 1_3 Y -
(11) IB(f, §) (& )lp < Cpt22 sup |[f(s,.)ll, sup [[g(s, ).
0<s<t 0<s<t



For the critical case p = 3, inequality (10) becomes

(12) 2PV (F @ g)lls < C 1 £1lsl1g]]s-

1
(t—s)
This is a very unconvenient estimate for dealing with f and §in L*([0, 7], (L*)%),
since f s ~ diverges at the endpoint s = ¢. Kato then used an idea of Weissler
8], namely to use the smoothing properties of the heat kernel (when applied
to i@y € (L3)?) to search for the existence of a solution in a smaller space
of mild solutions ; indeed, whereas the bilinear operator B is unbounded
on C([0,T7], (L3(R?))®) [9], it becomes bounded on the smaller space {f €
C([0,T], (L*(R))3) / supg—;p VEIF(t, )]0 < c0}. Thus, we replace the esti-
mate (12) (which leads to a divergent integral) by the estimates

(13) e 2PV (f @ Plls < C———=—=IFllsv/5Fllc

\/—f

and
(14)
- 1
(t=s)Apy/, Do < C
e (F@ o < C e

which lead to two convergent integrals.

1151915 - foHoongHoo)

min(

( s)

We begin by checking that the introduction of this second norm does not
bear any restriction on the interval of convergence for the series (8) :

Theorem 1 B
Let iy € (L3(R3))? with V.iip = 0. Let the sequence @™ be defined by

(15) i = e®idy and 7Y = iy — B(a™, ™)
and the sequence W™ by

(16) g™ = gt — g

Let T € (0,400]. Then the following assertions are equivalent :

(17) S sup Jd™(t,.)|ls < oo

neN o<t<T

(18) S sup Vi[a™(t, )| < 00

neN o<t<T

Proof : In inequality (13), we have stressed on the role of the L* norm of f
and the L*> norm of g, but we could as well have used the L> norm of f and



the L3 norm of §. We change (13) in a more symmetrical inequality in f and

g :

(19) [ IPY.(f @ Plls < C——r/ [ allllsv/511 e V31|l

=

This gives
(20)

sup [|B(f, 9)ls SC\/ sup [[flls sup [|glls sup VE[flle sup vel|g]loc-
0<t<T 0<t<T 0<t<T 0<t<T

o<t<T

In order to estimate supy.,.r \/f||B(f, )00, We write

t/2 t/2

AR F e = 1 —
@) NPV gl ds < C [ i lslgls ds
0 0

)

so that

t/2

(22) Vi [PV @ )l ds < C sup |flly sup [5ls
b o<t<T 0<t<T

On the other hand, we have

(23)
s . 171al8ls /5l Flloo/511
t//2|| PY.(f)]l d <Ct//2mf in( T, YR ds

so that, writing

(24) \ J suPoceer | ls supocrer 19l
SUPo<t<T Vi flloo SUPo<i<T V|7l
and
1
1 A1
(25) :/ min( ) ds,
0 \/m 1—s"As
we get
(26)

VE [ |eTI2PY(f © §)lloo ds
\/Sup0<t<T 1f1ls SUPg<t<T 191|3 SUPg<t<T \/%HfHoo SUPg<t<T \/EHJHOO

< CD(N).

We can easily check that

(27) sup P(\) < oo.
A>0



Now, we write

(28)
"D = B(a™, ™) — B(a™V, gty = —B(a@™ w™) — B(w™, a™*V)
We define :
(29) a, = sup |W™ |5, A, = sup [[a™ |
0<t<T 0<t<T

and
(30) B, = sup \/EH@U(”)HOO, B, = sup \/ZHE(”)HOO.

o<t<T o<t<T

From (20), we get

(30) Qpi1 < C\/an\/ﬁn<\/Aan + \/An+1Bn+1)

and thus

(31) Ant1 < C\/an\/gnd AO + zn: ap\l BO + zn: ﬁp-
p=0 p=0

Similarly, from (22) and (26), we get

(32) ﬁn-i-l S Oan(An + An-i—l) + C\/anﬁn(Aan + An-i—an—i-l

and thus

(33)  Bas < COén(Ao+zn:ozp)+C\/&n\/ﬁn\lA0+zﬂ:%\lgo+iﬁp_
p=0 p=0 p=0

We may finish the proof, by using the following lemma :

Lemma 1

Let (), (0,) and (€,) be three sequences of nonnegative real numbers such
that :

(34) Y Y <ooand Y b, < oo

n=0 n=0

and

(35) VneN €41 <Y+, |€ndn Z €p-
p=0



Then, we have

(36) > 6, < .
n=0

Proof : We write
1 1 n
(37) €ni1 < Yn + 26n + §5n Z €p-
p=0

This gives, for ng € N and n > ng

n+1 n 1 n 1 no no 1 n n
(38) ZEp§€0+Z’Yp+§z€p+525pz€p+§ Z 51”2617‘
p=0 p=0 p=0 p=0 p=0

p=no+1  p=0

Choosing ng such that

(39) S 6, <172

no+1

we get
[e'e) o] 1 no no
(40) Z€p§4(60+27p+525p25p)‘
p=0 p=0 p=0  p=0
Thus, Lemma 1 and Theorem 1 are proved.

Remark :

If we work with the Lorentz space L>* instead of the Lebesgue space L3,
then we don’t need Weissler’s trick of using the smoothing properties of the
heat kernel to get mild solutions, since the bilinear operator B is bounded
on C.([0,T], (L*>>*(R?))?) [10] (where C.([0,T], (L>**(R?))3) is the space of
bounded maps from [0, 7] to (L?)? which are strongly continuous on (0, 7] and
are *-weakly continuous at t = 0). However, we may do the same computations
as in the proof of Theorem 1 and see that the solution in C, ([0, T, (L>*(R3))?)
provided by the Picard-Duhamel iterates @™ inherits the good behaviour of
the L norm.

3 Convergence in weaker norms.

In the study of mild solutions for the Navier—Stokes equations, weaker norms
than the L3 or the L™ norms have been introduced to prove either existence
or stability of mild solutions. The weakest norm to be controlled in order to



provide existence of mild solutions is the bmo~! norm of the initial value

(where bmo™! is the space introduced by Koch and Tataru [4]), while stability
is described through the control of the norm of the solution (¢, .) in the Besov
space B 1> [11] (following ideas of Kozono and co-workers [12] [13]). We recall
basic definitions and facts about Besov spaces in the appendix.

Recall that f € bmo™! if and only if, for all positive T, we have

t
(41) sup sup t_3/2/ / |2 f|? da ds < oo
0

0<t<T xocR3
B(z0,V1)

Once again, the introduction of those new norms does not bear any restriction
on the interval of convergence for the series (8) :

Theorem 2
Let iy € (L3(R3))? with V.iip = 0. Let the sequence @™ be defined by

(42) i = ey and 7Y = iy — B(a™, a™)
and the sequence W™ by

(43) ™ = gt — g,

Let T € (0,400). Then the following assertions are equivalent :

(14) S sup @) < oo
neN 0<t<T
(45)
t

> sup (\/ZH’LB(")(t, Moo + sup ¢34 / / | (s, )] dx ds) < o0

neN o<t<T zo€R3 o B( \/Z)
xo,

(46) > sup Hzﬁ(”)(t,.)HB;Loo < 00

neN o<t<T

Remark : Assertions (46) and (44) are equivalent as well to the conver-
gence of the series 3°,,cy SUpg—yer ||[W™ (£, .)|lpmo-1, since we have the continu-
ous imbeddings L* C bmo™! C B>,

Proof : In the same way as for proving Theorem 1, we write
(47)
gt — B(g(n)’ a’(”)) — B(ﬁ(”+1)7ﬁ(n+1)) = —B(U("), w(n)) — B(w(@)g@“))



We define :

(48) Qp = Sup H’LU(H)H?M A, = sup Hﬁ(n)H&
0<t<T 0<t<T
(49) fn = sup \/EH@D’(”)Hom By, = sup \/ﬂw(n)uoo’
o<t<T o<t<T
(50) Yp = sup sup t 3/ / / | (s, x)|? dx ds,
0<t<T zocR3 0 Blaon/i)
(51) C, = sup sup ¢t/ / / (s,2)|? dzx ds,
Ost<T rock? 0 Bleoi)
and
(52) 8y = sup || pore, Dy = sup [[@] g1
 o<t<T 0<t<T

The fact that (44) = (45) is obvious, since v, < Ca,. The fact that (45) =
(46) is easily checked : the operator PV. is bounded from (L>)3*3 to (BZ1>)3,
so we shall deal with L*> norms. We have

t/2
(53) I /e(t_S)Af(s,.) ds|leo < Ct™3/? sup / / (s,2)| dr ds

0 onRS 0 B xo \[
and
(54) u / (=98 f(s,.) dslle < € sup 5] £(s,.)oc.

t/2 0<s<t

From (47), (53) and (54), we get
(55)
Spt1 < Cn(CrtCrit)+CBu(Br+Bri1) < 2C7,(Co+ Y 1) +2C B (Bo+>_ By).

p=0 p=0

The proof that (46) = (44) is not so easy. We use the fact that, for f € B b,
we have

(56) Ville™ flloo < A+ VO f ]| ot



We write

(57) @O, = ex®a ™D (42, ) + Tt )
where
%
(58) () = —/ 5-APY VM (/2 1 5,.) d
0
and
(59) vV — 7" g g™ L g™ g gt

We then write
(60) T8, oo < 2@V (#/2, ) ||oo + 1T (2, ) [0,

hence

(61)
Hw(n"'l)(,.)HooSC(l_’\_/-\/_H TG Mo/ 15 (8, e [5E,  r ).

Moreover, we easily check that

(62) 15 (8, Ml proe = [0 (E, ) = 220D (272, e
hence

(63) T gz < [T pzre + 1T (1/2, )] poiee
while, on the other hand, we have

(64) [Tt ) pree < CL+VE) sup [VI(E, ) o,

t/2<s<t

(more precisely, it is easy to check that the high frequency term ||(Id —
So) ™ (¢, )l gL is controled by supy s, [V®)(¢,.)||o uniformly in ¢, while
the low frequency term ||Spv™ (¢, .) | g1« 1s controled by Vit SUDy jocs<t V) ()]0
uniformly in t), hence

(65)
1
7, ) e < €

—I— \/E —(n N —2(n
sup \/§||w( )HOO( sup \/EHU( )||oo+ sup \/§||u( +1)||OO)
0<s<t 0<s<t 0<s<t

Finally, we get that

(66) Bt < CL+ V) (i1 + 1/0ns180(Bo + Bus))

10



and thus

(67) ﬂn—&-l < C(l + \/T) (5n+1 + \Jén—l—lﬂn(BO + i ﬁp))-

p=0

We then conclude the proof by using Lemma 1.

4 Regularity of the solution.

It is well known that the solutions of the Navier—Stokes equations which be-
long to C([0,T], (L*(R3))? are indeed smooth on (0, T]. This regularity is first
established in the space variable, then extended to the time variable by differ-
entiating the equations. In the case of the Picard-Duhamel iterates, this can
be seen very easily :

Theorem 3
Let iy € (L3(R3))3 with V.iy = 0. Let the sequence @™ be defined by

(68) i = e®idy and 7Y = ety — B(a™, a™)
and the sequence W™ by
(69) ™ = gt — ),

Let T € (0,400) and o > 0. Then the following assertions are equivalent :

(70) > sup [[ai™(t, )]s < oo
nEN0<t<T
(71) > sup #27 [a(t,)| pr < o0
neN0<t<T

Proof : We shall use the well-known inequality

(72) 1f9llze < Crll fll Bz llglloe + [1flloollgll e

for 7 > 0 (which is easily checked by using the decomposition of the products
into paraproducts). If max(0,0 — 1) < 7 < g, we get

(73)
t
—g = 2 T7+l—0
H/e(t APV f@7 ds|lpze < C(L+E = sup([|f |z llglloctlflloollgll <)
12 t/2<s<t

11



(more precisely, the high frequency term || (/d—Sy) ftt/Q =IAPY foF ds|| pge=|| g1
. T+1l—0 : :

is controled by ¢ = supy s ([|.f | 522191l o0+ 1./ |0 19/l 5z ) [0 umiformly in

t, while, on the other hand, the low frequency term ||.Sy j’f/Q el=9APY.f ®

7 ds|| gz || g1 is controled by v/ supycocs (£ 1| Bz lgllot 1 Flloo 91 Bz ) 150
T+1—0 T+l—0o

uniformly in ; of course, we have vt +t~ = < C(1+t)t— = forall t > 0).
We have the interpolation inequality

1-T fd
(74) [ llpzee < N1 flloo * Lf 1] oo
We then define :
(75) ap = sup Vi|i0™ e, An = sup Vi[|@™]|c,
0<t<T 0<t<T
and
(76) By = sup 5 @™ poe, B, = sup t = @] pas.
0<t<T 0<t<T
We write again
(77) @O, = e @™ (¢/2,) + Tt )
where
i
2
(78) () = —/e%—smpvv(”)(z&/z +s,.) ds
0
and
(79) VO = g™ @ g™ 4 g™ @ gty

We then find (using (73) and (74))
(80)
Bus1 < Cangr + C(L+T)(An + Ansr)an 57 + an(An * B + 4,15 Bia))

It A= Ao+ 32y, we find
(81) Bt < Canpy + C(L+T)(Aan "B + A% (Bo+ Y B,)7)
p=0

and we conclude (through the Young inequality) :

1 . 1 n
(82) Bpi1 < Copyy + §ﬁn +CAL+T))o7ay, + §ozn(Bo + > 8,) + CAay,

p=0

which is enough to grant (as in Lemma 1) that the convergence of Y, a,,
implies the convergence of >, 5,,. Thus, we have proved that (70) = (71).

12



To prove the converse, we use Kato’s theorem to get that, for some small
0 > 0, we have

(83) S sup V[T (L, )] < 00
n=0 0<t<d
and we use the embedding B2 C L (for o > 0) to get
(84) o < sup V@™, )| + CO2B,
0<t<é

which is enough to conclude that the convergence of Y, 3, implies the con-
vergence of Y, a,.

5 Serrin’s exponents.

Serrin’s theorems on uniqueness or regularity of weak solutions deals with a
solution « which is LY L with 2/p+3/q = 1 [14]. When @ is a mild solution on
0, T associated to w0y € (L?)3, then v € (LF([0,T7], L%)? for 2/p+3/q =1 and
p > 3; the fluctuation 1 = @—e'®iy belongs to (LP([0, T, L9)3 for 2/p+3/q = 1
(and p > 2)(for a discussion of the regularity of the fluctuation, see [15]).
This can be checked directly on the Picard—Duhamel iterates :

Theorem 4 .
Let iig € (L3(R3))3 with V.iip = 0. Let the sequence @™ be defined by

(85) i = e®idy and 7Y = iy — B(a™, ™)
and the sequence W™ by
(86) ™ = gt — ),

Let T € (0,+00] and p,q such that p > 2 and 2/p + 3/q = 1. Then the
following assertions are equivalent :

(87) > sup 1™ (£, )| < o0
neN o<t<

(88) Yo M@ Lo o1),19) < 00
neN

13



Proof : From the Bernstein inequalities, we get the following embeddings for
2/p+3/g=1andp>3:

(89) L* C By® c BY 13 c B 2w
and thus
(90) 1€ Fll o (0.400).29) < Cll flls

f3<p<oo,2/p+3/qg=1,1/¢ =1/r —1/3, we use the LPL? maximal
regularity of the heat kernel to get

t

(91) | /e(t_S)AV—AF(S, ) dsllLeo,m),0) < Cl || peo,m),07)
0

and thus

(92)

IB(f, lzro.r),La) < C\/ sup || flls [[fllzeom),c0y sup |1gl3 |Gl zeco,r),09)
o<t<T o<t<T

In the same way as for proving Theorem 1, we then write

(93)
Y = B(a™, @™ — B(a™ Y, gy = —B(a@™, w™) — B(w™, a™*V)
We define :
(94) an = sup @5, A, = sup [[a"]s
0<t<T 0<t<T
and
(95) B = 18| o01),00) Bn = @™ || o010
From (92), we get
(96> ﬁn—i—l S O\/an\/gn(\/Aan + \/An+1Bn+1)

and thus

(97) Brt1 < C\/an\/gn\lAO_l_iap\JBO_{_iﬁp'
p=0 p=0

Due to Lemma 1, we may conclude that the convergence (87) implies the
convergence (88) when p > 3.

Now, we prove the convergence (88) for 2 < p < 3. It is enough to prove it for

14



p = 2, since we have, for 2 < p < oo and 2/p+3/q =1,
(98)

3 qg—3

3 1-3

1S Nl ooy L) < ( Sup £ 1) 1 gty ooy < = sup | Flls+=——1fl| 2.
q o<t<T q

We use the L"L* maximal regularity for r = 3/2 and s = 9/2 and for r = 3
and s = 9/4 and we find

(99) IV=AB(f, Dls20,1),0012) < Cllfllzaco,ry,zo) 19l zs0,m).29)
and
(100) 1% —AB(fa§>||L3((o,T),L9/4) < C||f||L3((O,T),L9) oililf:r 19l5-

We use the inequality
(101)
£l < ClLFllg2gae < C’Hf||1/2 ||fu”f/3m < C"IV=AfllyaIV=2F I3

and thus

(102)  ||B(f, 9l z2(0.1),00) < C||f||L3((0,T),L9)\/||§||L3((0,T),L9) Sup g1]3-
<t<

Thus, if we define :

(103) a, = sup ||1,U(”)||3, A, = sup ||ﬁ(")||3,
o<t<T o<t<T

(104) B = 0" s0ry.L9), Ba = 18" | 130,19,

and

(105) Yo = 0™ 2((0.1). L)

we find from (93) and (102)

(106) Yo < CBY?AY* and yps1 < C(Bpy) B + Bur/Ang1 Bosi)

so that the convergence of Y, a, (and, hence, of 3, /3,,) implies the conver-
gence of Y, Yn-

We now prove the converse. We first notice that, for 1/r +3/(20) = 1 and
feL"((0,7),L°), we have

t
(107)  sup || [ e IAVERS(s, ) dsll s < Ol oo
0

0<t<T

15



This is checked by using the Littlewood—Paley decomposition : we write
(108)
t

t
18, [ 92 VERF(s.) dsll < € [ min(@0+2)
0

0

1
Gl
— S [

and we conclude by checking (using the equality 1 — 1/r = 3/(20) that

t
(143 1 r r-1 ;
(109) (/m1n(29(1+a),71+§)r—1 ds) T < 0,
0 t—s °
From (107), we get for 2/p+3/¢ =1

t

(110)  sup || [ " 9AV=A(fg) ds| g1 < Cllfllzoo.).0)llgllo(0.).29)
0

(1) sup || [ I2V=A(f) dsllsoe < Clfluromnin sup lgtt,
0 <t<

Now, we define :

an = [0 r(0,1),20), A = |0 — € o]l o0, L9),
(112) [ Ay = [[a™ — ey |
and
(113) B = sup [[i™]] g1
o<t<T

From (93), (110) and (111), we get

(114) Bt < Can([lio]ls + An) < Com(|liiolls + D ap)-

p=0

This proves the convergence of (87) (due to Theorem 2).

Remark : We used the norm of the homogeneous space B> and not
the norm of the inhomogeneous space B> as in Theorem 2, because we
wanted to include the value T" = 400 in the theorem. If we dealt with the
nonhomogeneous Besov space, we would find different exponents for ¢ for the
low frequencies and the high frequencies (see formulas (64) and (73), for in-
stance. .. ), and we could not have results valid uniformly on (0, +00).

16



A Appendix : Besov spaces.

In this appendix, we recall some basic facts on Besov spaces we used through-
out the paper. Proofs and further references to Besov spaces can be found in
the book [6] (or in the books [16] [17] and [18]). First, we introduce the well-
known Littlewood—Paley decomposition of distributions into dyadic blocks of
frequencies :

Definition 1
Let oy € D(R?) be a non-negative radial function such that |§] < % = (&) =

L and [§] = 1= ¢o(§) = 0. Let vy be defined as ¢o(§) = po(€/2) — ¢o(§). Let
S; and A; be defined as the Fourier multipliers F(S;f) = ¢o(§/2°)F f and
F(A;f) =vo(§/29)Ff. The distribution A f is called the j-th dyadic block of
the Littlewood—Paley decomposition of f.

For all N € Z and all f € §'(R®) we have

(115) f=5nf+ Y A;f inS'(RY).

J>N

This equality is called the Littlewood—Paley decomposition of the distribution
f. If moreover limy_,_, Syf =0 in S, then the equality

(116) =Y A;f

JEL
15 called the homogeneous Littlewood—Paley decomposition of f.

Then we define the Besov spaces B;? :

Definition 2
Let p,q € [1,4+00] and s € R.

a) The Besov space B;?(R?) is the Banach space of distributions f € S'(R?)
such that, for all j € N S;f € L* and such that (27°]|A;f)jen € 19, normed
with

“+o00

(117) £ llmsr = IS0l + (32 27| A £112) 7.

=0
b) For s < 3/p, the homogeneous Besov space Bs’p(R?’) is the Banach space of
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distributions f € S'(R?) such that f =Y ;5 A, f in S'(R*)and such that , for
all j € Z, A, f € LP with (27%||A; f)jez € 19, normed with

(118) /]

+o0
y )
oo = (D 27 A, f 9.

j=—o00

We have the obvious embeddings

(119) BP C B’;’p for 0 < s < 3/p and Bg’p C B;? for s <0
and
(120) for 1 < ¢ < o < +oo, BJP C By and BiP C B3P

An important result of harmonic analysis states that

0, 0,
(121) for 1 <p <+00, B o) C L C Byl )
The Bernstein inequalities on LP norms state that there exists constants Cp, ,,
for 1 < p; < py < 400 such that

(122) for j € Z and for f € S/GR?’)? ||ij||p2 < Cpl,p223j(aia)||sjf“p1

which implies that, for 1 < ¢ < 400 and s € R,
(123)

for 1< py < py < 400, B C By

1 1

and B5P' C B;_g(a_g)’
q

3(%-%)@2 P2
The Bernstein inequalities on derivatives state that there exists constants C,
for o € N? such that
(124)

(6%

for j € Z,1 < p < oo and for f € S'(R?), | 0

5oz Sidly < Ca2 1841

which implies that Bi—aa is a bounded map from By to B§_|O‘|’p and from B;,p
to B§*|a"p. Similarly, we find that 88% is a bounded map from L to B(;Ja"oo.

The Riesz transforms operate boundedly on the dyadic blocks : there exists a
constant C and constants C, for 1 < p < +o0 such that, for all j € Z and all
feS R, fork=1,...,3

(125) for 1 <p < +oo, |RiSiflly < CpllS;ifllp
and
(126) for 1 <p < +oo, [|[RrA;flly, < CollA;fllp
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In particular, we see easily that the operator PV. is bounded from (L>°)3*3 to
(BO_OLOO)S'

An useful criterion to check whether a distribution f belongs to a Besov space
is the following one : if s > 0,1 <p < +ocand 1 < ¢q < +oo, f =X ey fj
where the Fourier transforms f; are supported in balls B(0,C27) (where C
doesn’t depend on j) and if (27°]| f;[|,);en € 1% then f belongs to B3?. A
similar criterion holds for all s € R, if we request that, for 7 > 0, the Fourier
transforms f; are supported in coronas {€ € R® / 427 < ||€|| < €27} (where
v > 0 doesn’t depend on 7). Due to this criterion, one is lead to split a product
fg=(Sof+>X ez 8;f)(Sog+> ez Ajg) into pieces well localized in frequency

(126) fg=n(f,9) +7(g, f)+ R(f,9)

where the paraproduct 7(f,g) contains the terms whose frequency is deter-
mined mainly by g

+oo
(127) m(f,9) = Z Sj_2fAjg,
=2

the paraproduct m(g, f) similarly contains the terms whose frequency is de-
termined mainly by f and R(f,g) is the remainder

+oo +2
(128) R(f,g) = SofSag+ DofSsg+ A1fSag+ > > AjfAjug.

j=21=—2

This decomposition and the criterion allows one to check very easily the well-
known inequality

(129) /9]

Bg? < Cs,p,q(”ﬂ

i l9llee + 1/ llcllgl 5+)

for s >0,1<p<+4+ococand1<qg<+o0.
Besov spaces may be characterized through the heat kernel :

Lemma 2
Let 1 <p<+4o00,1<g< 400 and s < 0.

a) Let T > 0. f € S'(R?) belongs to B;’p(R3) if and only if e f € LP for
all t > 0 and t¥172||e2 f]l, € L2((0,T),%). Moreover, the norm of B¥ is

equivalent to the norm ||e™® f|l, + ( Jy tq|5|||em||g%)l/q.

b) f € S'(R?) belongs to Bg’p(R?’) if and only if e f € LP for all t > 0 and
tlsl2]| et f[|,, € L9((0,00), %). The norm ofBg’p is equivalent to ( [, t4l°! HemHg%)l/q.
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