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EULER EQUATIONS AND REAL
HARMONIC ANALYSIS
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Abstract

We reprove various existence theorems of regular solutions for the Euler equa-
tions, using classical tools of real harmonic analysis such as singular integrals,
atomic decompositions or maximal functions.
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1. Introduction

This paper contains no actually new theorem. It aims to give a new proof of
well-established results of existence of solutions to the Euler equations in spaces
such as Besov spaces or Triebel-Lizorkin spaces. Following the seminal work of
J.Y. Chemin [6], a large number of papers were written on that topic, mainly based
on the use of the Littlewood—Paley decomposition. This approach is very efficient,
especially in the critical case of BL_I [22], but can lead to tedious computations, as
in the case of Triebel-Lizorkin spaées [7].

In this paper, we shall try not to use the Littlewood—Paley decomposition where
it can be avoided . More precisely, we shall relax our computations and get rid
of the computation of the Littlewood—Paley decomposition of the solution, and
replace it by some more or less classical lemmas on transport equations, singular
integral operators, atomic decompositions, and interpolation. This will allow us to
recover existence results in Besov spaces and in Triebel-Lizorkin spaces.
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2. A general scheme for solving Euler equations.

We consider a divergence-free vector field vo = (vo,1,...,v04) On R? :

d
(1) divvo =Y dvo; =0

i=1

and the associated Cauchy problem for the Euler equations

v+v.Vv=Vp
2) divv =0
V|i=0 = V0

v is assumed to be a bounded Lipschitz vector field (more precisely, we shall con-
sider v € (L*((0,T),Lip))¢, where Lip is the space of bounded functions with
bounded derivatives).

If we take the divergence of those equations, we find that

d d
(3) Ap=Y Y 9id;(vv))
i=1j=1
so that
d d \vJ
4) Vp= ZZ %9 (vivj)+ Vg with Ag = 0.

i=1j=

For v € (Lip)? and divv = 0, Y%, Z (v,v ;) is a well-defined distribution
and may be written as the gradient of a dlstrlbutlon if K is the kernel of the con-
volution operator +V, then we have |K(x)| < C|x|'~ and |9;0;K (x)|~¢~! [ for
|x| # 01, so that we may write, taking ¢ € 2 be equal to 1 on the ball |x| < 1, that

Y Y Y% ) = T T (9 K+ <avzav,>+z (X4 9:0;((1— @)K) *

(v;v;) and hence we get that ¢, Z (vivj) belongs to (L°°) . We shall con-
sider only cases where ¢ =0 (excludmg the action of harmonic polynomials).
The Euler equations we shall consider will then be

V88
8,v—|—vVV—): ]Z — L (vivj)
(5) divv=0
Vir=0 = Y0

Throughout the paper, we shall look for existence of solutions in (L=((0,T),E),
where E will be a Banach space embedded into Lip; we are not looking for differ-
entiabilty with respect to ¢, hence the equations will be satisfied in a weak sense
(in the distribution sense). The spaces E we shall consider will be actually em-
bedded in a smaller space : E C BLJ C Lip. It is known that, when v belongs to
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(BL,1)“, then (5) has a solution v € (¢([0,T),BY ) NL™((0,T),BL ;)¢ and that
this solution is unique [22] (see [1] for a larger class of uniqueness obtained by
Danchin : v € (4([0,T),BY,..) NL'((0,T),BL,..))* ). Thus, we shall be interested
in the problem of proving existence of solutions keeping the regularity of the initial
value vy € E9, and pay no special interest in the uniqueness issue (as it has been
settled by Danchin [1]).

While in dimension d = 2, the study of the equations is easy through the control
of the vorticity @ = curl u (classical results are [28] and [30]), the equations are
more difficult to deal with when d > 3. We shall now rewrite equations (5) in a
more convenient way for further study. We consider the Leray projection operator
IP on the solenoidal vector fields :

(6) Pf= [~V cdiv f;

this is not defined for all distributions, but at least it is well defined on vector fields
of the form Zid:l d;u; where the u; are bounded vector fields. Forw = Z?:l di(viv) =
v.Vv =v.IPVy, we find that

vvj =w-— ]PW—ZVl]PaV PI;(viv)
i=1

I 3R

so that we get finally
ov+v.Vy= ij:l [vi,IPd;]v
(8) V=0 = V0
divv=0

Equations (8) are the Euler equations we shall study in the rest of the paper.
We shall consider the following linear equations associated to the non-linear
problem (8)

hf+v.Vf= ):, ] [Vu ]f
)

f\t:O =Y

In equations (9), we see two parts. The left-hand part d, f + v.Vf is a transport
equation through the vector field v; this can be solved through the use of char-
acteristic curves when v € L Lip. The right-hand part Y%, [v;, d;IP]f is a sum of
Calder6n’s commutators (commutators between pointwise multiplication and sin-
gular convolution operators with homogeneous kernels of exponent —d — 1); those
commutators are generalized Calderon—Zygmund operators when the multipliers
v; are Lipschitz functions. Thus, the same kind of minimal regularity on v is re-
quired to deal with both parts of the equations (9).
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Let us pay now a few words on those two aspects of the equation. The charac-
teristic curves are defined by s — X; ((s) where X; , is the solution of

%th(s) = (s, X x(5))
(10)
an (t) =X
But, for a divergence-free vector field v € L!Lip, the homeomorphism x — X; ,(s)

is bi-lipschitzian and preserves the Lebesgue measure, so that it operates on many
function spaces. For instance, we have the following lemma :

Lemma 1. Let s — X, .(s) be the characteristic curves associated to a divergence-
free vector field v € L'([0,T], (Lip)?). Then there exists two constants Cy and C
such that, for g € BMO and 0 < s <t < T, we have

rt
(11) g(Xex(s))llzmo < Collgllgpo €15 1V do

Proof. For a measure-preserving bi-Lipschitzian homeomorphism X, we have for
any ball B = B(xo, ro) and any constant A

B s 18X () —mp(g(X))| dx <20 [58(X(x) — A| dx
= Zﬁfx(ﬁ') lg(v) —A| dy

Let M be the Lipschitz constant of X (M = sup, %:yx“(y)”) and B; = B(X (x0),Mry),
A =mg, g. We have X (B) C Bj so that (12) gives

(13 Blels(X () —ma(e dx <24y, le0y) ~mayg] d
<2M“|gllzmo

(12)

Thus, we have (11). O

A Calderén commutator is a commutator between an operator My of pointwise
multiplication by a function A and a singular convolution operator Tx with a ho-
mogeneous distribution K of exponent —d — 1 which is smooth outside from {0}.
The distribution kernel of [My, Tx] is given by L(x,y) = (A(x) —A(y))K(x —y). If
A is Lipschitz, then [My, Tk] is a generalized Calderén—Zygmund operator [4] [21]
[16] : T is bounded on L? and its kernel satisfies, outside from the diagonal x =y,

Supx#y |x—y|d\L(x,y)\ < oo
(14) SUP,.y [x = ¥ VaL (x,y)| < o0

SUPzy [x = YT VyL(x, )| < o0

The operator IP is a matrix of scalar operators (P;j x)1<j k<4 and thus Z;i:l [vi,IPd;] is
a matrix of Calderén-Zygmund operators 7T} s = Z?:l [vi, P; x0j]. But the operators
T; ;. enjoy further interesting properties. Indeed, we have

d
(15) Tj,k(l) = — ZP]'J{&,'V,' = Pj’k(div V) =0
i—=1

1
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and similarly T]*k(l) = 0, so that they operate as well on many function spaces.
For instance, a Calderén—Zygmund operator 7" maps boundedly L™ to BMO, but
it maps as well boundedly BMO to BMO if and only if 7(1) = 0 [14]. Thus, we
have the following lemma :

Lemma 2. Ifv € (Lip)d and div v = 0, then there exists a constant C» such that,
for every g € BMO, we have

d
(16) Z vi, Pj xdilgllmo < C2||V @ V||« |g]lmo

Combining Lemmas 1 and 2, we easily get (by an unusual proof) the following
(well-known) result about the conservation of the solenoidal character of the vector
fields for solutions of equations (9) [1] :

Proposition 1. Let f € (L=((0,T),Lip)¢ be a solution of the system

hf+v.Vf= ):, 1["17 z]f
(17)

fli=0=vo

where v € (L'((0,T),Lip)% div v =0, vy € (Lip)¢ and div vy = 0. Then, we have :
div f =0.

Proof. We are going to prove that f = IPf in BMO. Indeed, we have
APf+P(.V)f =PYYL | [v;,Pd]f = P(v.V)Pf—P(1.V)f

(18)
]Pf\t:O =0
and
Af+v.Vf =YL [vi,PI|f =v.VGPf —P(v.V)f
(19)
f\t:O =V
so that
I(f—Pf)+v.V(f—Pf) =PWu.V)Pf—PW.V)f
(20) =X Vi, PA)(f — )
f=Pfl—0=0
and thus
d
1) f—]Pf:/ (Y [v, PO (F = P)) (5, Xix(s)) ds

i=1

where X is the solution of
L X, 1(5) = v(5, X ()

Xix(t) =x

(22)
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Using Lemmas 1 and 2, we find that
ot "
(23)  f = Pfllawo <G [ = 9T @] £~ Bflwo ds

which is enough (due to the Gronwall lemma) to grant that || f —Pf||pyo =0. O

Proposition 1 will lead us to choose our way of constructing solutions to equa-
tions (8). The classical way [6] [1] is to construct inductively approximations 4,
of the solution v as solutions of the problem

Ot + .Vl =Y | [y i, PO hy
(24)
hpt1 =0 = vo

but the intermediate solutions 4, are not divergence-free, so that the operator 7,, =
Y% [hi,IPO;] on the left-hand side of (24) doesn’t satisfy T;,(1) = 7,/(1) = 0.
Thus, we shall prefer the following scheme (as in [7]) :

The scheme we shall follow to sove the Euler equations is then the following
one : starting from fop = v, we shall try to find a solution f,+; € L"Lip of the
equation

O fuit + ¥ st = Ty [fonis PO frn
(25)
Fnt1 =0 = Vo
If this can be done, we will have (by induction) V.f,, = 0.
In order to compute f,1, we define inductively g, i as g0 = vo and

Oi8nir1+ fn-Venir = Yoo [fnis PO gnk
(26)
8nk+1|t=0 = V0
The problem is now to prove the convergence of g, x to fn+1 (as k — +o0) and of
frntov(asn — +oo).

3. The abstract theory : the Cauchy problem in A®.

In this section, we are going to solve equations (8) in an abstract space A7,
A% will belong to a scale of Banach spaces A* (where s > 0 stands for a regular-
ity index) which satisfies the following hypotheses:

<o Hypothesis (H1) : integrability
A’ C Ll (R?) (continuous embedding)

loc

© Hypothesis (H2) : monotony
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For 51 < 57, A®2 C A%

< Hypothesis (H3) : regularity
f €A™ & fc ASand Vf € A* (with equivalence of the norms || f]| 4s+1 and
[[f1las + IV fllas)

< Hypothesis (H4) : stability

If a sequence (f;).en is bounded in A* and converges in 2(IRY) then the
limit belongs to A* and we have ||lim,_, .« f|las < Csliminfy,_ .« || fn|l4s. (This
is usually checked by using the theorem of Banach—Steinhaus, when A® is a dual
to a Banach space of functions in which & is densely and continuously embedded)

¢ Hypothesis (HS) : invariance

The map (f,g) € 9 X A* — [ * g extends to a bounded bilinear operator from
L' x A® to A®. (Due to hypothesis (H*), it is equivalent to the invariance through
translations : there exists a constant C such that for all xy € R? and feA’ we
have || (x —x0) L4 < Gyl fllao).

< Hypothesis (H6) : interpolation

If T is a linear operator which is bounded from A®! to A’ and from A®2 to
A2 then it is bounded from A°® to A°® for every s € [s1,52] and [|T|| 2(as as) <
C(&SleZ)maX(HTHJ(Afl ASTY)s ||T||$(AA‘2,AS2))~

< Hypothesis (H7) : transport by Lipschitz flows
Let u € L'((0,T),Lip) be a divergence-free vector field and let fy € A* for
some s € (0,1). Then the solution f € ¢([0,7],L},.) of the transport equation

of+uVf=0
(27)
ﬁﬁozﬂ

satisfies supg<p ||/ (1,-)[las < Coe© I Weluip || o1 .

o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from Z(RR¢) to 2’(IR) (with distribution
kernel K (x,y) € 2'(R? x R?)) which satisfies the following conditions
e T is bounded on L? : ||T(f)]||2 < Col|f]l2
e outside from the diagonal x = y, K is a continuous function such that

<Ch— 1
|K(x,y)\ <G =yl (1-+|x—yl)

e outside from the diagonal, K satisfies |V.K(x,y)| < Colx —y|~¢~! and
V,K(x,9)] < Colx—y| -]

o T(1) = T*(1) = 0in BMO
Then, T is bounded from A* to A* for all 0 < s < 1 and ||T'|| ¢ (45 a5y < CsCo

We further consider an hypothesis on some ¢ > 0 :
< Hypothesis (H9) : pointwise products with A
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A° C L~ (continuous embedding) and, for all s € (0, 6], the product (f,g) —
fg is a bounded bilinear operator from A® x A® to A*.

We then have the following theorem on the Cauchy problem for the Euler
equations with initial data in A'+° :

Theorem 1. Let A® be a scale of spaces satisfying hypotheses (HI) to (H8) and
let ¢ > 0 satisfy hypothesis (H9). Let vo € A'*° be a divergence free vector field.
Then there exists a positive T such that the Cauchy problem

v+v.Vy = Zl 1 Vi, Pi]v
(28) Vir=0 = V0

V=0
has a unique solution v € € ([0,T],A%) such that supg, <1 ||v|| go+1 < +oo.
Proof.

Step 1 : Study of the operator Zle [u;,IPI}]
IP is a matrix of singular integral operators P; ; = Sj.kld +R;R; where R; is the

J-th Riesz transform R; = \ZLA. We shall prove :

Lemma 3. Let u € A"+ with div u = 0. Then the operator Zle [ui, P; 9}] is bounded
on A’ for every s € (0,1+ 0] and we have || L2 [u, P x0i] f |l as < Co.o || | as || ut]| g1+0-

Proof. The operator 7; j x = [u;, P; 0;] is an example of the famous Calderén com-
mutators [4] [16] between a Lipschitz function and an operator of order 1. The op-
erator P} d; is a convolution operator with a distribution K; ; x whose restriction to
R4\ {0} is a smooth function which is homogeneous of homogeneity order —d — 1.
The distribution kernel of T; ; x is given (outside from the diagonal x = y) by the
function L; j (x,y) = (ui(x) — u;(y))K; jx(x — ). Since u; € A'*° C Lip, we have
that |L,~7j’k(x,y)\ < CG||ui||A1+a m and |VXL,-,j7k(x,y)| + |VyL,~7j’k(x,y)\ <
Co ||ui|| g1+0]x —y|~¥~!. Moreover, Calderén’s theorem states that 7; ; x is bounded
on L? with operator norm bounded by C||Vi; e < Co ||t]| g1+

The next step is to compute 7; ; (1) = T;7; , (1). We have T; (1) = —P; x (Jju; ).
Thus, ):l.:] T; k(1) = P; x(div u) = 0. Thus, we can apply (H8) and we get Lemma
3for0<s <.

Now, we consider s such that 1 +s < 1+ o and such that Z?Zl[ui,Pj’kt?,-] is
bounded on A*. We take f € A'** and try to estimate g = Y&, [u;, P; 9] f in A+
Due to (H3), we must estimate ||g||as and, for [ = 1,...,d, ||d;g]|as- We just write

d d
(29) dig = Z[ui7pj,kai]alf+ Z[al“iapj,kai]f
i=1 i=1
so that we find

d
(30) lgllas1 < Cs( Z is Pj k]| 2 as a5 ||fHAv+1+ZIIZ [0, Py k9] f |1a5)-
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We thus need to estimate || Z?:l [Oiut;, P; 10i) f || as. This will be done by distinguish-
ing the low frequencies and the high frequencies. If Sy f is the low-frequency block
in the Littlewood—Paley decomposition f = Sy f + Zj; A;f, then we write (using
the fact that u is divergence-free)

YL [, Pikdi)f = A+B+C+D
A = 5!21 81u,~Son7k8,~f
(31) B = —Y4 | 9iSoP; k(Quif)
C = Y4, 0ui(ld —So)P;o;f
D = =YL, (Id—So)P;x(Iuidif)

(Id — So)Pj_yk satisfies the assumptions of (H8), hence is bounded on every A® with
0 < 7 < 1; since it is a convolution operator, hence commutes with derivatives, we
use (H3) and find that it is bounded on every A® with 0 < T ¢ IN and finally for
every positive 7 (by (H6)). Thus, using (H9), we find that ||C||4s + ||D||4s is con-
trolled by [|ul[41+c || f|| y1+s. Moreover, 9;SoP;x has an integrable kernel; we then
use the embedding A**! C A* (by (H2)) and (H5) to get that ||A||as + ||B||as is
controlled by ||ul| s1+c || f|las and thus by ||u|| 4140 || | 4145

Thus, by induction, we get Lemma 3 for 0 < s < 1+ 0, s ¢ IN; the case s € N
and 0 < s < 1 + o then follows by interpolation; if ¢ € IN, we obtain the final case
s = 14+ o by induction from s = ¢ to s = 1 + 0 one more time. O

Step 2 : Transport equations in A*
In this section, we shall prove :

Lemma 4. Let u € L'([0,T],A'°) with div u = 0. Let fy € A® for some exponent
s € (0,1+ o]. Then the solution f € €([0,T),L},,) of the transport equation

Of+uvVf=0
(32)
f|t=0 =/o

satisfies supo<,<7 || f(£,)]las < CyoeCoo 0 It laro e £

Proof. As for Lemma 3, we shall prove the lemma for 0 < s < 1, then we shall
prove that it holds for 14 s < 14 ¢ when it holds for s; this will give that the
lemma is valid for 0 < s < 14 0, s ¢ IN; then interpolation will give the case
0<s<1+4+o0,s€Nand,if o €N, a final induction gives the case s = 1 + ©.

The case 0 < s < 1 is a direct consequence of (H7) since we have (by (H2),
(H3) and (H9)) the embedding A'*° C Lip.

Now, let us assume that Lemma 4 is valid for some s € (0, 6| and let us assume
that fo € A'**. In particular, fy is uniformly locally in W'-! and since u is a Lip-
schitz vector field, we find that f as well is uniformly locally in W'! and that its
derivatives (9, f,...,dyf) are solutions of the system

d
(33) forj=1,....d, 0;f+uNo;f=—Y djuocf
k=1
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Thus, writing M, = (djux)i<ji<q and T — X; ,(7) the characteristic curves as-

of
sociated to the vector field u, we find that H(¢,x) = : is solution of the
daf
fixed-point problem
t
(34) H(t,x) = H(0,X; .(0)) +/0 M, (7,X x(7))H(7,X, (7)) dT

For A > 0, let %), be the operator K — %, K = S where S(¢,x) is given by S(¢,x) =
Joe M IM, (T, X (1)K (T, X, 1(7)) dT. 23 maps L7((0,T), (L)) into itself
(where Lulm is the space of uniformly locally integrable functions, normed by

Hf”Lizoc SUp, <R Jix—xo|<1 |f ()] dx) and we have

(35) HZJLK”LNLI < C||K||L°°Ll S”P0<t<Tfo tT”””L eC e llulluip 40 g
—CA,MHK”LML}MC

The solution H of (34) may be written as H = e K where K is solution of
(36) K(1,x) = e MH(0,X,,(0)) +.Z.K

For A large enough, we have C; , < 1 and .}, is a contraction on L((0,T), (L},,.)9).
Further, we may apply the induction hypothesis and (H9) to see that .%; maps
L=((0,T),(A*)?) into itself and that we have

7y GKlws ClIR I supocycp Sl yoo & FIree 0

= D)LﬁuHKHLNL}doc

For A large enough, we have D, , < 1 and %} is a contraction on L((0,T'), (A%)?).
1 fo

Since H(0,x) = belongs to (L!
9ufo

longs to L™((0, T) (LYo ) NL=((0,T), (A%)?) and finally that H itself belongs to

L=((0,T), (A*)?). This proves that f € L=A' 5.

We then control the size of || f||41+s through the Gronwall lemma. O

NA*), we get that H(0,X; (0)) be-

uloc

Step 3 : Equation (26)
We are now going to prove theorem 1, by approximating the solution v by the
inductively defined f;, (equation (25)) and g, 4 (equation (26)). We shall prove by
induction that we can find a time 7" such that for all n and k£ we have

(38)  sup [|fullarvo < 4Collvollgr+o and sup [[gnkl[a1+o < 4Co|[vol g1+o
0<1<T 0<1<T

where Cj is the constant C| .5 ¢ in Lemma 4. Recall that we defined inductively
&nk s gno0 = Vo and
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8tgn,k+1 +fn-Vgn,k+] = Z;}:I [fn,iylpai]gn,k
(39)

8nk+1|t=0 = V0

We assume that f, is divergence free and that supy, 7 || fall41+0 < 4Col[voll41+0

and supg_, 7 ||gnkl[41+0 < 4Co||vo||41+5. Now, using T +— Xt(;)(r) the characteris-
tic curves associated to the vector field f,, we have the following expression for

8nk+1 -
S o)

(40) Enk+1 = VO / Z fntaIPa gnk T Xt,x (T)) dt
i=1

We write 8y = Co||vol|41+0. Using Lemmas 3 and 4, we find that, for some constant
Dy which depends neither on v, nor on n or k, nor on 7,

(41) SUP [[gn i1 [larve < Be*OT® + CoDoTe T (48)?
0<t<T

so that the induction is valid if 7 is small enough to ensure that
(42) T (1 416CoDy & T) < 4.

Step 4 : Equation (25)
If we consider the operator .%;, defined by .£,,¢ = h with

t d
(43) 0= [ (Ll Polg) (2X (1)) dr
i=1
we have
(44) 0sup |-Zng|| 140 < 4Cy8y D Te* 0T % sup llgll 410
<t<

so that .%, is a contraction on L*((0,T),(A'*°)9) (under condition (42)). Thus,

gn.k converges to the fixed point f,, 1 =vo (X< >( 0))+ %, fn+1.- We find that f,,1; is
a solution of (25) (so that £, is divergence free) and that supg_, .7 || fat1(l 4140 <
4Colvol 41+
Step 5 : Equation (8)
The last step in the proof of Theorem 1 is to check the convergence of f, to a
solution v of equation (8). Let k,, = f,,-1 — f. We have

(45) atkn+1 +fn+1-an+1 = _kn-vfn-H + Z?:l [fn+1,i;]Pai]kn+1
+Z?:1 [kﬂ,ia ]Pai]fn+l
with
YL [0k i, P xOi)h =
(46) Y4 OtknisSoPj x0ih — Y&, S0P k (rky ih)
+ Y | Ik i(Id —S0), P; x0ih — Lo, (Id —S0) P 1 (Otkn,i0ih)
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This gives

ks = Jy Ga(1, X5 (7)) d
(47)
Gu(t,x) = —kn.V fr1 + X8 [t 16 POkt + X8 kn i, PO s
hence (by Lemmas 3 and 4, and hypotheses (H5), (H8) and (H9)) we find that, for
some constant D which depends neither on v, nor on n or 7', we have

(48)  sup [lknsillac < D1e” T (48) sup [lknllac +48) sup [[Knsil|ac)

0<t<T 0<t<T 0<t<T

If T is small enough to grant that

(49) 480D P41 T < 1/4
we find that
1
(50) SUp_[lknt1llac < 5 sup_|lknllac
0<t<T 0<t<T

s that ¥,eN SUPo<<7 || fnt1 — fullac < +oo.
Let us remark that d; f,, is bounded in A, so that f,, belongs to [0, T], (A%)%)

and converges strongly in €’[0,T],(A°)?) to some vector field v. This vector field
is divergence-free. Moreover, due to the stability hypothesis (H4), we have that
supg; < [Vl g+t < 4o

Now, we check that v is a solution to (8). We must prove the convergence in
D' of fu.V fni1 tov.Vvand of Y4, [fi,Pi] fui1 to Yo [vi,PJ]v. This is quite
easy, since f, converges strongly to v in L™ and d;f, converges *-weakly to d;v
in L. This gives by interpolation strong convergence in B> for all o0 € (1/2,1),
from which we get the required convergence. O

4. The scale of Besov spaces.

We may apply quite directly Theorem 1 to the case of an intitial value vy in a
Besov space :

Theorem 2. Let vy € B},fq" be a divergence free vector field. Assume that 1 < p <
~+oo, and that 6 > d/p and 1 < g < oo, or that 6 = d/p and q = 1. Then there
exists a positive T such that the Cauchy problem

ov+v.Vy = Z?zl [vi,IPd;]v
(51) V=0 = V0
Vyv=0

has a unique solution v € € ([0,T],BS ;) such that supy,<7 ||V||gi+o < +e.
’ == pa
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Proof. We introduce the scale of Besov spaces B, , for 0 <s < 1+ 0 and we
check that this scale satisfies hypotheses (H1) to (H9) :

© Hypothesis (H1) : integrability : for s >0, B), , C LV C Ll (R
o Hypothesis (H2) : monotony : For s; < 52, B)}, C By,
<o Hypothesis (H3) : regularity : f B;j;f < fE€B,,andVfEB,,

© Hypothesis (H4) : stability : If a sequence (f;)en is bounded in Bf,ﬂq and con-

verges in 2'(RY) then the limit belongs to B), , and we have |[lim, o f|5;, <

liminfy 1w || full By, (B, 4 is the dual space of the closure of & in B;/s@_l)’q/(q_l)).

o Hypothesis (H5) : invariance : for all xy € R¢ and all fe B;"w we have the
equality || f(x—xo)|[s;, = I /]5;,-

o Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the real interpolation functor, as

we have, for 51 <5 < s € R, that B, , = [Bpq,Biqlo.q with 6 = S“;“S‘I [3].

< Hypothesis (H7) : transport by Lipschitz flows

Letu € L'((0,T),Lip) be a divergence-free vector field and let S(t) be the op-
erator that maps fy € L? to the solution f € €([0,T],L},.) (f(t,x) = (S(t) fo) (x))of
the transport equation

Of+uVf=0
(52)
f|t:0 =Jo

We have ||S(t) foll, = ||fol|p- Moreover, we have, when fy € WP, 9;S(t) fo =

T
Yo S(t)9k fo 9jXis £(0). so that supg, o [| (1, ) [y < Ce o luin 41| g1,
The case of the Bj,’ 4 norm follows by interpolation, since, for 0 < s < 1, we have

B, = [LP,W'P]g , with 6 =s.

<o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from Z(RR¢) to 2'(R¥) (with distribution
kernel K (x,y) € 2'(RY x R)) which satisfies the following conditions
e T is bounded on L? : ||T(f)]||2 < Col|f]2
e outside from the diagonal x = y, K is a continuous function such that

1
K (el < Copmmrimrmy

e outside from the diagonal, K satisfies |V.K(x,y)| < Colx —y|~¢~! and
VyK (x,)| < Colx —y| !

o T(1)=T*(1) =01in BMO
Then, T is bounded from B;, , to B), , forall 0 < s < 1 and HTHK(B;H,B;,“I) < GGy
[15].
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< Hypothesis (H9) : pointwise products with B"

It is well known that, for any positive s, B OL is a Banach algebra [3][16].
For 6 >n/pand 1 < g < +oo, orforforO'—n/pandq—l we have By | C L™
(continuous embedding). Thus, the pointwise product (f,g) — fg is a bounded
bilinear operator from B PR E to E when E = ng and when E = L”, hence,
by interpolation, when E B ) for any s € (0,0] (since, for 0 <s < 0, B), , =
[L?,BS lo.4 With 6 =5/0).

Thus, we find that Theorem 2 is only a corollary of Theorem 1. O

5. The scale of Triebel-Lizorkin spaces.

We may as well apply quite directly Theorem 1 to the case of an intitial value
vo in a Triebel-Lizorkin space. Let us recall that Besov spaces may be defined
through the Littlewood—Paley decomposition as

(53) fEB, & fes Sof €L and (27| Ajf| ) jen € I

Similarly, for 1 < p,q < +-eo, the Triebel-Lizorkin space F}; , [3] may be defined
as :

(54) fEF & fe Sof el? and (Y 27%A;f|7) /4 e L7
JEN

We may prove easily the following Theorem (announced in [5] and fully proved
in [7] forp > 1):

Theorem 3. Let v € F), 1*" be a divergence free vector field. Assume that 1 <
D:q < oo, and that o > d / p. Then there exists a positive T such that the Cauchy
problem

ov+v.Vy = Zfizl [vi,IPd;]v
(55) Vir=0 = V0
Vv=0

has a unique solution v € €([0,T] such that supy, <y ||V||F,};ro' < oo,

) pq)

Proof. We introduce the scale of Triebel-Lizorkin spaces F, , for0 <s<1+0
and we check that this scale satisfies hypotheses (H1) to (H9) :

© Hypothesis (H1) : integrability : fors >0, F) , C LF C Llloc(IRd)

< Hypothesis (H2) : monotony : For s; < 52, Fp% C Fply

<o Hypothesis (H3) : regularity : f € Fplfq“" S feF,,andVfeF;,
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© Hypothesis (H4) : stability : If a sequence (f;,)nen is bounded in F, , and con-

verges in Z'(IR%) then the limit belongs to F, , and we have [|lim,—. e ful[Fy, <
liminf, 1w || ful[F, : itis enough to check that we have the pointwise convergence
of Ajf, to A;f (where f is the limit of f,,) and then to conclude by applying twice

Fatou’s lemma.

o Hypothesis (H5) : invariance : for all xy € R? and all f € F, , we have the
equality [|f(x—xo)|[r;, = [flF,-

¢ Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the complex interpolation functor,
as we have, for s; <s < s € R, that F,, , = [Fply, Fpyle with 6 = Sz_fS‘l [3].

S

<o Hypothesis (H7) : transport by Lipschitz flows

Letu € L'((0,T),Lip) be a divergence-free vector field and let S(¢) be the op-
erator that maps fj € L? to the solution f € ¢([0,T],L},.) (f(t,x) = (S(t) fo) (x))of
the transport equation

of+uVf=0
(56)
f|t:0 = /o
Indeed, we write again f(f,x) = fo(X; +(0)); x+— X; (0) is a bi-Lipschitzian home-
omorphism and the partial derivatives d;(X; .(0) are controlled in L~ norm by

CeClo lulluip a7 Thus, we must prove that F, , is stable under composition with a
bi-Lipschitzian homeomorphism X when 0 < s < 1. This is easy to check, using
the characterization of £}, , through finite differences [27] : for 1 < p,g < 4o and
for 0 < s < 1, we have :

(57 reR e et ([ [0 - el an o' e 12

(with equivalence of norms). Let J be the Jacobian matrix of X, K (x) = ||/ (x)|op =
supjy < |/ (x)y|. We have

1
(58) £ oXllp < [l dets~ 151711,

whereas

S LFX () = F(X (x+R))|7 dh
< [ detd o fige s LF X (X)) = F(X (x) + k)| dk.

We make a change of variable k = ||K ||/ and we write g(x) = f(||K||«xX), we then
get

(59)

Jinjer [ F(X () = F(X (x+1)) |9 dh

O <) et allKIE e, 18K 2 X () — (1K= X (x) + B4 i
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A further change of variable y = ||K||2'X(x)) gives us that the norm of foX in
F, , is controlled by |||, + [|g]lF;,- And we easily control the norm of g by the
norm of f in Fliq’ so that we may conclude.
<o Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from 2(RR¢) to 2’ (IRY) (with distribution

kernel K (x,y) € 2'(RY x RY)) which satisfies the following conditions

e T is bounded on L? : ||T(f)]||2 < Col|f]l2

e outside from the diagonal x =y, K is a continuous function such that

<Ch—ou 1
K (el < Copmminy

e outside from the diagonal, K satisfies |V.K(x,y)| < Colx —y|~¢~! and
VK (x,)| < Colx—y| !

o T(1)=T*(1) =01in BMO
Then, T is bounded from F; , to F,, , forall 0 <s < 1 and || T|| #(ps, s ) < CsCo.

P pq
Indeed, the boundedness of such an operator 7' on the homogeneous space F,fyq

has been proved by several authors (for p > 1, we may quote [10] [?]; for p =1,
see [9]). Now, the norm of F;iq is equivalent (for s > 0) to the sum of the norm in

Fps ¢ and the norm of Bf,{ 3 , so that boundedness on F’ g andon BZ{ 3 gives bounded-
S
ness on £, ..

< Hypothesis (H9) : pointwise products with F p‘fq
It is well known that, for any positive s, F,; , M L” is a Banach algebra [3].
Moreover, if 0 < s < € < 1, then the pointwise product (f,g) — fg is a bounded

bilinear operator from Bfo,w x F, . to Fy  [24]. For o > n/p, we have Fp‘fq cL”

(continuous embedding), and more precisely F]fq - Bfo;od/ P Thus, the pointwise

product (f,g) — fg is a bounded bilinear operator from F]fq X E to E when E =
Fp‘fq and when E = F; , with 0 <5 < min(1,0 — d/p), hence, by interpolation,
when E = F; , for any s € (0, 0].

Thus, we find that Theorem 3 is only a corollary of Theorem 1. O

6. Atoms and molecules.

The continuity of singular integrals on Triebel-Lizorkin spaces can be proved
in an “elementary” way by proving that this class of operators preserve the local-
ization and the scale of so-called “molecules” (see in particular [9] and[12]). The
preservation of molecules is the basis for the construction of an algebra of singular
integral operators introduced by Y. Meyer [20] and the author [14].

We define @7 (0 < € <1) as the following class of Calderon—Zygmund opera-
tors : a bounded linear operator T from Z(R?) to 2 (R¥) (with distribution kernel
K(x,y) € 2'(R? x R?)) belongs to 7 if it fullfills the following conditions :

e T is bounded on L? : | T(f)|l2 < Gollf |2
e outside from the diagonal x =y, K is a continuous function such that

1
K2 < Co
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e outside from the diagonal, K satisfies |K (x,y) — K (z,y)| < Co \x—zﬂm +

1
‘ny‘d#»s )
e outside from the diagonal, K satisfies |K (x,y) — K (x,z)| < Coly 748(@ +

)
o T(1)=T*(1) =0in BMO
We shall define a norm on 7% by taking || f|| . as the infimum of the constants
Co which satisfies the above four inequalities.
Now, we define an a-molecule f centered at x = xy at scale » (what we shall
write as f € .4 *(xo,r)) by the following requirements : f € .4 *(xo, r) if it fullfills

the following conditions :
o

'|f(x)|§W ) .

* @)= S0)I < (7 (e + )

o [paf(x)dx=0
We shall use the following result of [14] :

Theorem 4. A) f 0 < B < a <e<1andif T € o, then there exists a positive
A > 0 such that for every xo € R? and every r > 0 we have for every f € .44 *(xo,r)
that AT (f) € 4P (xo,r).

B)Let 0 < € < B < a < 1.IfT is a bounded linear operator on L* and if there
exists a positive A > 0 such that for every xo € RY and every r > 0 we have for
every f € M *(xo,r) that AT (f) € AP (x0,7), then T € 7.

C) The set o/ = Uye %y is an algebra of Calderon—Zygmund operators.

Using this theory of molecules, or using the characterization of <7 by the
matrix of T € &/¢ in a wavelet basis, we have the following theorem of Meyer
[21]:

Theorem 5. If0 < € < 1 and if T € o;, then, for 0 < & < €, the operator (—A)*/?o
T o (—A)"%? belongs to «/¢~*. Moreover, if &« < B <€ and 0 <y < B —a,
[(=2)*2oT o(=A)"*2|| o, < Cop I Tl

7. Sobolev spaces over the Morrey—Campanato spaces and Lorentz spaces.

Theorem 5 will give us a new way of establishing well-posedness of the Euler
equations. Indeed, we introduce a class %z of Banach spaces by the following
conditions : we will say that a Banach space B of functions defined on IR¢ belongs
to By if it fullfills the following requirements :

< Hypothesis (K1) : integrability

B C L} (R?) (continuous embedding)
<o Hypothesis (K2) : stability

If a sequence (f,)nen is bounded in B and converges in 2'(R?) then the limit
belongs to B and we have ||lim,_, 1o fi||p < Csliminf,_, o || 4| 5-
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< Hypothesis (K3) : invariance
The map (f,g) € Z x B+ f *g extends to a bounded bilinear operator from
L' xBtoB.

<o Hypothesis (K4) : pointwise product
The map (f,g) — fg is a bounded bilinear operator from L= x B to B.

o Hypothesis (K5) : bi-Lipschitzian homeomorphisms

If X is a bi-Lipschitzian measure-preserving homeomorphism, if J is its Ja-
cobian matrix, then for every f € B we have foX € B and moreover, for two
positive constants C and D which don’t depend neither on X nor on f, we have
£ o Xz < CO+ [V ]l=)P £ 5.

¢ Hypothesis (K6) : singular integrals
Forevery € € (0,1] andevery T € @7, T is bounded from B to Band || T'|| ¢(3,5) <
ClIT | s

< Hypothesis (K7) : high frequencies control
there exists some kx € R such that B C B ...

We shall define the Sobolev space W8 for k € N as the space of the functions
f € B such that, for all & € IN? with || < k, we have 0% f € B. We may prove a
variant of Theorem 1 :

Theorem 6. Let B € B¢z such that B C B},S,,w. Let N € IN such that N+ x > 0. Let

vo € WNTLE be g divergence free vector field. Then there exists a positive T such
that the Cauchy problem

v +v.Vv =Y [v;,Pd;]v
(61) V=0 = Vo
Vv=0
has a unique solution v € € ([0,T],WNE) such that supy<, <7 ||v||yn+18 < +oo.

Proof. Let us first remark that , for f € ./, we have f € Wk < (Id —A)k/zf €B,
due to hypothesis (K6). We thus may introduce the scale of Banach spaces B® =
(Id — A)*?B for 0 < s < 14 N and we check that this scale satisfies hypotheses
(H1) to (H9) :

o Hypothesis (H1) : integrability : for s >0, B* ¢ B =B C L] .(RY)

© Hypothesis (H2) : monotony : For s; < s, B2 C B*! (since (Id — A)g isa
convolution operator with a kernel in L!

o Hypothesis (H3) : regularity : f € B'** & f € B® and Vf € B® (owing to (K6))
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© Hypothesis (H4) : stability : If a sequence (f},),en is bounded in B* and con-
verges in 2'(R?) then the limit belongs to B* and we have ||1im,,_. 1 f,||ps <
liminf, 4o || || 3. (Just check that (Id — A)*/2 f, converges in .’ to (Id — A)*/* £,
where f = lim,_, ;. fy,, and then apply (K2)).

<o Hypothesis (HS) : invariance : it is obvious since we can commute convolution
operators.

< Hypothesis (H6) : interpolation

To prove that (H6) is fullfilled, we may use the complex interpolation functor,
as it is easy to check that we have, for 0 < s; < s < s2, that B = [B*1, B2]¢ with
9 — S—S]

sp—=s1°

< Hypothesis (H7) : transport by Lipschitz flows

Letu € L'((0,T),Lip) be a divergence-free vector field and let S(t) be the op-
erator that maps fj € B to the solution f € €([0,T],L},.) (f(t,x) = (S(t) fo) (x))of
the transport equation

Of+uvVf=0
(62)
Jir=0= /o

Due to (K5), we have ||S(¢) folls < CeC I Iluip | foll 8. Moreover, we have, when
fo e WHB 9,8(t) fo = X4_, S(t) Ik fo ; Xk »(0). so that (using (K4) and (K5)), we
get

r .
(63) Sup (G0 ) s < CeC I ) fo s
SIS

The case of the B* norm follows by interpolation, for 0 < s < 1.

< Hypothesis (H8) : singular integrals
Let T be a bounded linear operator from 2(RR¢) to 2’(IR) (with distribution
kernel K (x,y) € 2'(R? x R?)) which satisfies the following conditions
e T is bounded on L? : ||T(f)]|2 < Col|f]l2
e outside from the diagonal x =y, K is a continuous function such that

1
K2 < o

e outside from the diagonal, K satisfies |V K (x,y)| < Colx —y|~¢~! and
[VyK (x,y)| < Colx—y|~*!

o T(1)=T*(1) =0 in BMO
Then, T is bounded from B* to B® for all 0 < s < 1 and ||T'[| #(ps ps) < CsCo : in-
deed, it is easy to check that, for positive s, (—A“'/ 2 js well defined on B and that fe
B < f € Band (—A)/%f € B (with equivalence of norms ||(Id — A)*/?f||p and
II£lla+|(=A)*2f||8). Now, if T € o/ and 0 < s < 1, we find that || T f|| < C|| |5
(due to (K6)) and that || (—A)*/2T f||p = ||(—=A)*/20 T o (—A)~5/2) (=A)*/f]|s <
C||(=A)*?f||5 (due to Theorem 5 and (K6)).
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o Hypothesis (H9) : pointwise products with BY

From (K6) and (K4), we find that, for f and g in BN C L™, we control the
size of (—A)N/2f (—~AYN(1-9/2g in BY when Re z= 0 or Re z = 1. By complex
interpolation, we find that we control (—A)¥2f (—A)(1=9/2g in B® when 0 <
Re z < 1. In particular, we find that, for f and g in BN and o and B in IN? with
||+ |B| = N, we control 3% fdP g in B®. This proves that the pointwise product
(f,g) — fg is bounded from BY x BN to BY. On the other hand, we have (from
(K4)) that the pointwise product is bounded from BY x B® to B®. By interpolation,
it is bounded from BN x B* to B* for 0 < s < N.

Thus, we find that Theorem 6 is only a corollary of Theorem 1. O

Example 1 : Lebesgue spaces.
For 1 < p < 400, LP € PBcz. Thus, theorem 6 gives again Theorem 3 in the
case of WNTLP with N € N and N > d/p. (Recall that WV 1P = Flyjl).

Example 2 : Lorentz spaces.

For 1 < p < 400 and 1 < g < +oo, the Lorentz space L7 belongs to Hcz.
Hypotheses (K1) to (K7) are easy to check, since, for 1 < p; < p < pa < +oo,
we have LP9 = [LP1 LP2]g , with 6 = If’z i’;‘l . Theorem 6 gives the existence of a
solution to the Euler equations, when the initial value belongs to W17 with
I<p<+o,1<g<+4oo, NENandN >d/p.

Example 3 : homogeneous Morrey—Campanato spaces.

For a ball B = B(xg, r), we define 1p the characteristic function of B and |B| the
Lebesgue measure of B. The homogeneous Morrey—Campanato space M4 is then
defined, for 1 < p < 4eoand p < g < +ooby f € MP9 < supg |B|'/91/7||15f| , <
+oo (with norm ||f||ypq = supg |B|'/971/P||1f|,). It is easy to check that, for
1 < p < g < +o, we have MP9 € PBcz. Theorem 6 gives the existence of a so-
lution to the Euler equations, when the initial value belongs to W11 with
I<p<g<+4eo,NeNandN >d/q.

Example 4 : homogeneous Lorentz—Morrey—Campanato spaces.

The homogeneous Lorentz-Morrey—Campanato space MP9" is then defined,
for 1 < p < oo, p<q< +ooand 1 <r< oo, by f € MP4" < supg|B|"/4~ 1P |[15f]|1rr <
400 (with norm || | yyp.q.r = supg |B|'/4~ 1P| 15f||1rr). Tt is easy to check that, for
1 <p<g<+wand 1< r< 4o, we have MP9" € PBcz. Theorem 6 gives the
existence of a solution to the Euler equations, when the initial value belongs to
WNHLMPT Gith 1 < p < g < 400, 1 <r< +oo, N Nand N > d/q.

Example 5 : multiplier spaces X’.

For 0 < r < d/2, the homogeneousSobolev space H' is defined, by f € H" <
f€L™% and (—A)"/2f € L2. Then the space X" is defined as the space of point-
wise multipliers from H” to L? [16] : ||f|x = Supig|,.-<1 |f8ll2. Those spaces
were first studied by Maz’ya [17] [18]. It is easy to check that, for 0 <r < 1, we
have X" € %¢z. Hypotheses (K1) to (K4) are quite obvious. For (K5), we may
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write the norm in H" (for 0 < r < 1) as || f|lg = (ff% dx dy)l/2 and

thus check easily that H” (as well as L?) is stable under bi-Lipschitzian changes
of variable; thus, X" is stable as well under bi-Lipschitzian changes of variable
and (K5) is fullfilled. The stability of X" under the action of a Calderén-Zygmund
operator has been established by Verbitsky in [?] and thus (K6) is fullfilled. More-
over, (K7) is obvious, since X" C B_"... Theorem 6 then gives the existence of a

solution to the Euler equations, when the initial value belongs to WN+LX" with
O<r<l,NeINandN >1.

8. Besov spaces over the Lorentz spaces or the Morrey—Campanato spaces.

In [16], we developed a theory of Besov spaces over shift-invariant Banach
spaces of local measures. A shift-invariant Banach space of local measures is a
space E which is the dual of a space E* such that :

i) Z is dense in E*

ii) the norm of E* is invariant through space translation : || f(x — xo)||z= = || f||le*

iii) E* is stable through space dilation : for all > 0, supy 7| .. < [|f(Ax)[|p+ < +e0

iv) the pointwise product (f,g) — fg is a bounded map from %}, x E* to E*.
Then, for s € R and 1 < g < oo, the Besov space Bfg’q is defined as the in-

terpolation space By , = [(Id — A)"2E, (Id — A)/?E]g , for 51 < s < 57 and

6= SS —L Tt does not depend on s1 nor s, and can be characterized through the

L1ttlewood —Paley decomposition as

(64) feBy, & feS Sof €Eand (2P(|A;f||g)jen € 19

One more time, we may easily apply Theorem 1 to solve the Euler equations
in some generalized Besov spaces :

Theorem 7. Let E be a shift—invariant Banach space of local measures and as-
sume moreover that E € Bcz. Let 6 > 0 and 1 < g < o0 be such that BG c L™

Letvo €B an be a divergence free vector field. Then there exists a posmve T such
that the Cauchy problem

ov+v.Vy = Zflzl [vi,IPd;]v
(65) Vir=0 = V0
Vv=0
has a unique solution v € € ([0,T],Bg ;) such that supy<, <7 Hv||B}5+G < oo,
’ - q

Proof. We introduce the scale of Banach spaces By, , for 0 <s < 1+ o and we
check that this scale satisfies hypotheses (H1) to (H9). Hypotheses (H1) to (HS)
are obvious (integrability, monotony, regularity, stability and invariance).
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< Hypothesis (H6) : interpolation
To prove that (H6) is fullfilled, we may use the real interpolation functor, as it
is easy to check that we have, for 0 < 51 < s < 57, that Bfi,q = [Bil_q,BE q] with

e_ssl

§2—51

< Hypothesis (H7) : transport by Lipschitz flows

This is a direct consequence of the same property for the scale B = (Id —
A)~*2E, since for 0 < s; < s < 55 < | we have By, = [(Id — A)=1/?E, (I1d —
A)SZ/zE]g’q.

< Hypothesis (H8) : singular integrals
This is again a direct consequence of the same property for the scale B® =
(Id — A)~/?E.

< Hypothesis (H9) : pointwise products with Bg p

In [16] we have shown that, for any positive s, By (L™ is a Banach algebra.
Thus, the pointwise product (f,g) — fg is a bounded bilinear operator from B
F to F when F = B¢ £.q and when F = E, hence, by interpolation, when F' = BS
for any s € (0, 0] (smce for0 <s <o, By, =[E,BE o, with 0 =5/0).

Thus, we find that Theorem 7 is only a corollary of Theorem 1. O

Example 1 : Lorentz spaces.

Theorem 7 gives the existence of a solution to the Euler equations, when the
initial value belongs to ng,t,]r with 1 < p < 400, 1 < g < 400, 6 > d/p and
1 <r<+4oo(oroc=d/pand r= 1). The case r = +oo was discussed in [25].

Example 2 : homogeneous Morrey—Campanato spaces.
While the Sobolev spaces built on M7+ are known as Q-spaces [29], the Besov
spaces are known as Kozono-Yamazaki spaces [13]. Theorem 7 gives the existence

of a solution to the Euler equations, when the initial value belongs to B;’;; with

l<p<g<+oo,06>d/gand 1 <r<+oe(orc=d/qgandr=1). Such a result
was announced in [26].

Example 3 : homogeneous Lorentz—Morrey—Campanato spaces.
Similarly, Theorem 7 gives the existence of a solution to the Euler equations,
c el +1 .
when the initial value belongs to B[?dpq’t with 1 < p < g < Hoo, 1 <7 < Hoo,
6>d/gand 1 <t < 4o (orc=d/qgandt=1).

9. Related equations.

Theorem 1 can be adapted to deal with other equations that are quite close to
the Euler equations.

Example 1 : the ideal MHD equations. The ideal MHD equations introduce a
new variable b : now, we consider two divergence-free vector fields vo = (vo,1, ..., vo.4)
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and by on RY and we try to solve the following Cauchy problem :
Ov+v.Vv=Vp—1V|b|*+b.Vb
ob+v.Vb= b.Vy

(66)
divv=0, divb=0

V=0 =V0, bj=0=bo

One more time, we consider only solutions for which we can get rid of the pressure
term (here, V(p — %|b|2)) by use of the Leray projection operator IP, and we write

(9[\) + Zi:ld ]P&,-(v,-v — b,‘b) =0
b+ YL PO;(vib—by) =0

Vii=0 = V0, =0 =bo

divv=0, divb=0

Following [7], we introduce the new unknown quantities ¢ =v+band B =v—5b
and we find that

3,05 + Zi:ld ]P&,(ﬁ,oc) = 0

P JFZ?:] PJ;(a:ff) =0

(68)
Q=0 =vo+bo, PBu=o=vo—bo
diva=0, div=0
and finally
8,05 +[3.Va = Zi:ld [,B,',IP&,’]OC
a,ﬁ + (X.V.ﬁ = Zf’zl[ai,]PQi]B
(69)

®—o =vo+bo, B—o=Vvo—bo

diva=0, divB=0

The resolution of (69) follows exactly the same lines as the resolution of the
Euler equations and we find easily the following theorem :

Theorem 8. Let A® be a scale of spaces satisfying hypotheses (HI) to (H8) and let
o > 0 satisfy hypothesis (H9). Let vy € A'™% and by € A'*° be two divergence
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free vector fields. Then there exists a positive T such that the Cauchy problem
Ov—+Y, 1aPIhi(viv—bib) =0

b+ Y4 P3;(vib—biv) =0

V=0 =Vv0, by=0=bo

divv=0, divb=0

has a unique solution (v,b) in € ([0, T],A®) such that supy,< |[v|| go1 +[|B|| 140 <
oo,

Examples :
Theorem 8 gives existence of solutions in the following cases :

<>A1+°:B;ZG,AG pq’1<p<+°° 6>d/p, 1 <qg< -+ (Theorem 2)
o Al+o :B;ZO"AO' BS,, 1<p<+te,0= d/p,g=1 (Theorem 2)
oAMO = 10 A% = FJ 1 <p<4e,06>d/p,1<qg<+e  (Theorem 3)

0A1+G W1+0U'q AC — WO'LPq 1<p<—|—°0(7€]NG>d/p,l<q<+oo
(Theorem 6)

AT — WIHo MM po _yo MMy ) < g < 4o, 6 €N, 6> d/q (Theorem
6)

<>A1+6 W1+GMqu AG:WG’MP’(”,1<p§q<+°0,GE]N,G>d/q,1§r§
Joo (Theorem 6)

o ATO = B¢ AT =By, 1 <p<+eo,0>d/p, 1< q< oo, 1 <1< oo
(Theorem 7)

o Alto —plto p0 _ go 1<p<g<+oo,6>d/q,1<r< +oo(Theorem

MPA,r’ MPa,r’
7)
oAC =B 0, AC=BY, ,, 1<p<q<+e0,0>d/q1<r< oo <1<
Joo (Theorem 7)

Example 2 : the quasi-geostrophic equation.

The quasi-geostrophic equation (QG) is related to fluid mechanics [23] ; its
mathematical study was initiated by Constantin, Majda and Tabak [8] in 1994.
The quasi-geostrophic equation (QG) describes the evolution of a function 6 (¢, x),
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t>0,xeR?as
0 +uvVoe=0

(71) MZ(—RQQ,Rle)
6(0,.) = 6,

where R; is the Riesz transform R; = \/% (so that the vector field u is divergence-
free : divu = 0).

The same formalism as for Euler equations will provide solutions, except that
we don’t need hypothesis (H8) any longer (since there is no right-hand term in
equations (71)), but that we need A'* to be stable under the Riesz transforms, in
order to ensure that u is still Lipschitzian. Thus, we get the following theorem :

Theorem 9. Let A® be a scale of spaces satisfying hypotheses (HI) to (H7) and
let 0 > 0 satisfy hypothesis (H9). Assume moreover that the Riesz transforms are
bounded on A'*°. Let Oy € A'*°. Then there exists a positive T such that the
Cauchy problem

00+uVvVo=0
(72) u= (—R29,R19)
0(0,.) = 0y

has a unique solution 8 in € ([0,T],A°) such that supy<, <7 ||0]| 4140 < +oo.

Examples :
Theorem 9 gives existence of solutions in the following cases :

<>A1+cr:)_'5’[‘:[1",Acr BY 1 <p<+4o,0>2/p,1<g< Hoo (Theorem 2)
©AMO = BI1C AT =BG 1 <p<+e,06=2/p,g=1 (Theorem 2)

Al+6 Fl+6 AC = F©

pq,l<p<+°°,6>2/l?,l§q<+°° (Theorem 3)

0A]+6 W1+GLPq AC — WGL]q1<p<—|—<>OGE]NG>2/p,1<q<+°°
(Theorem 6)

o AITO — WiHto MM go _ oMM | o p <4< 4oo 6 €N, 0 >2/q (Theorem
6)

<>A1+O' W1+O'MF‘IV Ao‘:vvo',}l/'lpvqf’1<p§q<_|_oo’GE]I\I’G>2/q’lgrS
+o0 (Theorem 6)

oAMTC =B L A° =B, . 1<p<+4e0,06>2/p,1<q< oo, 1 <r< oo
(Theorem 7)

cAlto = B}VIJ;‘; LA = B;’/IM ,1<p<g<+e,0>2/q,1<r<+co(Theorem
7
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oAlTo —BlC A =B . . 1<p<g<+4e,0>2/q1<r<+eo,1<1<

oo (Theorem 7)

10. The critical case.

Thus far, there are two hypotheses we did not really use. In all our examples,
our spaces A® for 0 < s < 1 were stable under transportation by a vector field in
L'Lip (even if the vector field was not divergence-free in hypothesis (H7)) and
were stable as well under the action of a Calder6n—Zygmund operator T satisfying
T(1) =0 (even if T*(1) # 0 in hypothesis (H8)). (Even for Theorem 5, T*(1) =0
is not required, as we shall see in the following section.) Those conditions are cru-
cial only in the critical case o = 0 (initial value in BLJ [22].

The main lemma is then the following one :

Lemma . If f € Bgl is a divergence-free vector field and if g € Bio_l, then f.Vg e
BO
oo, 1°

Proof. This is easily proved by paradifferential calculus. Using the Littlewood—
Paley decomposition of f and of g, we write

fVg= Sof-Ve+(f—5S0f).VSog+ ¥ jen Lken,j—r>34,f-VAg
+ Y jen ken, j—kj<2 Loz 1 9i(A; fiAg)

and we easily estimate each of the four terms in the right-hand side of (73) :
we use the well-known fact that if 7 = Y7, h; where the Fourier transform of
h; is supported in an annulus a2’ < |&| < b2J (or a ball if @ = 0) and if s € R,
then ||A||py, is controlled by Cy s p4/12/s||hjl|pllia if @ > 0 orif s >0 and a = 0;
A;f.VArg has its Fourier transform supported in an annulus (with radius of order
2max(7k)y if |k — j| > 3; if |j — k| < 2, we can only say that the Fourier transform
is supported in a ball with radius of order 2/. Thus, we cannot estimate the term
Y jeN XkeN,|j—k|<2 Ajf-VArg directly in B&J (this is a serious obstruction : as a

(73)

matter of fact, B(l)m is not an algebra) and we have to use the fact that f is di-
vergence free to rewrite this term as div (¥ jen Yien,|j—k|<2 Akg4;f) and estimate

Yjen Lren,j-k<2 MgAjf inBL ;. O

We shall get generalizations of Lemma 3 and Lemma 4 as easy consequences
of Lemma 5.

Lemma 6. Letu € B°'<,71 with div u = 0. Then the operator Y%, [u;, P; 1 d;] is bounded
on B, , forevery s € [0, 1] and we have || Y, [ui,Pj,k(?i]fHB;‘l < Cs,g”fHB:;J ||uHB; -
Proof. We already know that the operator T ; = Zﬁi:l [ui, P; 10;] is bounded on B}, ,
for0<s<1,1<p<+oand 1 < g < +oo. Since T].*k = —T;, we get by duality
that Tj is bounded on B), , for —1 <5 <0, 1 < p < +owand 1 < g < +4oo. By
interpolation, it is true as well for s = 0.
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Thus, Tj is bounded on B, | for 0 < s < 1. We take f € BL,] and try to
estimate g = Y¢ | [u;, P; 9] f in B, ;. We must equivalently estimate ||g|| 50 1 and,

forl=1,...,d,|/dig]| g 1.Wejust write

d d
(74) 9ig =Y [ui, P ki) 0f + Y [0iui, P ki) f
i=1

i=1

so that we find

d d
(75)  lellg < CUTikll gm0, 50 )IF 5L, +IZI [ ;[aluivpj,kai]f|‘3gl)'
= i=

We thus need to estimate || Y5 [0ju;, Pj 0] f | go - We write

Yo [Oui, P k0] f = A+B+C+D
A= 81u.Pj7kVSOf
(76) B= _Zld:1 9;SoP;j i (Juif)
C= Ou.V(Id —So)P; i f
D= — YL, (I1d —S0)Pj 1 (9u.V f)

A and B are obviously controlled in B?o.1 norm. On the other hand, (Id — So)P;j x is
0 :

bounded on BLJ and on B_, |, so that Lemma 5 gives the control of Cand D. O
Lemma 7. Letu € L'([0,T], B, ;) with div u=0. Let fy € BS, | for some s € [0, 1].
Then the solution f of the transport equation '

Of+uvVf=0
(77)
f|r:() =fo

, Co Jo lute, )|y dr
satisfies supg<,<r || f(t, ')”BLJ < Cqe Beot

folls,

Proof. Let 7 — X; .(7) be the characteristic curves associated to the vector field
u. The solution of (77) is given by f(z,x) = fo(X; +(0)). We already that, for 0 <
t < T, the mapping fo — fo(X;+(0)) is an isomorphism on B), , for 0 <s < I,
1 < p < +4eoand 1 < g < oo, But writing for fy € B_*, and go € B],W

(78) %/fO(Xz,x(O))go(Xt,x(O))dx = /gu.Vf+fu.Vg dx=0

we find by a duality argument that the mapping fy — fo(X;(0)) is as well an
isomorphism on B_ | for 0 < s < 1. The case s = 0 follows by interpolation.

Now, let us assume that fj € BLJ C Lip. We write that its derivatives (9, f, ..., dsf)
are solutions of the system

(79) forj=1,....d, 0;f+uVo;f=—juVy
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o f
Thus, , we find that H(f,x) = : is solution of the fixed-point problem
daf
Hx) = HO.X2(0)) + fi (V& u).SoH) (7,X.()) d

(80) + o (Vou).V(Id —So) +div H) (7,X, (7)) dt

This problem has a unique solution in L=((0,7),(B2 ;)?) and we finally get that
f € L7BL, ;. We then control the size of ||| s  through the Gronwall lemma. 00

Owing to Lemmas 6 and 7, we get easily the following theorem of [22] :

Theorem 10. Let vy € B:<,71 be a divergence free vector field. Then there exists a
positive T such that the Cauchy problem

ov+v.Vy = Z?ZI [vi,IPd;]v
(81) V=0 = V0

Vyv=0
0

has a unique solution v € €([0,T}],By, ;) such that supo<, <7 ||v|| 51 [ <t

Proof. We can follow the same lines as for Theorem 1 (or Theorem 2). Now, the
only thing we have to check is the convergence of f, to v. Recall the identity
satisfied by k,, = frr1 — fn :

{ kne = g Ga(7.X5") (2) dt
Gu(t,%) = —kn.V i1 + Loy [far 1,0 POk 1 + X i PO fp
We see that we have to control the term || X4, [y, ;, P3;] fr1 | go by [l k| go ] | frstll g -

We have no problem for | Z?:l ky ;PP;So f n+1 nor for Zle SoIPO;(kn,ifn+1). Lemma
5 gives an easy control for k,,.V (Id — So)Pf .1 as well as for (Id — So)P(k,.V fn11).
O

(82)

The case of the MHD equations is similar to the Euler equations :

Theorem 11. Let vy € BLJ and by € BL_I be two divergence—free vector fields.
Then there exists a positive T such that the Cauchy problem

ov+ Zi:ld ]P&i(v,-v — b,’b) =0
b+ YL PO;(vib—bv) =0

V=0 =V0, bj=0=bo

divv=0, divb=0

A

has a unique solution (v,b) in€([0,T],BY, |) such that supy<, < ||v| g o 1|5]| g1 1
oo, ’ ’
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We cannot hope to solve the quasi—geostrophic equation in the critical space,
since it is not stable under the Riesz transforms. But we may just add a slight
further requirement to get a solution :

Theorem 12. Let 6y € BLJ NL? with 1 < p < +oo. Then there exists a positive T
such that the Cauchy problem

0;0+uVe=0
(84) MZ(—RQQ,Rle)
6(0,.) = 6

has a unique solution 0 in %([O,T],B&’l) such that supy<,<7 |6/l T 6], <
oo, '

11. Relaxing unnecessary hypotheses.

As a matter of fact, the spaces A® (0 < s < 1) considered in Theorems 2, 3,
6 and 7 were stable under more general singular integral operators : they satisfy
more precisely the following hypothesis

< Hypothesis (H10) : singular integrals
Let T be a bounded linear operator from Z(RR¢) to 2’(IR) (with distribution
kernel K(x,y) € 2'(R? x R?)) which satisfies the following conditions
e T is bounded on L? : ||T(f)]|2 < Col|f]2
e outside from the diagonal x =y, K is a continuous function such that

1
K| < o

e outside from the diagonal, K satisfies |V K (x,y)| < Colx —y|~¢~! and
V3K (x,y)| < Colx—y|~*~!

e7T(1)=0in BMO
Then, T is bounded from A* to A* for all 0 < s < 1 and ||T || ¢(45 a5y < CsCo

ForA* =By, ,,see [15]. ForA*=F . see [9]. For A® = (Id—A)’S/zE with E =
LP4, E = MP9 or E = MP%", we shall use a variant of Theorem 5 (see Lemma 8
below). For A = BS, , with E = LP9, E = MP% or E = MP4", this is a consequence

of the case of (Id — A)"Y/ 2E (by interpolation).

Lemma 8. Let T be a bounded linear operator from 2(R?) to 2'(R?) (with dis-
tribution kernel K (x,y) € 9'(RY x RY)) which satisfies the following conditions
e T is bounded on L* : ||T(f)|]2 < Col|f]]2
e outside from the diagonal x =y, K is a continuous function such that
K(xy)] < Corlry
e outside from the diagonal, K satisfies |V.K(x,y)| < Colx —y|~*~! and
[VyK (x,y)] < Colx—y|~*~!
o T(1) =0 in BMO
Then, for 0 < a < 1, the operator (—A)*?oT o (—A)~%? belongs to o/~ %.
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Proof. Let Ty = (—A)*/>0T o (—A)~%*/2. We know from [14] that Ty, is bounded
on L?. The problem is to estimate its kernel. This could be done through a molec-
ular approach : if (llfg’ j»k)l <e<d_1 jeZ kel is an Hilbertian wavelet basis of L2,

then the kernel of Ty is given in 2’(R? x RY) by

241

(86) Ko(x,y) = Z Z Z To(We i) (X) Ve jx ()

e=1 jeZyegd

However, we will prove Lemma 8 by using Theorem 5. We have b = T*(1) €
BMO. Using the homogeneous Littlewood—Paley decomposition, we introduce the
operator 7y, : f + Y ez S;-2(fA;b). M is a Calder6n—Zygmund operator such that
m(1) = 0 and 7;(1) = b. Thus, we may write T = m, + S with S(1) = §*(1) =
0. We know, by Theorem 5, that (—A)%?o0So (—A)~%/? belongs to «7'~*. We
must estimate the kernel Ly of (—A)*/2 o m, 0 (—A)~%*2.If §; is the convolution
operator with .Z '@(27/&), A; the convolution operator with .Z ~!(y(277/¢)),
and if ® = F71(|&|%@) and Q = F 1 (|E|7*Li_ , w(2XE)), then we have

87)  Lalxy)=Y / 202 (x=2))Ab(2)2°Q2(2/ (2 -y)) dz.
jez’/R

It is then a classical computation to estimate the size and the regularity of Ly. 0O

12. Maximal solutions.

Due to uniqueness of solutions in Theorem 1, we may define 75 (vo) the maxi-
mal existence time for a solution in A'*9 :

(88) Ts(vo) = sup{T >0/ Fv e (L=((0,T),A"*°))¢ solution of (8)}.
If we have vo € (A'*9)¢ (under the hypotheses of Theorem 1), then we have

(90) To(vo) < +oo=  sup ||V||4110 = +oo
0<t<Ts(vp)

Under very slight further assumptions, it is easy to check that T (vo) does not
actually depend on ©.

Theorem 13. Let A® be a scale of spaces satisfying hypotheses (HI) to (HS). As-
sume that there exists a Banach space E and a oy > 0 such that, for all 6 > 0y, G
satisfies hypothesis (H9) and the following hypothesis :

< Hypothesis (H11) : A° C E and

o1 1f8llae < Co(llfl|ElIglac + llgllzlgllac)

Then, for 6y < 6 < T and vy € A'*%, we have T (vo) = Tr(vo).
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Proof. By induction on 7. We prove that if it is true for T = o + k (for some
k € IN), then it is true for 6 +k < 7 < o+ k+ 1. We estimate ||v|| 411+ as ||[v|az +
YL, 10| lac. We write

d
(92) Gidv+v.V.dyv= Z v;,IPd;]dv — SolPdiv (djv @ v) —IP(Id — Sp)(d;v.Vv)

Jj=1

We then get
03) o)l < CeP I st 4y
+ Jo 19iv(s,) @v(s,.) |z + 19hv(s,.). Vv s, )| ds)
and finally
z,. r <
o4) (e, oo <

CeP I W 5 (lyg e+ fi [1v(s, M lv(s, a1+ )

and we conclude with Gronwall’s lemma. 0O

13. Conclusion.

Except for Lemma 5, we made no use of the paradifferential calculus. Of
course, our tools are deeply related to the paradifferential calculus. However, we
avoid the rigidity of the Littlewood—Paley decomposition and in a way replaced it
by a molecular approach. Indeed, a Littlewood-Paley decomposition is stable nei-
ther through a transport equation nor under the action of a singular integral opera-
tor. On the other hand, a molecular decompostion will be stable, since a molecuke
is preserved under a transport equation (moving the center along the characteristic
curve and deforming the profile of the molecule, but without altering too much its
scale), or through the action of a singular integral operator (with roughly speaking
the same center and the same scale, but with a deformation of the profile). Simi-
larly, a wavelet decomposition is not preserved, but transformed into a vaguelette
decomposition [16]. In a way, it means that the equations we have studied in this
paper could be numerically approximated by the method of travelling wavelets
proposed in [2].
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