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Introduction

The aim of this projet is to study the convergence of a particle system that modelizes a neural network, as the number of neurons goes to infinity. Before stating the formal model let us
briefly explain its particularities. To begin with, the neural networks we consider are mean field systems, what means that the neurons of a given network have all the same characteristics.
In our model, it implies, for instance, that the spike rates of the neurons are identically distributed. The convergence we prove for this model can be called conditional propagation of chaos.
A classical propagation of chaos for particle system means that, in the limit system (i.e. when the number of particles is infinite) the particles are independent. In this model, we will see
that, in the limit system, our neurons will share a common noise, whence they will not be truly independent, but only independent conditionally to this common noise.

\_ _/
2 4 N
The N —neurons network Dynamic of XV
Let N be a positive integer. We consider a N — dimensional system of stochastic processes (XV*),<;<y where XV
represents the membrane potential of the :—th neuron of the network. The dynamics of the system can be described
informally by: |
o the i—th neuron emits spike at rate f(X,")
e while no neurons emit spike in a time interval [s, t], the evolution of X is a (deterministic) negative exponential,
modeling the loss of potential to its rest value 0
e if a neuron 7 emits a spike at time ¢, the potential of the other neurons receive an additional contribution of the T
form U(t)/v N (where U(t) is a centered random variable), and the potential of the neuron ¢ jumps to the resting RS - -
value 0 ;
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o v thi fios the follows hastic diff . . e : spike times of the ¢—th neuron
ormally, this system satisties the tollowing stochastic differential equation e : spike times of the other neurons
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dX,”" =—aX, dt — X, /0 /R]l{zéf(sz,z)}w(dt, dz,du) \_ .
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L/ N Z /0 /RU]I{ZSJC (Xﬁ’])}ﬂ (dt’ dz, du) As there are N — 1 processes that can create jumps in each X N.g , 1t 18 necessary
177;@ to scale these jumps. A scaling N1 would lead to a true propagation of chaos.
Z. . . ) o _ . Here, the scaling N ~1/2 Jeads to a common noise in the limit system, and to a
where 7' are independent Poisson measures on R7 x R with intensity dt - dz - dv(u) (where v is the law of the conditional propagation of chaos. Let us note that, it is because of this particular
variables U (t) we introduced before) scaling that we need to assume the random variables U(t) to be centered.
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The limit network
Let us explain the form of the limit network with some motion (W;)s=o. In order to find the explicit form of Mb M=o fot s f)1/2 AWV, whence the limit equation is
heuristics. Looking closely at the equation of X, one one has to find its quadratic variation, which is the limit B B o |
can note that the only term that does depend on N is the of the quadratic variations of M} dX; =— aX/dt — X, _ / / 1 {2<f(Xi )}Wz(dta dz, du)
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term of the second line. Let us note MY this term (to sim-
plity we assume that the sum ranges over all 1 < 7 < N,

+ O-Mt(f)l/Qthv

including the index 1) 1 t oo | where W 1s a standard Browm_ap motion and g is the limit
LN et oo K HMN] J TN ZE {/0 /0 /RUQ]l{z<f(X§W)}d7T](5> 2 U)} of the empirical measure of (X7);<;<n.
MtN = \/—N Z/ / / 'Uz]l{z<f(XN,j)}7Tj(d8, dz, du) J=1 The last thing to do is to guess the explicit form of p. As
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’ _ 1 Z / / W2Ef ( D% é\fj) dv(u)ds = o / B (f)ds a limit of .emp1rlca,.1 measures of exchan_g?able System§, (4
If we find M, the limit of MY, the limit equation would be N —Jo Jr 0 Is necessarily the directing measure of (X7);>1 : condition-
y . [ Z. ally on p, the variables X/ are i.1.d. with law u. But, one
dX; = — aX;dt — X; / / ]l{zg Fxi )" (dt, dz, du) can note that, conditionally on W, the variables X7 are
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+dM, where g2 ‘= fR w’dv(u) and pl¥ == N~! ijl 5XtN"" s the i.i.d., and this implies that u; = L(X/|W). Hence, we can
Let us discuss the form of M, : it is the limit of the pure- empirical measure of the ]\Sfystem (XtN ’J)lgjgN . Then, de- rewrite the limit equation ii
jump local martingales M, and the height of the jumps noting by fi;' == N~ D i1 0x; the empirical measure of dX! = — aXdt — X|_ / / 1 {2<f(X] )}Wi(dta dz, du)
of M} vanish as N goes to infinity. This implies that M, the limit system, and admitting that 7" converges to some N 01/2 R UV
can be written as a stochastic integral w.r.t. a Brownian (random) measure p, we know that M, can be written as +oE | f (X)) W] dW;
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