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Neural activity = Set of spike times
= Point process
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Network of N neurons :

. ZtN’i = number of spikes of neuron i emitted in [0, t]

= point process with intensity f(XtN,"')

o XN = potential of neuron i
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Introduction

Modeling in neuroscience

Neural activity = Set of spike times
= Point process

Spike rate depends on the potential of the neuron
Each spike modifies the potential of the neurons

Network of N neurons :
o ZtN’i = number of spikes of neuron i emitted in [0, t]
—  point process with intensity f(X}""")
o XN = potential of neuron i

Here, X"/ solves an SDE directed by (ZNY)1<j<n
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Introduction

Mean field limit

N—particle system :

t o0
N, _ _ i
° Z _/0 /0 1{z§f(xs“ﬁ’)}dTr (s:2)
. . N w .. .
o X" = b(XM)dt + 3 /0 PO g 862
Jj=1 T

7 iid Poisson measures with intensity dt - dz
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7 iid Poisson measures with intensity dt - dz

Study the limit N — co = rescale the sum :

e linear scaling N=% (LLN) :
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Mean field limit

N—particle system :

t o0
N, _ _ i
° Z _/0 /0 1{z§f(xs“ﬁ’)}dTr (s:2)
. . N w . .
o X' = b(XM)dt + 3 /0 PO g 862
j=1 T

7 iid Poisson measures with intensity dt - dz

Study the limit N — co = rescale the sum :
e linear scaling N=% (LLN) :
[Delattre et al. (2016)] (Hawkes process, v//(t) = 1),
[Chevallier et al. (2017)] (&/(t) = w(j, ))
o diffusive scaling N=%/2 (CLT) :
[E. et al. (2019)] random and centered //(s)
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Introduction

Linear scaling
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dXtN,i _ _aXN'dt—i— L Z/ {Z<f(XNJ)}d7r (t,z)
175/

/ /XN' <f(Xt"ﬁ’)}d7ri(t’Z’ u)

7/ iid Poisson measures W|th intensity dt - dz

Intepretation :
@ drift : —ax models an exponantial loss of the potential

@ small jump of order N : the effect of spike of one neuron to
the potential of the others

@ reset jump : the effet of spike of one neurone to its potential
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Introduction

Linear scaling

dXtN,i _ _aXN'dt—i— L Z/ {Z<f(XNJ)}d7r (t,z)

Hé
R e

7/ iid Poisson measures W|th mtensity dt-dz

Intepretation :
@ drift : —ax models an exponantial loss of the potential

@ small jump of order N : the effect of spike of one neuron to
the potential of the others

@ reset jump : the effet of spike of one neurone to its potential

[De Masi et al. (2015)] and [Fournier & Locherbach (2016)]
Generalization to McKean-Vlasov frame [Andreis et al. (2018)]
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Definitions of the systems
Well-posedness of the limit system

Diffusive scaling

o N,i ;
_A RX_ l{zgf(XtAﬁ')}dﬂ (t,Z, U)

7/ iid Poisson measures with intensity dt - dz - dv(u)
v probability measure on R centered with [; [u]3dv(u) < oo
o? = [ v*dv(u)
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Definitions of the systems
Well-posedness of the limit system

Diffusive scaling

o N,i ;
_A RX_ l{zgf(XtAﬁ')}dﬂ (t,Z, U)

7/ iid Poisson measures with intensity dt - dz - dv(u)
v probability measure on R centered with [; [u]3dv(u) < oo
o? = [ v*dv(u)

Dynamic of XN/
o XN = xNie=olt=9) if the system does not jump in [s, t]
° XtN’i = XtN_’i + ﬁ if a neuron j # i emits a spike at t
° XtN’i = 0 if neuron i emits a spike at t
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (1)

dXt’\”":—oth’V/dt—|-z:/]R . z<fX’Vf)}d7T (t,z, u)
+ X
ﬁfl

N,i
— X" / 1 zgf(X"”)}dW (t, z,u)
+ X
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (1)

dXxVi = — ax dt—i—— / dri(t,z,u
t Z ]R+><]R z<f XNJ)} ( )
J#l

- X0 1 , i
" /IR+><R {ZSf(Xt"’_*’)}dW (t,z,u)

w3 ),

dml(s,z,u
oapenn Hero I (5:20)
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Limit system : heuristic (1)

dXxVi = — ax dt—i—— / dri(t,z,u
t Z ]R+><]R z<f XNJ)} ( )
J#l

N,i
— X" / 1 zgf(X"’_’)}dW (t, z,u)
+ X

Gl |
dX! = — aXldt + dM,

—)?i_/ 1 o wdmi(t,z,u
= Joyen G} 20

z<f( )}d7r (s, 2, u)

t]XR+ XR
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (2)

N
MN = \}Z/[ ul{zgf(xs,\kj)}dﬂj(s, z,u)

0,t]xR4 xR

Xavier ERNY Conditonal propagation of chaos

8/36



Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (2)

N
MN = \}Z/[ ul{zgf(xs,\kj)}dﬂj(s, z,u)

0,t]xR4 xR
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (2)

~dml(s,z,u
t \/> Z /0 t]><]R+><]R ZSf(XSAEJ)} ( )
M is an mtegral wrt a BM W

N

(¥ = lim (M), = lim 02/0 %Z F(XN)ds

Jj=1
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Model Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (2)

~dml(s,z,u
t \/> Z /0 t]><]R+><]R ZSf(XSAEJ)} ( )
M is an mtegral wrt a BM W

N

t
_ 1 ,
0 T N
(M), = I|,\r;n (M™) = Ill(ln o /0 NZ}“XS Jds
J:
Then M should satisfy
_ t 1 t
M, = a/ lim =" F(X)dWs = o lim N (f)dW;
o \ N N 0
with gV = % jN,I 0xi
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (3)

My = o [y \/1ts(F)dWs where 1 = IiAr;nﬂN
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dX] = — aX]dt + o\/p:(F)dW;
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i e UG (£.2,0)

11 is the limit of empirical measures of (X');>1 exchangeable
by Proposition (7.20) of [Aldous (1983)] w is the directing measure
of (X");>1 (conditionally on p, X' i.i.d.~ p)
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Model Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (3)

Me = o [} \/us(f)dWs where j = |i,\r;nﬂN
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Definitions of the systems
Well-posedness of the limit system

Well-posedness of the limit SDE

dX; = — aX/dt + o\/E [f(X{)|W]dW;
—)_(i/ 1 o wdmi(t,z,u
R, xR {z=fX)} ( )

Problems :
@ conditional expectation in the Brownian term
(McKean-Vlasov frame)
e unbounded jumps (non-Lipschitz compensator x — xf(x))
@ jump term and Brownian term

Xavier ERNY Conditonal propagation of chaos 10/36



Definitions of the systems
Well-posedness of the limit system

Well-posedness of the limit SDE

dX; = — aX/dt + o\/E [f(X{)|W]dW;
—)_(i/ 1 o wdmi(t,z,u
R, xR {z=fX)} ( )

Problems :
@ conditional expectation in the Brownian term
(McKean-Vlasov frame)
e unbounded jumps (non-Lipschitz compensator x — xf(x))
@ jump term and Brownian term

Assumptions :
@ inf f>0,sup f <o
o f is Lipschitz continuous
o E [e""x"‘] < 00
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Well-posedness of the limit system

Uniqueness for the limit SDE

X and X two solutions w.r.t. Xo, W and 7
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Model Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

X and X two solutions w.r.t. Xo, W and 7

fe- %= [ (=) dot [ (Vi) - VEoan,
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- /[0 xR xR Xso = Xs- T o pnrise )y (s, d2, du)
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/ )\f _1 o , . ( dz, du)
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Model Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

X and X two solutions w.r.t. Xo, W and 7

fe- %= [ (=) dot [ (Vi) - VEoan,

- /[0 xR xR Xso = Xs- T o pnrise )y (s, d2, du)
- /[o xRy XE Xs=Lir(%,y<zer(%,. )y T(dS; dz, du)

+/ Xeo1l, .09 . w(ds,dz, du
[0,t] xRy xR ’ {f(Xs’)QSf(XS’)}( )

To prove trajectorial uniqueness :
o u(t)= IE[|)A(t’ — X]|] (problem with Brownian term)
o u(t) = E[|X] — X/|?] (problem with jump term)
Idea of [Graham (1992)] : u(t) = E [SUPogsgt |Xi — )V(s’]}
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Definitions of the systems
Well-posedness of the limit system

Drift and Brownian terms

S
E [ sup / (Xr — X,)dr] < tu(t)
0<s<t |JO
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Definitions of the systems
Well-posedness of the limit system

Drift and Brownian terms

E[sup

0<s<t

S
/ (X, — X, )dr
0

] < tu(t)

By BDG inequality, inf f > 0 and f Lipschitz continuous,

| VA - Ve, ]

E{sup

0<s<t
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Model Definitions of the systems
Well-posedness of the limit system

Drift and Brownian terms

S
E[sup /(X,—X,)dr] < tu(t)
0<s<t |JO

By BDG inequality, inf f > 0 and f Lipschitz continuous,

B | sup | [ /A - Vi Paw]|
< |( [ (VAdr - Vadnyes) 1/2]
< e |( [ 4t - nelr)yos) 1/2]
< cvim | sup [B (%)W)~ E[F(X)IW] | < CViu(e)
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Definitions of the systems
Well-posedness of the limit system

Jump term
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Model Definitions of the systems
Well-posedness of the limit system

Jump term

E[sup ]</t [|X X F(Xe) v F(Ks)] ds

0<s<t

/|X|+|xuf( ) — F(Xe)|ds

/ (s)ds + C/ rsu

+ /0 ( [‘X ’1{|x\>r }} +E [|)v<5|1{\)v<5|>r5}}) ds
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Model Definitions of the systems
Well-posedness of the limit system

Jump term

E[sup ] g/ot [|X X[ F(X) V F(Rs)] ds

0<s<t

/(|X|+\X\)rf( ) — F(Xe)|ds

< /t (s)ds + C/ rsu
el [\Xs“{mrsﬂ = ['*s“{wxs»rsﬂ) -
< C/Ot (14 rs)u(s) + e "] ds
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Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

Combining the inequalities : forall 0 <t < T,

u(t) < C(T + VT)u( +C/ [(1+ re)u(s) + e "] ds
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Model Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

Combining the inequalities : for all 0 < ¢t < T, (T fixed and small)

1 t g
u(t)§2u(t)+C/0 (14 rs)u(s) + e ] d

u(t) < C/O (14 re)u(s) + e ] ds
Take rs = — Inu(s),
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Model Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

Combining the inequalities : for all 0 < ¢t < T, (T fixed and small)

1 t g
u(t)§2u(t)+C/0 (14 rs)u(s) + e ] d

t
u(t) < c/ (14 re)u(s) + e ] ds
0
Take rs = — Inu(s),
u(t) <C/ (2= Inu(s))u(s)ds < — C/ s)Inu(s)ds
By Osgood’s lemma,

E| sup |Xi—X¢|| =u(T)=0

0<t<T
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Definitions of the systems
Well-posedness of the limit system

Existence for the limit SDE

dxt"™ = — ax™ Ut + o/ ()W,
/ /X[n+1 f(Xt[,l])}dﬂ'(t,Z, u)
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Model Definitions of the systems
Well-posedness of the limit system

Existence for the limit SDE
ax" Y = — axI" e 1 o/ W (F)dw,
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(X1), s tight on D : | X190 5 X in law]|
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Model Definitions of the systems
Well-posedness of the limit system

Existence for the limit SDE
ax" Y = — axI" e 1 o/ W (F)dw,

]
_/0 /RXt_ 1{Z§f(Xl[Z])}d7r(t7z7 U)

(XInly, is tight on D : ‘X[d’(”)] — X as. ‘ (Skorohod theorem)
It is then enough to prove that (for a subsequence)

‘X[”H] —X[”]| — 0 a.s.

n—o0

Let So(t) = > 1 oE {SUPsgt ‘Xs[k—i-l] _ Xs[k]q
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Model Definitions of the systems
Well-posedness of the limit system

Existence for the limit SDE

dxt"™ = — ax™ Ut + o/ ()W,
=[xl
_/0 /RXt_ 1{ <f X[n])}dﬂ' t Z, U)

(XInly, is tight on D : ‘X[d’(”)] — X as. ‘ (Skorohod theorem)
It is then enough to prove that (for a subsequence)

| X[+ — X[l — 0 as.

n—o0

Let So(t) = > 1 oE {SUPsgt ‘Xs[k—i-l] _ Xs[k]q

t
n1S,(t) < % _ c/ 115, (s) In(nS,(s))ds
0
By Osgood's lemma,
Sn(t) < Cnlfexp(fT-C)
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_/0 /RXt_ 1{ <f X[n])}dﬂ' t Z, U)

(XInly, is tight on D : ‘X[d’(”)] — X as. ‘ (Skorohod theorem)
It is then enough to prove that (for a subsequence)

| X[+ — X[l — 0 as.

n—o0

Let So(t) = > 1 oE {SUPsgt ‘Xs[k—i-l] _ Xs[k]q

t
n1S,(t) < % _ c/ 115, (s) In(nS,(s))ds
0
By Osgood's lemma,
Sn(t) < CntmoP(=TC) < Cy/n
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Definitions of the systems
Well-posedness of the limit system

Another version of the limit system

The strong limit system :

dX; = — aX{dt + o\/E [f(X{)|W]dW;

—)_(i_/ 1 o wdr(t,z,u
Y e CE () ( )
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Definitions of the systems
Well-posedness of the limit system

Another version of the limit system

The strong limit system :

dX; = — aX{dt + o\/E [f(X{)|W]dW;

—)_(i_/ 1 o wdr(t,z,u
Y e CE () ( )

The weak limit system :
dYi=—aY/dt + o/ (F)dW,

— \_/i/ 1 oo wdrl(t,z,u
" Jroxr {z<f(V)} ( )

where i = L£(Y}|ut) is the directing measure of (Y)i>1
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Definitions of the systems
Well-posedness of the limit system

Equivalence between the two systems

An auxiliary system :

XN = — XM

_ RN i
” /R+><R {z<r(&")} m'(t, z, u)
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Definitions of the systems
Well-posedness of the limit system

Equivalence between the two systems

An auxiliary system :

d)?tN’i =— oz)N(tN’idt +o

_ RN i
” /R+><R {z<r(&")} m'(t, z, u)

Let un(t) =E [Supsgt Ve — )N(sN’1|]
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Definitions of the systems
Well-posedness of the limit system

Equivalence between the two systems

An auxiliary system :

d)?tN’i =— oz)N(tN’idt +o

_ RN i
” /R+><R {z<r(&")} m'(t, z, u)

Let up(t) = B [supye, | V2 = X"

t
un(t) < —c/ un(s) In un(s)ds + CN—1/2
0

ﬁ_/

us(F) = N2 30, F(V)
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Definitions of the systems
Well-posedness of the limit system

Equivalence between the two systems

An auxiliary system :

d)?tN’i =— oz)N(tN’idt +o

o N,i )
= X Lo o dri(t
i /R+X]R [exrin} @ (B2 )

Let up(t) = B [supye, | V2 = X"

t
un(t) < —c/ un(s) In un(s)ds + CN—1/2
0

ﬁ_/

us(F) = N2 30, F(V)

By Osgood’s lemma,
un(t) < CN~C2 — 0

N—oo
Xavier ERNY Conditonal propagation of chaos
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Martingale problem |
Propagation of chaos Convergence of (')

Convergence of (XM'7);<i<n

dxVi = — axV dt—i—Z/

R+XR
N,i _ i
Xt— A+XR l{ZSf(XtAQ')}dTr (t, z, u)
dXi = — aXjdt + o\/p:(F)dW;

—)_(i_/ 1 o ndr'(t,z, u
‘ Ry xR {<fxi} ( )

z<f XNJ)

}dﬁj(t,z, u)

Goal : (XN’i)lgigN converges to ()_(i);zl in DYV
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Martingale problem |
Propagation of chaos Convergence of (')

Convergence of (XM'7);<i<n

dxVi = — axV dt—i—Z/

R+XR
N,i _ i
Xt— A+XR l{ZSf(XtAQ')}dTr (t, z, u)
dXi = — aXjdt + o\/p:(F)dW;

—)_(i_/ 1 o ndr'(t,z, u
‘ R+ xR {z<f(X0)} ( )

}dﬁj(t,z, u)

z<f XNJ)

Goal : (XN’i)lgigN converges to ()_(i);zl in DYV

Equivalent condition (Proposition (7.20) of [Aldous (1983)]) :
N = Zszl Sxn,j converges to = L(XY|W) in P(D)
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e problem
Propagation of chaos ence of (u")y

Outline of the proof

Step 1. (1) is tight on P(D)
Equivalent condition : (XV'1)y is tight on D
Proof : Aldous’ criterion

Step 2. Identifying the limit distribution of (uN)y
Proof : any limit of " is solution of a martingale problem

Xavier ERNY Conditonal propagation of chaos 19/36



Martingale problem
Propagation of chaos Convergence of (')

Martingale problem

Given Q € P(P(D)) (Q = L(w))
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Martingale problem
Propagation of chaos Convergence of (')

Martingale problem

Given Q € P(P(D)) (Q = L(w))

Canonical space Q := P(D) x D? with w = (i, (Y?, Y?)) :
Meaning : (Y, Y?) mixture of iid directed by y

P(A x B) := /P(D) 1a(m)ym @ m(B)dQ(m)

Q is solution of (M) if for all g € CZ(R?),
g(Y2 Y?) — gl Y&, YOZ) — fot Lg(ps, Y2, Y2)ds is a martingale
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Martingale problem
Propagation of chaos Convergence of (u'')y

Martingale problem

Given Q € P(P(D)) (Q = L(w))

Canonical space Q := P(D) x D? with w = (i, (Y?, Y?)) :
Meaning : (Y, Y?) mixture of iid directed by y

P(A x B) := / 1a(m)m ® m(B)dQ(m)
P(D)
Q is solution of (M) if for all g € CZ(R?),
g(YH Y2) — gy, Ys) fo Lg(us, Y, Y2)ds is a martmgale

Lg(m,x', x?) = — ax'O1g(x) — ax?Dag(x) Z 07;8(x)
ij=1

+f(x")(g(0,x%) - g(x)) + f(X2)(g(X17 0) —&(x))
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Martingale problem
Propagation of chaos Convergence of (')

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(u) where p is the
directing measure of some exchangeable system (Y');>1
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Martingale problem
Propagation of chaos Convergence of (')

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(u) where p is the
directing measure of some exchangeable system (Y');>1

L(p, Y, Y?) = P (from the martingale problem)

Representation theorems imply (admitted)

Vie{1,2},dY] = — aY/dt + /() dW,;

- Y /R+ 1{z§f(\7{7)}d77 (t,2)
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Martingale problem
Propagation of chaos Convergence of (')

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(u) where p is the
directing measure of some exchangeable system (Y');>1

L(p, Y, Y?) = P (from the martingale problem)

Representation theorems imply (admitted)

Vie N* dYi=—aY/dt + \/p:(f)dW;

- Y. /]R+ 1{z§f(\7{7)}d77 (t,2)
Then the law of = £(Y1|W) is uniquely determined

Xavier ERNY Conditonal propagation of chaos
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Martingale problem
Propagation of chaos Convergence of (u" )y

Convergence of p" to the solution of (M)

Let 41 be the limit of (a subsequence of) pN
L(p) is solution of (M) if

E[F(u)] =0
for any F of the form

Fm)i= [ m o m(dn)on(ra)etu(10)[6030) - 6(22)
+ /t Ar01(7y)dr + a /t ~20o(v,)dr

- / F(2)(6(0,72) — &) dr — / F(2)(6(72.0) — o)) dr
_/ m,(f) Z 03 507, |

i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

F(u") =

/D2 pN @ N (dy)d1(vs)-d(vs,) [¢>(%) — ¢(7s)
+a [loenar+a [ oG

- [ fene0.2) - e

[ 026020~ o)ar

52
_ / Z 8,1 L (e )dr

i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

F(u") =

/Dz N @ N (dy)d1(vs,)-bi(vs,) [¢>(%) — ¢(7s)
+a [loenar+a [ oG

- [ fene0.2) - e

[ 026020~ o)ar

52
_ / Z 8,1 L (e )dr

i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

) Sk

,V2 Zm XA X ). (X, X0 [, X[ = (X, X1
ij=1

t t
Oé/ X,N"('?l(X,N",X,N’J)dr—i-a/ XrNdraZ(XrN’I,XrN’J)dr

S

S
FXN ) (9(0, XY — g(XN, X N))dr
f(

)6
XM (X, 0) — (X, X19))dr

)

= / Z 02 o (XM, XM ) dr|

i,h=1
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) Sk
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ij=1
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Oé/ X,N"('?l(X,N",X,N’J)dr—i-a/ XrNdraZ(XrN’I,XrN’J)dr

S

S
FXN ) (9(0, XY — g(XN, X N))dr
f(

)6
XM (X, 0) — (X, X19))dr

)

= / Z 02 o (XM, XM ) dr|

i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

- Zasl (X X)X XU |66 XM = (X0, X0V

S1 ! SK
ij=1

t t
a/ x,"’"al(x,’V",x,’V’f)erra/ XN (XM, XY dr

S S

o® [t1 : Nk N,i yN,j
—2/5 Nfo Za,m (XN7 XNIYdr

k=1 i1,lb=1
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S1 ! SK
ij=1
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S S
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

- Zasl (X X)X XU |66 XM = (X0, X0V

S1 ! SK
ij=1

t t
a/ x,"’"al(x,’V",x,’V’f)erra/ XN (XM, XY dr

S S

=[O0, X)X Xy

-/ A, 0) — G(X X)) dr

t N . .
///v F(XNHY Z 92,6 XN”,Xr’VJ)dy(u)dr]

i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

- Zasl (X X)X XU |66 XM = (X0, X0V

S1 ! SK
ij=1

t t
a/ x,"’"al(x,’V",x,’V’f)erra/ XN (XM, XY dr

S S

=[O0, X)X Xy

-/ A, 0) — G(X X)) dr

t N . .
///v F(XNHY Z 9,6 XN”,Xr’VJ)dV(u)dr]
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

- Zasl (X X)X XU |66 XM = (X0, X0V

S1 ! SK
ij=1

t t
a/ x,"’"al(x,’V",x,’V’f)erra/ XN (XM, XY dr

S S

=[O0, X)X Xy

-/ A, 0) — G(X X)) dr

/ /Zf (XN Y Vo Z 92 0 XN’i,XrNJ)du(u)dr]
R

k=1 i,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of F(uN)

S1 ! SK

- Zasl (X X)X XU |66 XM = (X0, X0V
ij=1

t t
a/ x,"’"al(x,’V",x,’V’f)erra/ XN (XM, XY dr

S S

t . . . :
a / f(XI’IV7’)(()(O XerJ) - (f‘b(XrN’I’XFN’J))dr
s

/t FOXN) (X, 0) — o(X M X)) dr

/ /sz X’Vk 2N Z ()1112 XN/ XNJ)dV( )dr]

kl 11I21
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Martingale problem
Propagation of chaos Convergence of (u" )y

The expression of ¢p(XN:/| XNY)

By Ito's formula,
Eo(X(", X{) = g(X[, XM) =
t i i . t i i i
E — /X’V'a (XN XNy — /Xr“’d,ag(x,"’",x,"’d)dr
FXNNY (0, XN+ XN XN dy(u)dr
[ o )= ()
+ FOXNIY (XM 4 0) — (XN XN ))du(u)dr
[ [ oo+ o)~ o ()

FOMRY SO+ X+ ) = o(X X)) du(u)dr
L Lx ) T e X Ean)

k=1
k#i,j
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Martingale problem
Propagation of chaos Convergence of (u" )y

Vanishing of E [F(u")]

The reset jump term

u

\/N)

‘qb(o,xr”’f) — (0, XN +
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Martingale problem
Propagation of chaos Convergence of (u" )y

Vanishing of E [F(u")]

The reset jump term

u

‘qb(o,xr”’f) — (0, XN +

The small jump term

u

VN

u

N VN

p(XNT + —, XM+ —=) — p(XNM, X

2 2
u i ;
B ﬂ Z 8f21,i2¢(XrN7 aXrNd)

it,h=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

Vanishing of E [F(u")]

The reset jump term

‘qb(o,xr”’f) — ¢(0, XN +
The small jump term

N(o(XMT 4+ — XM ) — (XM XN

VNN

2
u i i j
- \/NZ 11¢(XN XN’J 2N Z 8!1 12 XN7 ’XI!VJ)

=1 i1,ip=1
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Martingale problem
Propagation of chaos Convergence of (u" )y

Vanishing of E [F(u")]

The reset jump term

‘qb(o,xr”’f) — ¢(0, XN +
The small jump term

O+ 2 XM ) = G XP)

2
u i i j
- \/NZ 11¢(XN XN’J 2N Z 8!1 12 XN7 ’XI!VJ)

=1 i1,ip=1

N

“ —1/2 3
< N = N2y
NN lu
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Martingale problem
Propagation of chaos Convergence of (u" )y

Vanishing of E [F(u")]

The reset jump term

‘qb(o,xr”’f) — ¢(0, XN +
The small jump term

O+ 2 XM ) = G XP)

2
u i i j
- \/NZ 11¢(XN XN’J 2N Z 8!1 12 XN7 ’XI!VJ)

=1 i1,ip=1

N

“ —1/2 3
< N = N2y
NN lu

N2 2 E[F(Y)| — E[F(n)] =0
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Martingale problem
Propagation of chaos Convergence of (u" )y

Convergence of (1) y

dxVi = — axV dt—l—Z/

]R+><]R
—Xt.,\ﬁl/ 1 <f N,i dﬂ'i(t,z7 U)
Ry xR {Z— (Xf—)}
dXi = — aXjdt + o\/p:(F)dW;
—)_(i_/ 1 o wdri(t,z,u
= ey a7 (0 20)

{z<f X’V’)}dwj(t’z’ u)
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Martingale problem
Propagation of chaos Convergence of (u" )y

Convergence of (1) y

dxVi = — axV dt—l—Z/

]R+><]R
—Xt.,\ﬁl/ 1 <f N,i dﬂ'i(t,z7 U)
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dXi = — aXjdt + o\/p:(F)dW;
—)_(i_/ 1 o wdri(t,z,u
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{z<f X’V’)}dwj(t’z’ u)

o (uM)y is tight on P(D)
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Propagation of chaos Convergence of (u" )y

Convergence of (1) y
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]R+><]R
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Martingale problem
Propagation of chaos Convergence of (u" )y

Convergence of (1) y

dxVi = — axV dt—l—Z/

]R+><]R
—Xt.,\ﬁl/ 1 <f N,i dﬂ'i(t,z7 U)
Ry xR {Z— (Xf—)}
dXi = — aXjdt + o\/p:(F)dW;
—)_(i_/ 1 o wdmi(t, z,u
= Ji g ez ) OB 20)

{z<f X’V’)}dwj(t’z’ u)

o (uM)y is tight on P(D)
@ let u be the limit of a converging subsequence
@ L(u) is the unique solution of (M)
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Martingale problem
Propagation of chaos Convergence of (u" )y

Convergence of (1) y

axM = — axl dt—i—Z/ dmi(t, z, u)

]R+><]R
—Xt.,\ﬁl/ 1 <f N,i dﬂ'i(t,z7 U)
Ry xR {Z— (Xf—)}
dXi = — aXjdt + o\/p:(F)dW;
—)_(i_/ 1 o wdmi(t, z,u
= Ji g ez ) OB 20)

z<f XNJ)}

(uN)y is tight on P(D)

let p be the limit of a converging subsequence
L() is the unique solution of (M)

p = L(XY W) is the only limit of (u")n
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Model
Limit system
McKean-Vlasov model

McKean-Vlasov model

dXNI = b(XNlaut )dt+0( Nlalut )dﬂt

1 N, k i P
’VZ/&MN* VXX ﬂ{zéf(xﬁ_’k,u?_)}mr (t:2,0)

with gV = 5 Z, 1 Sxn.i, and 7 has intensity dt - dz - v(du)

(v = V?N*)
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Model
Limit system
McKean-Vlasov model

McKean-Vlasov model

dX = b(X u)dt + o (XM, ul)d L

N
1 Nk \Ni Nk
" mzk 1/R+XRN* M L

k
t_)}d7r (t,z,u)

with N = L SN 5y, and 7% has intensity dt - dz - v(du)
(v =2"")

Dynamic of XN/ :

@ while there is no jump, the dynamic is given by the drift and
Brownian terms

o if there is a jump at time t, created by neuron k, each
neuron i creates a r.v. U’ (the U’ are i.i.d.),

; ; 1 i i
XN = X Xl U D)

Xavier ERNY Conditonal propagation of chaos 27 /36



Model
Limit system
McKean-Vlasov model

Heuristics for the limit system

X" = b(X" ) dt + o (X, ) d B

N
1 Nk WNi Nk L
+mkz‘:/&xw* W(X.2" X2 e, u”u )1{2Sf(XtN;k,u£",)}d7r (t,z,u)
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Model
Limit system
McKean-Vlasov model

Heuristics for the limit system

X" = b(X" ) dt + o (X, ) d B

N
1 Nk WNi Nk L
+\/N;/R+><]RN* V(X2 X2 e, u”u )1{2Sf(XtN,’k,u{V,)}d7r (t,z,u)

N
i 1 Z Nk WNi N ki k
JtN’ = — /\U()<S_7 5 5—7 y ey U UI)]- < N,k N dm (S,Z, U)
S— 9y z f'X ) TR
\/Nk:l { <X )}
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Model
Limit system
McKean-Vlasov model

Heuristics for the limit system

dxM = b(XN L uMydt + o( XN )

1 Nk i «
7N Z /RJrXRN* W(X t_ ’Mt e )1{Z§f(XtN!k7#?lf)}d7r (t,z7 U)
1 N
Ni_ =~ Nk yNi N ki .
Jt - \/Nkz_;/ Xs— 7X y s, U, U )1{Z§f(xsl\ﬁk,u2/7)}d7r (S,Z, U)

1

JN,i JNJ _ =
< ? > N
N
S

»MZ

/J &

W(XNK XN N (XN XNT N gk ) FXNR uNYu(du)ds
S S S
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Model
Limit system
McKean-Vlasov model

Heuristics for the limit system

dxM = b(XN L uMydt + o( XN )

1 Nk i «
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Solution : let M(dt, dz) = M;(dz) be a martingale measure on

d
Ry x E with intensity dt - m;(dz),
(M.(A),M.(B)): = /0 /ElA(z) -1g(z)ms(dz)ds
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McKean-Vlasov model

Limit system (1)
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Limit system (2)
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Generator of the limit system
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Representation theorems . [El Karoui & Méléard (1990)]
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Thank you for your attention !
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