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Modeling in neuroscience

Neural activity = Set of spike times

= Point process

Spike rate depends on the potential of the neuron

Each spike modifies the potential of the neurons

Network of N neurons :

ZN,i
t = number of spikes of neuron i emitted in [0, t]

= point process with intensity f (XN,i
t− )

XN,i = potential of neuron i

Here, XN,i solves an SDE directed by (ZN,j)1≤j≤N
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Mean field limit

N−particle system :

ZN,i
t =

∫ t

0

∫ ∞
0

1{
z≤f (XN,i

s− )
}dπi (s, z)

dXN,i
t = b(XN,i

t )dt +
N∑
j=1

∫ ∞
0

uji (t)1{
z≤f (XN,j

t− )
}dπj(t, z)

πj iid Poisson measures with intensity dt · dz

Study the limit N →∞ =⇒ rescale the sum :

linear scaling N−1 (LLN) :
[Delattre et al. (2016)] (Hawkes process, uji (t) = 1),
[Chevallier et al. (2017)] (uji (t) = w(j , i))

diffusive scaling N−1/2 (CLT) :
[E. et al. (2019)] random and centered uji (s)
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Linear scaling

dXN,i
t = −αXN,i

t dt + 1
N

N∑
j=1
j 6=i

∫ ∞
0

1{
z≤f (XN,j

t− )
}dπj(t, z)

−
∫ ∞

0

∫
R
XN,i
t− 1{

z≤f (XN,i
t− )

}dπi (t, z , u)

πj iid Poisson measures with intensity dt · dz

Intepretation :

drift : −αx models an exponantial loss of the potential

small jump of order N−1 : the effect of spike of one neuron to
the potential of the others

reset jump : the effet of spike of one neurone to its potential

[De Masi et al. (2015)] and [Fournier & Löcherbach (2016)]
Generalization to McKean-Vlasov frame [Andreis et al. (2018)]
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Definitions of the systems
Well-posedness of the limit system

Diffusive scaling

dXN,i
t = −αXN,i

t dt + 1√
N

N∑
j=1
j 6=i

∫ ∞
0

∫
R
u1{

z≤f (XN,j
t− )

}dπj(t, z , u)

−
∫ ∞

0

∫
R
XN,i
t− 1{

z≤f (XN,i
t− )

}dπi (t, z , u)

πj iid Poisson measures with intensity dt · dz · dν(u)
ν probability measure on R centered with

∫
R |u|

3dν(u) <∞
σ2 =

∫
R u2dν(u)

Dynamic of XN,i :

XN,i
t = XN,i

s e−α(t−s) if the system does not jump in [s, t]

XN,i
t = XN,i

t− + U√
N

if a neuron j 6= i emits a spike at t

XN,i
t = 0 if neuron i emits a spike at t
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (1)

dXN,i
t =− αXN,i

t dt +
1√
N

N∑
j=1
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

MN
t := 1√

N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

dX̄ i
t =− αX̄ i

t dt + dM̄t

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (2)

MN
t := 1√

N

N∑
j=1

∫
[0,t]×R+×R

u1{
z≤f (XN,j

s− )
}dπj(s, z , u)

M̄ is an integral wrt a BM W

〈M̄〉t = lim
N
〈MN〉t = lim

N
σ2

∫ t

0

1

N

N∑
j=1

f (XN,j
s )ds

Then M̄ should satisfy

M̄t = σ

∫ t

0

√√√√lim
N

1

N

N∑
j=1

f (X̄ j
s )dWs = σ

∫ t

0

√
lim
N
µ̄Ns (f )dWs

with µ̄N := 1
N

∑N
j=1 δX̄ j
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Definitions of the systems
Well-posedness of the limit system

Limit system : heuristic (3)

M̄t = σ
∫ t

0

√
µs(f )dWs where µ = lim

N
µ̄N

dX̄ i
t =− αX̄ i

t dt + σ
√
µt(f )dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

µ is the limit of empirical measures of (X̄ i )i≥1 exchangeable
by Proposition (7.20) of [Aldous (1983)] µ is the directing measure
of (X̄ i )i≥1 (conditionally on µ, X̄ i i.i.d.∼ µ)

Conditionally on W , the X̄ i (i ≥ 1) are i.i.d.
by Lemma (2.12) of [Aldous (1983)] µ = L(X̄ 1|W ) = L(X̄ i |W )
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by Lemma (2.12) of [Aldous (1983)] µ = L(X̄ 1|W ) = L(X̄ i |W )
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Limit system : heuristic (3)

M̄t = σ
∫ t

0

√
µs(f )dWs where µ = lim

N
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Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Well-posedness of the limit SDE

dX̄ i
t =− αX̄ i

t dt + σ
√

E
[
f (X̄ i

t )|W
]
dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

Problems :

conditional expectation in the Brownian term
(McKean-Vlasov frame)

unbounded jumps (non-Lipschitz compensator x → xf (x))

jump term and Brownian term

Assumptions :

inf f > 0, sup f <∞
f is Lipschitz continuous

E
[
ea|X̄0|

]
<∞
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Introduction
Model

Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

X̂ and X̌ two solutions w.r.t. X̄0, W and π

X̂t − X̌t = −α
∫ t

0

(
X̂s − X̌s

)
ds +

∫ t

0
(
√
µ̂s(f )−

√
µ̌s(f ))σdWs

−
∫

[0,t]×R+×R
[X̂s− − X̌s−]1{z≤f (X̂s−)∧f (X̌s−)}π(ds, dz , du)

−
∫

[0,t]×R+×R
X̂s−1{f (X̌s−)<z≤f (X̂s−)}π(ds, dz , du)

+

∫
[0,t]×R+×R

X̌s−1{f (X̂s−)<z≤f (X̌s−)}π(ds, dz , du)

To prove trajectorial uniqueness :

u(t) = E[|X̂ i
t − X̌ i

t |] (problem with Brownian term)
u(t) = E[|X̂ i

t − X̌ i
t |2] (problem with jump term)

Idea of [Graham (1992)] : u(t) = E
[
sup0≤s≤t |X̂ i

s − X̌ i
s |
]
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Model

Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Drift and Brownian terms

E
[

sup
0≤s≤t

∣∣∣∣∫ s

0
(X̂r − X̌r )dr

∣∣∣∣] ≤ tu(t)

By BDG inequality, inf f > 0 and f Lipschitz continuous,

E
[

sup
0≤s≤t

∣∣∣∣∫ s

0
(
√
µ̂r (f )−

√
µ̌r (f ))dWr

∣∣∣∣]
≤ E

[(∫ t

0
(
√
µ̂s(f )−

√
µ̌s(f ))2ds

)1/2
]

≤ CE

[(∫ t

0
(µ̂s(f )− µ̌s(f ))2ds

)1/2
]

≤ C
√
tE
[

sup
0≤s≤t

∣∣∣E [f (X̂s)|W
]
− E

[
f (X̌s)|W

]∣∣∣] ≤ C
√
tu(t)
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Introduction
Model

Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Jump term

E
[

sup
0≤s≤t

...

]
≤
∫ t

0
E
[
|X̂s − X̌s |f (X̌s) ∨ f (X̂s)

]
ds

+

∫ t

0
(|X̂s |+ |X̌s |)|f (X̂s)− f (X̌s)|ds

≤ C

∫ t

0
u(s)ds + C

∫ t

0
rsu(s)ds

+ C

∫ t

0

(
E
[
|X̂s |1{|X̂s |>rs}

]
+ E

[
|X̌s |1{|X̌s |>rs}

])
ds

≤ C

∫ t

0

[
(1 + rs)u(s) + e−rs

]
ds
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Introduction
Model

Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Uniqueness for the limit SDE

Combining the inequalities : for all 0 ≤ t ≤ T ,

(T fixed and small)

u(t) ≤ C (T +
√
T )u(t) + C

∫ t

0

[
(1 + rs)u(s) + e−rs

]
ds

u(t) ≤ C

∫ t

0

[
(1 + rs)u(s) + e−rs

]
ds

Take rs = − ln u(s),

u(t) ≤ C

∫ t

0
(2− ln u(s))u(s)ds ≤ −C

∫ t

0
u(s) ln u(s)ds

By Osgood’s lemma,

E

[
sup

0≤t≤T
|X̂t − X̌t |

]
=: u(T ) = 0
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Introduction
Model

Propagation of chaos
McKean-Vlasov model

Definitions of the systems
Well-posedness of the limit system

Existence for the limit SDE

dX
[n+1]
t =− αX [n+1]

t dt + σ

√
µ

[n]
t (f )dWt

−
∫ ∞

0

∫
R
X

[n+1]
t− 1{

z≤f (X
[n]
t−)

}dπ(t, z , u)

(X [n])n is tight on D : X [φ(n)] → X

(Skorohod theorem)

It is then enough to prove that (for a subsequence)∣∣X [n+1] − X [n]
∣∣ −→
n→∞

0 a.s.

Let Sn(t) =
∑n

k=0 E
[
sups≤t |X

[k+1]
s − X

[k]
s |
]

n−1Sn(t) ≤ 1

n
− C

∫ t

0
n−1Sn(s) ln(n−1Sn(s))ds

By Osgood’s lemma,

Sn(t) ≤ Cn1−exp(−T ·C)

≤ C
√
n
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Well-posedness of the limit system

Another version of the limit system

The strong limit system :

dX̄ i
t =− αX̄ i

t dt + σ
√

E
[
f (X̄ i

t )|W
]
dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

The weak limit system :

dȲ i
t =− αȲ i

t dt + σ
√
µt(f )dWt

− Ȳ i
t−

∫
R+×R

1{z≤f (Ȳ i
t−)}dπ

i (t, z , u)

where µt = L(Ȳ 1
t |µt) is the directing measure of (Ȳ i

t )i≥1
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An auxiliary system :

dX̃N,i
t =− αX̃N,i

t dt + σ

√√√√ 1

N

N∑
j=1

f (X̃N,j
t )dWt

− X̃N,i
t−

∫
R+×R

1{
z≤f (X̃N,j

t− )
}dπi (t, z , u)

Let uN(t) = E
[
sups≤t |Ȳ 1

s − X̃N,1
s |

]
uN(t) ≤ −C

∫ t

0
uN(s) ln uN(s)ds + CN−1/2

µs(f )− N−1
∑N

j=1 f (Ȳ j
s )

By Osgood’s lemma,

uN(t) ≤ CN−C/2 −→
N→∞

0
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s )

By Osgood’s lemma,

uN(t) ≤ CN−C/2 −→
N→∞

0

Xavier ERNY Conditonal propagation of chaos 17 / 36



Introduction
Model

Propagation of chaos
McKean-Vlasov model

Martingale problem
Convergence of (µN )N

Convergence of (XN,i)1≤i≤N

dXN,i
t =− αXN,i

t dt +
1√
N

∑
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

dX̄ i
t =− αX̄ i

t dt + σ
√
µt(f )dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

Goal : (XN,i )1≤i≤N converges to (X̄ i )i≥1 in DN∗

Equivalent condition (Proposition (7.20) of [Aldous (1983)]) :
µN :=

∑N
j=1 δXN,j converges to µ := L(X̄ 1|W ) in P(D)
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Martingale problem
Convergence of (µN )N

Outline of the proof

Step 1. (µN)N is tight on P(D)
Equivalent condition : (XN,1)N is tight on D
Proof : Aldous’ criterion

Step 2. Identifying the limit distribution of (µN)N
Proof : any limit of µN is solution of a martingale problem
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Martingale problem

Given Q ∈ P(P(D)) (Q = L(µ))

Canonical space Ω := P(D)× D2 with ω = (µ, (Y 1,Y 2)) :

Meaning : (Y 1,Y 2) mixture of iid directed by µ

P(A× B) :=

∫
P(D)

1A(m)m ⊗m(B)dQ(m)

Q is solution of (M) if for all g ∈ C 2
b (R2),

g(Y 1
t ,Y

2
t )− g(Y 1

0 ,Y
2
0 )−

∫ t
0 Lg(µs ,Y

1
s ,Y

2
s )ds is a martingale

Lg(m, x1, x2) =− αx1∂1g(x)− αx2∂2g(x) +
σ2

2
m(f )

2∑
i ,j=1

∂2
i ,jg(x)

+ f (x1)(g(0, x2)− g(x)) + f (x2)(g(x1, 0)− g(x))
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Propagation of chaos
McKean-Vlasov model

Martingale problem
Convergence of (µN )N

Uniqueness for the martingale problem

Let Q be a solution of (M). Write Q = L(µ) where µ is the
directing measure of some exchangeable system (Ȳ i )i≥1

L(µ, Ȳ 1, Ȳ 2) = P (from the martingale problem)

Representation theorems imply (admitted)

∀i ∈, dȲ i
t =− αȲ i

t dt +
√
µt(f )dWt

− Ȳ i
t−

∫
R+

1{z≤f (Ȳ i
t−)}dπ

i (t, z)

Then the law of µ = L(Ȳ 1|W ) is uniquely determined
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t =− αȲ i
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− Ȳ i
t−

∫
R+

1{z≤f (Ȳ i
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Convergence of µN to the solution of (M)

Let µ be the limit of (a subsequence of) µN

L(µ) is solution of (M) if

E [F (µ)] = 0

for any F of the form

F (m) :=

∫
D2

m ⊗m(dγ)φ1(γs1)...φk(γsk )
[
φ(γt)− φ(γs)

+ α

∫ t

s
γ1
r ∂1(γr )dr + α

∫ t

s
γ2
r ∂2(γr )dr

−
∫ t

s
f (γ1

r )(φ(0, γ2
r )− φ(γr ))dr −

∫ t

s
f (γ2

r )(φ(γ1
r , 0)− φ(γr ))dr

− σ2

2

∫ t

s
mr (f )

2∑
i1,i2=1

∂2
i1,i2φ(γr )dr

]
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The expression of φ(XN,i ,XN,j)

By Ito’s formula,

Eφ(XN,i
t ,XN,j

t )− φ(XN,i
s ,XN,j

s ) =

E− α
∫ t

s
XN,i
r ∂1(XN,i

r ,XN,j
r )dr − α

∫ t

s
XN,j
r r∂2(XN,i

r ,XN,j
r )dr

+

∫ t

s

∫
R
f (XN,i

r )(φ(0,XN,j
r +

u√
N

)− φ(XN,i
r ,XN,j

r ))dν(u)dr

+

∫ t

s

∫
R
f (XN,j

r )(φ(XN,i
r +

u√
N
, 0)− φ(XN,i

r ,XN,j
r ))dν(u)dr

+

∫ t

s

∫
R

N∑
k=1
k 6=i ,j

f (XN,k
r )(φ(XN,i

r +
u√
N
,XN,j

r +
u√
N

)− φ(XN,i
r ,XN,j

r ))dν(u)dr
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Vanishing of E
[
F (µN)

]
The reset jump term∣∣∣∣φ(0,XN,j

r )− φ(0,XN,j
r +

u√
N

)

∣∣∣∣

≤ C
|u|√
N

The small jump term

N

∣∣∣∣φ(XN,i
r +

u√
N
,XN,j

r +
u√
N

)− φ(XN,i
r ,XN,j

r )

− u√
N

2∑
i1=1

∂i1φ(XN,i
r ,XN,j

r )− u2

2N

2∑
i1,i2=1

∂2
i1,i2φ(XN,i

r ,XN,j
r )

∣∣∣∣∣∣
≤ CN

|u|3

N
√
N

= CN−1/2|u|3

CN−1/2 ≥ E
[
F (µN)

]
−→
N→∞

E [F (µ)] = 0
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Convergence of (µN)N

dXN,i
t =− αXN,i

t dt +
1√
N

∑
j 6=i

∫
R+×R

u1{
z≤f (XN,j

t− )
}dπj(t, z , u)

− XN,i
t−

∫
R+×R

1{
z≤f (XN,i

t− )
}dπi (t, z , u)

dX̄ i
t =− αX̄ i

t dt + σ
√
µt(f )dWt

− X̄ i
t−

∫
R+×R

1{z≤f (X̄ i
t−)}dπ

i (t, z , u)

(µN)N is tight on P(D)

let µ be the limit of a converging subsequence

L(µ) is the unique solution of (M)

µ = L(X̄ 1|W ) is the only limit of (µN)N
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Limit system

McKean-Vlasov model

dXN,i
t = b(XN,i

t , µNt )dt + σ(XN,i
t , µNt )dβit

+
1√
N

N∑
k=1

∫
R+×RN∗

Ψ(XN,k
t− ,XN,i

t− , µ
N
t−, u

k , ui )1{
z≤f (XN,k

t− ,µNt−)
}dπk(t, z , u)

with µN := 1
N

∑N
i=1 δXN,i , and πk has intensity dt · dz · ν(du)

(ν = ν⊗N
∗

1 )

Dynamic of XN,i :

while there is no jump, the dynamic is given by the drift and
Brownian terms
if there is a jump at time t, created by neuron k , each
neuron i creates a r.v. U i (the U i are i.i.d.),

XN,i
t = XN,i

t− +
1√
N

Ψ(XN,k
t− ,XN,i

t− , µ
N
t−,U

k ,U i )
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Heuristics for the limit system
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JN,it =
1√
N

N∑
k=1

∫
Ψ(XN,k

s− ,XN,i
s− , µ

N
s−, u

k , ui )1{
z≤f (XN,k

s− ,µNs−)
}dπk(s, z , u)

〈JN,i , JN,j〉t =
1

N

N∑
k=1

∫ t

0

∫
R

∫
RN∗

Ψ(XN,k
s ,XN,i

s , µNs , u
k , ui )Ψ(XN,k

s ,XN,j
s , µNs , u

k , uj)f (XN,k
s , µNs )ν(du)ds
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Particular case
Ψ(x , y ,m, u, v) = Ψ(u, v)

〈JN,i , JN,j〉t =

∫ t

0

∫
R

∫
RN∗

Ψ(u1, ui )Ψ(u1, uj)f (x , µNs )ν(du)µNs (dx)ds

=

=κ2

∫ t

0

∫
R
f (x , µNs )µNs (dx)ds if i 6= j

with ς2 =
∫

Ψ(u1, u2)2ν(du) and κ2 =
∫

Ψ(u1, u2)Ψ(u1, u3)ν(du)

J̄ it = κ

∫ t

0

√∫
R
f (x , µs)µs(dx)dWs+

√
ς2 − κ2

∫ t

0

√∫
R
f (x , µs)µs(dx)dW i

s

with W ,W i i.i.d. Brownian motions and µ = L(X̄ i |W )
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Propagation of chaos
McKean-Vlasov model
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General case

〈JN,i , JN,j〉t =

∫ t

0

∫
R

∫
RN∗

Ψ(x ,XN,i
s , µNs , u

1, ui )Ψ(x ,XN,j , µNs , u
1, uj)f (x , µNs )ν(du)µNs (dx)ds

Problem : the blue term is not a product, but an integral of a
product

Solution : let M(dt, dz) = Mt(dz) be a martingale measure on
R+ × E with intensity dt ·mt(dz),

〈M·(A),M·(B)〉t =

∫ t

0

∫
E

1A(z) · 1B(z)ms(dz)ds

Here : E = RN∗ × R and ms(du, dx) = ν(du) · µs(dx)
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Limit system (1)

dX̄ i
t =b(X̄ i

t , µt)dt + σ(X̄ i
t , µt)dβ

i
t

+

∫
Ψ̃(x , X̄ i

t , µt , v)
√

f (x , µt)dM(t, x , v)

+

∫
κ(x , X̄ i

t , µt)
√
f (x , µt)dM

i (t, x)

with

Ψ̃(x , y ,m, v) =

∫
RN∗

Ψ(x , y ,m, v , u1)ν(du)

κ(x , y ,m)2 =

∫
Ψ(x , y ,m, u1, u2)2ν(du)−

∫
Ψ̃(x , y ,m, u1)2ν(du)

Interpretation of Ψ̃ :∫
Ψ̃(x , y ,m, u1)2ν(du) =

∫
Ψ(x , y ,m, u1, u2)Ψ(x , y ,m, u1, u3)ν(du)
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Limit system (2)

dX̄ i
t =b(X̄ i

t , µt)dt + σ(X̄ i
t , µt)dβ

i
t

+

∫
Ψ̃(x , X̄ i

t , µt , v)
√

f (x , µt)dM(t, x , v)

+

∫
κ(x , X̄ i

t , µt)
√
f (x , µt)dM

i (t, x)

M and M i are orthogonal (not independent) :

M i
t(A) =

∫ t

0

∫ 1

0
1A(F−1

s (p))dW i (s, p)

Mt(A× B) =

∫ t

0

∫ 1

0

∫
R

1A(F−1
s (p))1B(u)dW (s, p, u)

with :
W i ,W independent WN with intensities dtdp and dtdpν1(du)

F−1
s = generalized inverse distribution function of µs
µs = L(X̄ i

s |W )
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Generator of the limit system

dX̄ i
t =b(X̄ i

t , µt)dt + σ(X̄ i
t , µt)dβ

i
t

+

∫
Ψ̃(x , X̄ i

t , µt , v)
√

f (x , µt)dM(t, x , v)

+

∫
κ(x , X̄ i

t , µt)
√
f (x , µt)dM

i (t, x)

Lg(y ,m, x , v) = b(y1,m)∂y1g(y) + b(y2,m)∂y2g(y)

+
1

2
σ(y1,m)2∂2

y1g(y) +
1

2
σ(y2,m)2∂2

y2g(y)

+
1

2
f (x ,m)κ(x , y1,m)2∂2

y1g(y) +
1

2
f (x ,m)κ(x , y2,m)2∂2

y2g(y)

+
1

2
f (x ,m)

2∑
i ,j=1

Ψ̃(x , y i ,m, v)Ψ̃(x , y j ,m, v)∂2
y iy jg(y)

Representation theorems : [El Karoui & Méléard (1990)]
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Thank you for your attention !

Questions ?
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