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Introduction







Considérons un processus de diffusion unidimensionnel (X;) défini par une équation differentielle
stochastique de la forme:

dXt = b(Xta i, O')dt + G:(Xt, O')dBt, XO =7 (1)

ou B est un mouvement brownien standard, et les fonctions b et a dépendent de parameétres inconnus
p, o. Le probleme étudié¢ dans cette thése est celui de I’estimation de ces paramétres, & partir de
deux types d’observations pour lesquelles la trajectoire X n’est pas observée directement, mais se
trouve cachée.

D’une part (Partie I de la thése), nous considérons une observation discrétisée de pas A du

processus

¢
I = f X,ds. (2)
0
D’autre part (Partie II), nous étudions le cas de modeéles définis par:
dY, = p(Xs, t)dt + ordWi, Yo =1 (3)

olt X; = o} est une diffusion positive vérifiant une équation differentielle stochastique de la forme

| (1), W est un autre mouvement brownien pouvant étre corrélé avec B et p une fonction connue

\ ou inconnue mais dont la connaissance présente peu d’intérét. Nous supposons disposer d’une
observation discrétisée de la trajectoire (Y;) uniquement.

| Les deux cas correspondent & des modéles de diffusions bidimensionnels pour lesquels on n’ob-

serve que 'une des coordonnées, I'autre demeurant cachée et inaccessible & ’observation.

e en premiére partie, I’observation est (I;) avec:

dly = Xdt
dXt = b(Xt, M, O')dt + G(Xt, O')dBt

¢ en seconde partie, 'observation est (¥;) avec:

dY; = p(Xt, t)dt + o dW;
02 =Xy, dX;=b(Xys,p,o0)dt+ a(Xs,0)dBs.

L’origine et la motivation de cette étude proviennent des modéles stochastiques utilisés en finance
et des problémes qu’ils soulévent tant en probabilité qu’en statistique.

En effet, en 1973, F. Black et M. Scholes suggérent de modéliser le prix S; d’un actif financier
par un mouvement brownien géométrique:

d.—St = udt + cd B,
St

OU 4 et o sont des constantes et o est la volatilité de 1’actif. (Par consequent, Y; = log S; vérifie
2
dY; = (u - % )dt + 0dB,).




De ce modele, il déduisent la trés célebre “formule de Black et Scholes” d’évaluation des options
européennes. Depuis lors, des constatations empiriques portant sur les prix observés d’options, ou
sur les queues de distributions des prix d’actifs ont conduit & rejeter le modele & volatilité constante
et d’autres modeles ont été proposés par Hull et White (1987) oii 02 n’est plus une constante, mais
est une autre diffusion X; = o2, positive, régie par un autre mouvement brownien. Ces modéles
sont connus sous le nom de “modeles & volatilité stochastique”. Notons cependant que, dans la
littérature, cette dénomination recouvre souvent aussi les modeles 3 temps discret du type ARCH
introduits par Engle (1982) toujours pour améliorer le modéle de Black et Scholes en tenant compte
des propriétés observées des queues de distributions d’actifs. Les deux approches temps continu—
temps discret ne sont pas sans rapport puisque les modeéles & volatilité stochastique continus peuvent
étre obtenus comme approximations diffusions de modéles ARCH (Nelson (1990)).

Cette dénomination (volatilité stochastique) est aussi employée lorsque o = o(St) ne dépend
que de lactif (il n'y a qu’'un seul mouvement brownien) ou encore lorsque o = o} est un processus
stochastique autre qu’une diffusion (voir par exemple Barndorff-Nielsen et Shephard (1998), Drost
et Werker (1996), Frey et Runggaldier (1999)).

Dans un modéle a volatilité stochastique de type Hull et White (1987), les prix d’options
dépendent des lois des intégrales I; = fot Xsds. Sur le plan statistique, les données disponibles sont:

e les prix d’options observés sur les marchés financiers
e les prix des actifs eux—mémes.

A partir des prix d’options, il est possible de reconstituer des données pour les intégrales fot Xds
a differents instants ¢ (cf Patorello et al. (1994)). Ceci fournit une premitre justification  notre
partie I. On peut y ajouter la modélisation de phénomenes d’accumulation (fatigue de machine,
niveau de cours d’eau) (cf Lefebvre (1997)): X est la vitesse d’évolution du phénomene, et I son
niveau qui est observable.

Enfin, dans notre cas, la partie I a été le soubassement de la partie II. En effet, les deux
types de modeles sont liés puisque la variation quadratique de Y; dans le modele (3) est justement
<Y >= 1.

Avant d’entrer dans les détails des chapitres, précisons que ceux—ci ont été écrits pour étre lus
de fagon autonome. Ainsi, chaque chapitre contient les rappels des chapitres précédents nécessaires
a sa compréhension ce qui implique des redites pour I’ensemble du texte de la theése.

Partie I. Statistique basée sur ’observation discrétisée de ’intégrale
d’une diffusion.

Le probléme statistique d’estimation des paramétres d’une diffusion multidimensionnelle a été
étudié par de nombreux auteurs. Parmi eux, citons, quoique la liste soit loin d’étre exhaustive,
Bibby et Sgrensen (1995), Dacunha-Castelle et Florens-Zmirou (1986), Genon—-Catalot et Jacod
(1993), Kessler (1997), Kessler et Sgrensen (1999), Kutoyants (1984). Cependant aucun de leur




résultats ne s’appliquent & la diffusion (I3, X;). Nous n’avons trouvé aucune référence statistiques
pour le couple (I, X3).

Le modele répond aux équations (1)-(2). L’échantillon observé (ljn,i = 1,... ,n) n’est en
fait plus markovien. C’est un modeéle de Markov caché: la chaine cachée est ici (Iin, Xin). De
nombreux auteurs se sont intéressés & de tels modeles (cf, Leroux (1992), Ryden (1994), Bickel et
Ritov (1996), par exemple). Toutefois les références statistiques sur le modeles de Markov cachés
supposent, pour la plupart, que la chaine cachée est & espace d’état fini.

Pour simplifier le probléme et préparer d’éventuelles généralisations, nous avons étudié, en
premier lieu, le cas particulier ot X est un processus d’Ornstein-Uhlenbeck.

Chapitre 1.1. Estimation de parameétres pour une discrétisation de Pintégrale
d’un processus d’Ornstein—-Uhlenbeck.

L’intérét de cet exemple particulier est que ’on peut mener tous les calculs de facon explicite.
Considérons (X;) le processus solution stationnaire de dXy = pXidt + odB; et introduisons pour
A réel strictement positif et ¢ entier, J; = fi(gH)A X,ds.

Nous vérifions que (J;) est un processus gaussien stationnaire ARMA(1,1) de coefficient de a—
mélange exponentiellement décroissant. Cette structure ARMA(1,1) est mise en évidence par la
relation suivante entre deux observations successives.

(i+1)Aa (i+2)A
Tig—etbg = / (8 — erlltDA=9))p 4 T / (H@+Da=9) _1yqp. (4
B Jin K JGE+1)Aa

La densité spectrale de (J;) vérifie les conditions qui assurent que V’estimateur de Whittle, noté
6, = (fin,62) est consistant et asymptotiquement gaussien. Il est alors équivalent au maximum
de vraisemblance exacte (voir par exemple Dzhaparidze et Yaglom (1983)). Nous obtenons une
expression explicite pour le contraste de Whittle. Si y est connu, ’estimateur &,21 est alors lui aussi
explicite.

Nous considérons ensuite un estimateur moins spécifique au caractére gaussien des observations
et donc a priori plus adapté & une généralisation pour d’autres diffusions. Pour cela nous utilisons
la méthode que Ryden (1994) a introduite dans le cadre des chaines de Markov cachées. Nous
nous donnons un entier m superieur ou égal & 1 et découpons notre observation (Jo,---Jnm—1) en
paquets de taille m, (Jgpm, ... s Jk(m+1)-1), pour k = 0,...,n — 1. Nous utilisons, alors, comme con-
traste la log-vraisemblance qu’aurait I'observation si ces paquets étaient indépendants. Le contraste
est donc la somme des log-vraisemblances de chacun de ces paquets. On note éf(lm) = (ﬁgtm), o:zflm))
Pestimateur résultant de ce contraste, appelé en anglais “Maximum likelihood split data estima-
tor” (MLSDE). En utilisant la propriété de a-mélange des J;, nous démontrons la consistance et
normalité asymptotique pour 9~,(lm) et donnons une expression pour la variance asymptotique.

En évaluant numériquement cette variance asymptotique théorique, il apparait que, plus m est
grand, plus ’estimateur de Ryden se rapproche de efficacité (ce qui n’est pas étonnant). Il est, au
contraire, plus inattendu que, quand A tend vers 0, la variance asymptotique de a~2£lm) augmente
fortement, méme si la vraie valeur de u est connue. L’estimation de o2 par cette méthode est donc
bien moins bonne que par (;2n dont la variance asymptotique est indépendante de A.




Nous éclairons ce résultat numéri?ue par un résultat théorique, en calculant Péquivalent suivant
pour la variance asymptotique de 02nm) quand m = 2 et u est connu:

) (m) g
var o°, ~a_y0

Bien que restreinte au processus d’Ornstein—Uhlenbeck, I’étude du Chapitre 1 est de portée
moins limitée qu’il n’y parait au premier abord. En effet, le contraste de Whittle peut se calculer
lorsque X est un diffusion & dérive linéaire de la méme maniere que lorsque X est un processus
d’Ornstein~Uhlenbeck.

De plus, ce chapitre nous a éclairé sur les comportements différents pour l'estimation des
parametres de dérive u et de variance o. La variance d’estimation pour fin est d’ordre (nA)~1,
celle pour (f2n d’ordre n~1. Au contraire, ’estimateur de Ryden ne fait pas la difference entre
parametres de dérive et variance, tout deux sont estimés avec une variance en (nA)~1,

Ce comportement & double vitesse a aussi été mis en évidence par Kessler (1997), lorsque I’on
observe la discrétisation d’une diffusion (quelconque) avec un pas A = A, tendant vers 0. Dans les
prochains chapitres, nous nous placerons aussi sous I'hypothése d’un pas de temps tendant vers 0.

Chapitre I.2. Discrétisation d’une intégrale de diffusion et comparaison avec le
schéma d’Euler.

Quand X n’est plus un processus d’Ornstein~Uhlenbeck, 1a vraisemblance exacte de (Jo, -y Jn1)
n’est en général plus explicite. En effet, la densité de ce vecteur est lide a la densité de transition
de la diffusion (I;, X;) qui n’est explicite que dans trés peu de modéles (voir Donati-Martin et
Yor (1997), Leblanc (1997), pour X processus de Cox-Ingersoll-Ross). Nous avons, par contre,
démontré dans I'appendice de cette thése, que sous de conditions faibles sur X, cette vraisemblance
existe (mais est incalculable).

Comme la vraisemblance exacte n’est pas explicite, afin de simplifier 'obtention de contrastes
lorsque X est une diffusion quelconque solution de (1), nous nous plagons sous I’hypothése classique
d’un pas de temps A = A,, tendant vers 0. Dans le cas d’une observation de X , cette hypothése
permet de trouver des contrastes explicites, conduisant & une estimation équivalente au maximum
de vraisemblance (Kessler (1997)).

Notre observation, Jin = fi(Aitl)A" Xsds pour i =0, . .. »7 — 1, dépend donc maintenant de n.

L’objet de ce chapitre est d’obtenir des développements de AT comme approximation de
Xin,, afin de voir ’il est possible de déduire des résultats classiques de statistique sur (Xia,,) des
résultats sur (A;L1J; ).

Une difficulté provient du fait que nous considérons une diffusion X & valeurs dans (I,r) avec
—00 < I <7 < oco. 1l nous faut formuler une hypothése qui assure que la diffusion n’approche
pas trop les bords I, r qui sont en général des points d’irrégularité pour les fonctions que nous
considérerons dans la suite. Pour cela nous Introduisons deux fonctions B, et B, sur (I,r) tendant
respectivement en [ et r vers I’infini (on prend par exemple Bi(z) = 1+ (z — )~ et B.(z) =
1+ (r — )71 quand les bornes sont finies et By(z) =1+ |z|* ou B (z) =1+ |z|* quand | = -0




ou 7 = 00). Nous introduisons I’hypothése (R) suivante:

Vk>0, 3¢>0, Vt >0, E ( sup By(X,)* | gt> < cBF(Xy) (5)
sE€[t,t+1])

Vk>0, 3c¢>0,Vt>0, E ( sup B (X;)* | gt) < eBF(X,) (6)
SE[t,t+1]

ol Gy = 0(Xs,8 < t).

Nous démontrons que, pour une diffusion sur (—oo,00), cette hypothése est vérifiée si les coef-
ficients a et b vérifient la condition usuelle de croissance sous-linéaire.

Vérifier (R) est plus difficile quand 1'un des bords est fini. Nous avons étudié notamment les
diffusions suivantes sur (0, c0),

1
dX; = p(Xy —m)dt + O’X;/}dBt, p<0, mo>0etyc [5, 1].

Pour ¢ = 1 (diffusion bilinéaire), on peut ramener le probléme de la borne 0 3 une borne infinie en
considérant X 1.

Le cas ¢ = % (processus en racine carrée) est plus difficile & obtenir. Nous montrons que si
co = 2'5# > 1, la condition (R) est verifiée avec la restriction que (5) n’est vraie que pour k < co—1.
Remarquons que, si ¢y < 1, la borne 0 est atteignable et donc (R) ne peut étre vraie.

Nous déduisons ensuite le cas 1) € (%, 1) du cas précédent.

Les résultats principaux de ce chapitre sont les développements suivants obtenus sous (R) et

sous des conditions de régularité des fonctions a et b. On a:

1

AN in — Xin, = a(Xin,)AZEL, + ein (7)
1
A;lJi_H,n — AT_LIJi,n - b(A;IJi,n)An = a(XiAn)Aﬁ (fi,n + 61"+1,n) +Ein (8)
ou
3 p+1)An _3 [l+2)A,
fi,n = An 2 / (S - ’LAn)st et &_}_Ln = A'n, ? ((Z + Q)An - S)dB57
iAn (i+1)An

sont deux variables gaussiennes indépendantes de variance % De plus, les termes ein et €; 5 sont des
. ’ . “, . R 2
termes de reste, d’ordre A,; €; 5, vérifie la condition de centrage suivante: E(|E(g;n | Gia,)|) < cA2.
1

Le développement (7) montre que la différence entre A7 n et X, est d'ordre A2 et calcule
le terme de premier ordre de cette différence.

Le développement (8) est une formule de type schéma d’Euler pour (J; ,), qui est ’approxima-
tion pour une diffusion X quelconque de la formule exacte (4) obtenue quand X est un processus
d’Ornstein-Uhlenbeck. Dans le cas particulier ot g est constante, comme (§;,n+&; . ,,) a la structure
de covariance d’un processus MA(1), on voit que le processus (A;1J; ) est proche d’un processus
gaussien ARMA(1,1) quand A, — 0. Son comportement est donc trés différent de celui de (X;a,)
qui est proche d’un AR(1) gaussien.




On déduit des développements précédents, le comportement de la variation quadratique des
moyennes de X. Si A, = % (T est fixé), on montre, en effet, que
n—1 2
S (A isan = A7 i) B2 5 [ ¥ (Xo)ds. ©)
i=0 0
Ce résultat est 3 rapprocher de ceux de Dellatre et Jacod (1997), qui étudie la variation quadratique

du processus X observé avec erreurs d’arrondies.
On voit ainsi que l'on ne pourra pas remplacer X;a, par Ay 1J; n dans les théorémes usuels.

Chapitre I.3. Estimation de parametres pour une observation discréte de I’intégrale
d’une diffusion.

Nous reprenons le cadre de travail du chapitre précédent, la diffusion X est de plus récurrente
positive sur (I,7), avec une mesure invariante vp. Le temps total d’observation nA, tend vers
I'infini quand n — co.

Les premiers résultats de ce chapitre sont des théorémes limites pour des fonctionnelles de
X_i,n = A, 1Ji,n. Nous établissons, en utilisant les développements du chapitre 2, les convergences

suivantes pour f : (I,7) — R suffisamment réguliere.

n~! Z F(Xin) 727 wolf) (10)
1=0
-1
DS (K (Kitin — Ko — Anb(Fi) 225 200l ) (1)
=0
1
S o) Fitrn ~ Kon)? 225 Zw0(1) (12)
0

Les résultats (11)-(12) sont & premitre vue suprenants et soulignent les différences entre Xin et
Xin,- En effet, si 'on remplace dans le terme de gauche de (11), Yin par X;a, et _Xi“,n par
X(i+1)A,, alors la limite est 0. Dans (12), par la méme transformation la limite est vo(f).
Cependant, ces résultats sont compréhensibles graces aux développements (7)-(8). Le facteur
2 dans (11) est la variance de (§;;n +&;,)- La limite non nulle dans (12) provient de la corrélation
entre X, et Xitin — —fi,n — Apb(X;n) due & la corrélation cor(¢; i (&in + §z+1 n) = %
Nous prouvons, si nA2 — 0, des théorémes de limite centrale associés & (11)- (12),

n—1
(nAn)_% Z {f(yi,n)(yi+l,n - Yi,n - Anb(7 )) f (Xz n)( i+1n T Yi,n)z} %oi) N (0, Vo (GQfQ))

2

— -X; —
n ;Zg Xin { z+1nA 'L,n) —a2(Xi,n)} L‘;:’E) N(O,Vo(a4g2)).
o n

Les deux expressions ci-dessus sont, de plus, asymptotiquements indépendantes.




Supposons, maintenant, que les coefficients de diffusion et de dérive, a(z, o) et b(z, 1) dépendent
d’un paramétre 8 = (u,0) € ©, o © = O x O, et O, O sont deux compacts de R. Pour estimer

ce parameétre, nous intoduisons le contraste suivant

= (7i+1n - - b(X’LTL H)A =
= ’ . + ) 1 ,
Ln(0) g %An(ﬂ(Xi,n,O' Z Oga Xin,0)
zna,U') s . \2 3
2 Zax( ( im0 )) (X1+1,n Xz,n) 2A, (13)

Ce contraste est une modification du contraste usuel basé sur (X;a,) (voir Kessler (1997) par
exemple) qui tient compte des différences entre fonctionnelles de Xin, et de Yi,n mises en évidence
par (10)—(12).

Gréce aux théorémes limites précédemments établis nous montrons la consistance de 1'estima-
teur associé, (fin,6n) = arginf(, ;)co, xp, Ln (K, 0).

Nous établissons, ensuite, la convergence en loi de ((nA )%( —~ 1o), %(‘ — 00)) Vers une

loi gaussienne

8,b)2(., -1 9 9s0)%(.,0 -
(0o (SR} o (035 o ()} ).
Le parametre de diffusion est estimé 3 la vitesse n%, celui de dérive a la vitesse (nA,) 2. L'estimation
des parametres de dérive est efficace. Notons que la variance asymptotique de &, est légerement
supérieure a celle obtenue par Kessler (1997), pour estimer o, lorsque la diffusion X elle-méme est
observée.
Des exemples (incluant les modeles classiques de diffusions utilisées en finance) et des résultats

numériques sur données simulées sont présentés. L’estimation s’avere bonne sur des échantillons
finis.

Partie II. Modéles a volatité stochastique.

De nombreux auteurs (Gourieroux et al. (1993); Ruiz (1994); Renault et Touzi (1996); Genon-
Catalot, Jeantheau et Laredo (1999); Sgrensen (1999)) se sont intéressés au probléme de I'estimation
des paramétres de (1) lorsque seule Y solution de (3) est observée.

Par exemple, une méthode explicite basée sur 1’échantillon (YiAn)OSiSn—l est proposé par
Genon-Catalot et al. (1999). Pour une diffusion ergodique, les auteurs estiment les parametres
inconnus de la distribution stationnaire de la diffusion cachée X. Notre but est, soit, estimer
le coefficient de diffusion sur un intervalle de temps fini, soit, estimer tous les parametres de X
lorsqu’elle est ergodique.

Ceci est 'objet des deux prochains chapitres. Nous introduisons un nouveau type d’observation
de Y. La trajectoire de Y est observée selon une double discrétisation, aux instants (i + L)A avec
t=0,...,n—1,57=0,...,m. Nous avons donc N = nm + 1 observations de pas mT1A,,.




Chapitre I1.1. Discrétisation du modéle a volatilité stochastique sur un intervalle
de temps fini, approximation de la volatilité intégrée et applications statistiques.

Nous reprenons les notations du chapitre 2 de la Partie I, mais ici X est & valeurs dans (0, 00) et
Y est solution de (3). Pour m > 1, nous introduisons ’approximation, basée sur une discrétisation

de pas % de Y, de la variable désormais non observée J; ,:

m—1
= . _ 2
- Z(Y(H%)An - Y(i+;,§)An) :
Jj=0

Dans un premier temps nous montrons que l'erreur d’approximation E;  ;m = A, 1j{,7;1 —A;
est d’ordre m~z. Nous calculons, lorsque B et W sont indépendants, un développement au premier
ordre de la variance conditionnelle & X de cette erreur. Cette étude de E; 5, , nous permet dans le
cas ol A, = n~! d’tablir le comportement de I’approximation de la variation quadratique de X
sur [0,1]: on montre que si m, est une suite d’entiers tels que n%m,‘l 1 — 0, alors

n—2 1

- 2
S (AndT = AgJT)? = §/0 2(X, )ds+4—/ X2ds + op(1). (14)
1=0

En comparant avec (9), on voit qu’un nouveau terme de biais, dii 4 la variance des erreurs E;nm
est apparu.
Si le modeéle sur (Xt);eo,1) 2 la forme multiplicative

dXt = 9a(Xt)dBt + b(Xt)dt,

I’équation (14) nous suggere d’introduire I’estimateur suivant de § basé sur (Y(z +4)1 )i=o0,...,n—1 (Ob-
m’n  j=0,....m

servation sur [0, 1]).

o= 33 { O B4 B

i=0 a?(nJ77.) ™ a?(nJ]7,)

Comme a~! peut étre borné en 0 ou oo, pour étudier é2n,m, nous avons besoin de l’existence et
de majorations pour les moments de j[:}l et de (j{”:l)“l. Les bornes pour les moments de ji"’:l sont
plus aisés & obtenir que celles des moments de (j{,’;l)‘l. Pour ce faire, nous démontrons d’abord
une inégalité sur les petites déviations autour de 0 de la somme de variables aléatoires positives.
Nous déduisons alors le résultat suivant.

Vk >0,3¢>0,Yi,n >0,Ym>2k+3, E (B@(A;lj{j;) | gmn) < cBE(Xia,), pour Bo(z)=1+z71,

Vk>0,3¢>0,Vi,n,m >0, FE (Bk (A 1Jm) | Gin, ) < cng(XiAn), pour By (z) =1+ z.

Grace & ces inégalités, nous pouvons montrer la consistance suivante:

~

.2 N
Sintmil 50, G2, 2256
De plus,
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. 14
e simy, =n alors n? (62, ,, — 6?) est tendue,

. _ L4 . . , .
e sinm_ ! — 0 alors n2(#2,,, — 62) converge en loi vers une gaussienne centrée de variance
n siln
994
70°%.

3 . . . 1 .
Remarquant que 62, ,, utilise n? observations de Y et estime & vitesse n? , ous avons construit un
. N 1 N - .
estimateur & vitesse N4, ol N désigne le nombre total d’observations.
. 1 . . . L i (o .
Cette vitesse lente, N 1, se fait ressentir lors de I’étude numérique de 0rn,m sur données simulées

93‘). Il faut en effet beaucoup de données pour obtenir une estimation précise. On

(pour X; =e
s’apercoit en particulier que I’estimation des petites valeurs de  est tres difficile. Nous expliquons

ce comportement par une étude théorique de la loi de I’estimateur sous I’hypothése 8 = 0.

Chapitre I1.2. Estimation de paramétres pour une diffusion cachée

Nous reprenons le cadre de travail du chapitre précédent, avec X récurrente positive sur (0, 00), de
mesure stationnaire vy et nA, — co. Grice aux majorations du Chapitre II.1. sur 'erreur E;nm,
nous trouvons les conditions sur la vitesse & laquelle m,, doit tendre vers I’infini qui assurent que dans
les énoncés (10)—(12), on peut remplacer X;, = A;'J;, par son approximation an =A; 1jl"7‘1
Nos résultats sont les suivants.

Si my, — 0, ‘IZf X0 25 wo(f)
- 5 1
Si my" = o(An), Zf (XI5 (X ~ XT3 — Aab(XT2)) 2255 Zuol(f)
. 2
Sim., 1 = o(Ay), 1Zf an X:Tin X;:ln)z oo, 3l/o(f)
1=0

Sous les conditions plus réstrictives nA2 — 0 et m 1 = o énﬂ), nous prouvons des théorémes de
limites centrales, qui sont analogues & ceux obtenus dans le chapitre I.3. (avec X’im remplacant
X i,n)-

Nous supposons maintenant que a(z,¥) dépend d’un parameétre ¥ € ©, et b(z,u,d) d’un
parametre supplémentaire 4 € O, ou ©; et ©, sont des compacts de R. (Il est pratique pour
les modeles de diffusions positives de supposer que b depend du couple (i, 9). Ceci est par exem-
ple, le cas si X est 'exponentielle d’un processus d’Ornstein—Uhlenbeck.)

Nous reprenons alors le contraste (13), en remplacant les X; , par X 7 et b(z, u) par b(z, 4, 9).

En minimisant ce contraste nous obtenons un estimateur Hnm = (,unm 1§ m)- Grace aux
théorémes limites précédemment établies, nous montrons alors que si m;; = o(Ap), l'estimateur

62, m, est consistent.
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De plus si nAZ — 0 et m,, = o(n"1A,), il est asymptotiquement normal:

((080) (i = 110),13 (B = 90)) 222

o () o (o ()

On s’apercoit que notre estimateur f, m, a le méme comportement asymptotique que les estima-

. . L g . 1 .
teurs efficaces basés sur 'observation directe de X (c’est & dire une vitesse (nA,)? et une variance
3 (a b)z(-,#o;ﬂo)
asymptotique vq (—“—a.zm— )
. . 1 . . .
La vitesse d’estimation de 9, n?, est lente devant le nombre d’observations disponibles nm,,.
Des exemples, avec simulations numériques sont présentés.

Appendice. Un probleme d’existence de densité.

Dans cet appendice, nous établissons 1'existence de densité, par rapport 4 la mesure de Lebes ue,
p g

pour le vecteur (Jy,...,J;) = (foA Xgds, ..., fq(gﬂ)A Xsds). En effet, nous montrons que sous les
conditions assurant l’existence de densité de transition pour (1), le vecteur (Jp, ..., Jg) admet, pour

tout ¢, une densité.
Comme pour les observations du g-uple (X, kA)k<q—1, cette densité est difficilement exploitable
sur le plan statistique.
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Partie I. Statistique basée sur ’observation
discrétisée de l’'intégrale d’une diffusion
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Chapitre I.1. Estimation de parameétres pour une discrétisation
de ’intégrale d’un processus d’Ornstein—Uhlenbeck
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Parameter estimation for a discrete sampling of an integrated
Ornstein—Uhlenbeck Process.

Abstract

We study the estimation of parameters 6 = (u,0?) for a diffusion dX; = a(X:,0?%)dB; +
b(X¢, n)dt, when we observe a discretization with step A of the integral I; = fot Xsds. To keep
computations tractable we focus on the case of an Ornstein-Uhlenbeck process, but our results
provide information on how to deal with other processes. We study an efficient estimator 6,

based on the Gaussian property of the process ( fi(:H)A Xsds)i>0, and we give an estimator 6,

based on Ryden’s idea of maximum likelihood split data. We compare these different estimators:
first we give some numerical results, then we give a theoretical explanation for these results.

AMS 1991 subject classification. 62F12, 62M09, 62M10.
key words: diffusion processes, discrete time observation, parametric inference, minimum contrast,

Whittle approximation.

(To appear in Statistics.)
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1 Introduction

Parameter estimation for a diffusion process (X;);>0, which solves dX; =
a(X¢,02)dBy + b(Xy, u)dt is now classical. It has been treated under many different assumptions
for the observation of the sample path: (X;) may be continuously observed throughout a time in-
terval [0, 7] (see Kutoyants (1981)); or only a discretization may be observed, the sampling interval
A being fixed or tending to zero as the number of observations tends to infinity (see Bibby and
Serensen (1995), Dacunha-Castelle and Florens-Zmirou (1986), Genon—Catalot and Jacod (1993),
Kessler (1997)).

In this paper we suppose that we don’t observe the process (X;) itself but a discrete sampling
of the integrated process I; = fot X,ds.

Integrals of diffusion processes have recently been considered in the field of finance in relation
with the stochastic volatility models (see e.g. Ghysels et al. (1996) for a survey of these models).
Data may be obtained from option prices and their associated implied volatilities (see e.g., Pastorello
et al (1994), Taylor and Xu (1994, 1995)).

The process (Iy)i>o is discretely observed with a regular sampling interval A. For a general
diffusion X, the exact distribution of a n-sample (/;a, 7 < n) is not explicit. Therefore, we consider
one of the few models for which computations are possible in order to try and compare different
inference methods in view of further generalizations. In this paper, we study the case where (X;)

Is a strictly stationary Ornstein—Uhlenbeck process:
dXy = pXidt + odB;s.

The unknown parameter 6 = (u,0?) is to be estimated from the observation of (I;a,i < n) which
Is equivalent to the observation of the increments (J; = Ij1ya — Lin, 1 <n—1).

We first investigate the probabilistic properties of the process (J;,i € N) (Section 2). It is a
Gaussian ARMA(1,1) process with exponentially decaying a-mixing coefficient.

In Section 3, we study efficient estimators of 8. Although the exact distribution of (J;,7 < n) is
explicit, the likelihood function is hardly tractable. So we study the Whittle estimator of § which is
known to be asymptotically equivalent to the maximum likelihood estimator (see Dzhaparidze and
Yaglom (1983)).
when p is known, the Whittle estimator 5271 is explicit and its asymptotic variance is equal to 20?.

It turns out that the Whittle contrast is explicit (Theorem 3.1). In particular,

In Section 4, noting that (J;,% € N) is a special case of Hidden Markov Chain, we use Ryden’s
approach to build other estimators namely the maximum likelihood split data estimator (MLSDE)
(see Ryden (1994)). For m integer, the MLSDE 6{™ is based on the maximization of the likelihood
of a n-sample distributed as (Jy, J1,...,Jm—1). Thus 0~,(1m) uses nm datas. We prove that it is
consistent, asymptotically Gaussian and give an expression for its asymptotic covariance matrix.

Section 5 deals with the comparison of asymptotic covariances of the previous estimators. We
give numerical values and a theoretical comparison. The conclusions are the following. For large
values of m, the MLSDE and the Whittle estimator have a close asymptotic behaviour. For small A,

the results are more surprising. For the drift parameter, the asymptotic variances of estimators are
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similar. For the diffusion coefficient parameter, they are quite different. The asymptotic variance
of o2, does not depend on A, whereas the asymptotic variance of a~2flm) is of order % (Theorem
5.1).

In Section 6, we discuss possibilities of extensions of the two methods to more general diffusion

processes.

2 Model and assumptions

In this section, we describe the probabilistic properties of the observed process.

Let (C' = C(R4,R),C, (Ct)i>0, (X, > 0),Pg) be the canonical probability space associated with
the observation of a strictly stationary Ornstein-Uhlenbeck process with parameter § = (i, 02): for
t > 0, X; is defined on C by Xy(w) = wt, G = 0(Xs, 0 < s <t),C =0a(Xy, t > 0); 6 = (u,0?)
is a two-dimensional parameter: #; = pu is negative, and 3 = o2 positive; Py is the probability
on (C,C), such that, under Py, there exists a standard Brownian motion (BY,¢ > 0), adapted to
(C¢)t>0 and such that the canonical process (X;)s>0 is solution of:

dX; = pXedt + odB? (1)

with Xy centered, Gaussian, with variance §U|/-2t_| and independent of BY.
Under Py, the process (X¢,t > 0) is a stationary Ornstein-Uhlenbeck process. Solving (1), we
obtain, for all ¢ > 0 and A > 0:

t+h
Xion = et X, + etHh) o /t e " dB? (2)

For A a positive real and ¢ € N, let

(i+1)A

J; = / X,ds forieN (3)
in

The process (J;)i>o is not Markov, but we can link J; and J;.; by a relation of ARMA(1,1) type.

Proposition 2.1. Under Py, for allt > 0,

LA g [EHDA pA w((i+1)A—s) 6 7 (+2)4 p((i4+2)A—s) 6
J1;+1 — € Ji = ; A (6 — € )st + ; (415 (6 — 1)st
(2 2

Hence for all i > 1, J;y1 — e*PJ; is independent of (Jo,. .., Ji—1)

Proof. See the appendix. 0
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We define the following expressions

1 1- E”A>
r0u)= < [A+ 4
(0, 1) p ( P )
r(k,u) = _iel‘lklAe‘“A e~ 1) for &k #0 (5)
/J 2#3
1 1—e20A
Ao(p) = = (A + =& Ae2"A) 6
O(ﬂ) 'ug ( L ( )
1 [ea_
Bo(u) =1+ e*4, Bj(u) = —end (8)

Proposition 2.2. The process (J;);en is strictly stationary and Gaussian with for i,7 > 0,

E(J:) =0, Var(Js) =r(0,p)o?, Cov(Ji, Jj) = (i — j,u)o® for i+ ;.

Its spectral density F(XA,0) has the ezplicit form:

_ 240(p) + 24 (u) cos A
F ) = o ) + 2By s Y

with
Bo(p) = 2B1(u) >0, A1(u) >0, Ag(u) — 241 () > 0. (10)
Proof. See the appendix O

An immediate consequence of (10) is that infycg f (A,6) > 0. Due to the form of its spectral
density, the process (J;);cn has an ARMA(1,1) representation (see e.g. Brockwell and Davis (1991)).
Moreover, we can study its a-mixing coefficient.

Proposition 2.3. Let aj(k) denote the a-mizing coefficient of (J;)sen (see e.g. Doukhan (1994)
chap.1). We have
aJ(k) < eu(k+1)A_

Hence, the process is ergodic.

Proof. Let Qg denote the stationary distribution of (Xt)>0,ie. Qp=N (0, 5‘%) The infinitesimal
generator of the Ornstein-Uhlenbeck process considered as an operator on I,2 (Qq) is self-adjoint
and has discrete spectrum equal to {nu,n € N} (see Karlin and Taylor (1981) p.332). Thus, using

Proposition 1 p.112 in Doukhan (1994), we know that the a-mixing coefficient vy (t) of (Xt)es0
satisfies:

ax(t) =« (0(Xo0), (X)) < ekt

(The first equality above_is valid because (Xt)tZO Is a strictly stationary Markov process). Since J;
Iso0(X,iA<s< (t4+1)A) measurable, ay(k — 1) < eHFA, Now, 4 < 0 implies limg, 0 a (k) = 0,
which gives the ergodicity. O
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3 An efficient estimator

The likelihood function of the (Jo, ..., Ju_1) is explicitly known but its exact formula is difficult to
compute. Therefore, instead of the exact likelihood, we shall use its Whittle approximation which
provides efficient estimators (see e.g., Dzhaparidze and Yaglom (1983)). This approximation is also
studied in Dacunha-Castelle and Duflo (1986) (chapter 3) and called the Whittle contrast.

3.1 The Whittle contrast

Recall the definition of the periodogram I,(A) for n € Nand A € R:

1 n—1
I,(\) =~ > Jpem P (11)
p=0
The Whittle contrast is given by:
1 [7 I, (M)
0) = — A
00 = 5= [ [inson0)+ | (12)
Let 8, = arginfycq Un(6). This estimator is called the Whittle estimator.
We can actually compute the Whittle contrast explicitely.
Theorem 3.1. We have
Ay -
Un(6) =In ((72 T Z > Z JeJie(k — 1, 1) (13)
where (see (6) — (8))
B + +B B
o) = (B0 Bl + By | Bi() "
E(u) v/ AF (1) — 445 (n) Ai(p)
1(w)€2(u) + Bo(w)é(p) + Ba(p) \ .
olk, p) = ()" ( if k| #0 (15)
VA5 (k) — 4A1 (1)
_ —Ao(p) + \/A2 —4A%(p)
16
(Note that, by (10), &(u) is well defined and is negative.)
Proof. For the sake of simplicity, we omit x in all expressions depending on p only. Using (11) and

(12) we have to prove that

% _w In f(), 6)dA = In(0? f_%) (17)

1 i [BiE+Byf+Bi  Bi) 1

5 | f(A 6)” d)\_< N/ vy +A1) (18)

= /ﬂ e*Af(2,0) 1A = ¢ (Blgz;BoZ B1> — i [kl #0 (19)
- 0
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First, we state a useful equality (see e.g. Theorem 15.18 p.299 in Rudin (1966)):

For |z|] <1, / In(1 + 22 — 2z cos A)dA =0 (20)

Let us prove (17). Using (9),(8) we have

Inf(A,6) = 1n(a2A—2) + ln(—% — 28 cos A) — In(1 + 22 — 2¢HA ¢og A)
- 1

But using (16), we have 4,62 + Ap¢ + A, = 0, and so
A
Inf(A,0) = 1n(02—2) +1In(1+ €% — 26 cos A) — In(1 + €242 — 9l cog )

Since, by (16), [¢] <1 and e#2 < 1, we can apply (20), and this gives (17).
Let us prove (18). We compute:

1" . 1 [™ (By+2B; cos A
= 6)"ld) = —— o B W
2 /_7r 13, 9) 2wo? /_,r (An + 24, cos)\)
-1
= 1_ / Bo+ Bi(z+2 ) dz, where U is the unit circle
o22im Jy (Ao + A1 (z + z71))z

1 / 3122 + BoZ + Bl
= 2
o22%m U (A122 + Agz + Bl)Z

Using the residue Theorem we have (with G(z) = Fﬁ%ﬁ for the sake of simplicity)

c(0) = Z res(G, a)
a pole of G, |a|<1
. B . . . B1§2+Bo§+31 . .
The pole zero has residue #» and £ is the only other pole with residue Ny This gives
(18).
To get (19), we compute the expression of 5= 7€ f(X,6)=1d), in the same way as for (18).
]

3.2 Properties of the Whittle estimator

To study the Whittle estimator, we assume that © = (14, ] % [g2,a_2] with u < < 0,0 < g% < ¢2.
The assumption of compacity for © is used in Dacunha-Castelle and Duflo (1986) in order to
simplify the proof of consistency of minimum contrast estimators (see Dacunha~Castelle and Duflo
(1986), Theorem 3.2.8). We denote by 6 = (uo,02) the true value of the parameter and assume
that gy € é
Let I(0) be the 2 x 2 matrix defined for § € é, by
fori,j € {1,2} I(),, = i/r 9 1 f 002 F 1 0)an (21)
7 4rn . 06; 06;
Proposition 3.2. 1) For all 6 € é, the matriz 1(6) is non singular.
2) Vn(d, — 6p) 222 N(0,171(8y)) in distribution under Py, .
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Proof. Provided I(fp) is non singular, 2) is easily obtained by a classical proof (see Dacunha—
Castelle and Duflo (1986), Dzhaparidze and Yaglom (1983)).
Let us prove 1). By noticing, using (9), that f(),0) = o2g(\, ), we obtain:

0 1

3 (f(0,0) =

Hence the matrix I(6) is:

1(6) =

[4—% 1% (Zmeum) g 7, (& mg(n,m) dA] )

7w S (% lng(z\,u)) dX o

2
Suppose that I(0) is singular, then det I(8) = 0. Because of (22) we have [”_ (a% Ing(A, ,u)) dX\ =

2
T (L Ing(\ p))dr) ; but equality in the Cauchy-Schwarz inequality implies that -2 In g(), 7
T\ O ou
is independent of A. We deduce that

g (0 0 (0
a (?93 lng()\,,u)> = o (@ 1119(/\#)) =0

Derivating (9), we find

a —24;, -2B;
—lng(}, = —
(3>‘ 9\ M)) n=z 4o By

where this expression should not depend on u. Replacing (6) and (7) above yields the fact that

2ud _
=l —2erBA 9ehd

A+ =20 4 Netub 1+ el

should be independent of p

By letting 4 — —oo we find it is equal to zero. Hence, for all 4,
— (24 =1 —2uAe"®) (1+ e¥8) — (LA + 1 — e 4 pAe?b) 2¢42 = 0
This is absurd. So I~1(8) exists. O

Remark 3.3. If ug is known, then the Whittle estimator o:zn of 0(2, s given by

n—1

1
o2, = - g_:o JeJie(k — 1, po)

and satisfies \/n(c%, — 02) 2225 N(0,20%). This is the same asymptotic distribution as the MLE
of o2 based on the observation of (Xin)i<n-
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4 Maximum likelihood split data estimator

4.1 Introduction and notations

The process (J;)ien is not Markov, but is a deterministic function of the 2-dimensional Markov
chain (J;, X(i+1)a)ien. This is a special case of Hidden Markov Model, therefore we use Ryden’s
idea (Ryden (1994)). We split the observation into groups of fixed size, consider these groups
as independent and then maximize the resulting likelihood. The resulting estimator is called the
maximum likelihood split data estimator (MLSDE). In this section, we prove the consistency and
asymptotic normality of the MLSDE.

Let m be an integer, m > 1. Define for i = 0,1,...,n—1,

KZ-(m) = (Jims Jim+1, - - o> Jimam—1)" (23)

If z is a vector or a matrix, we denote by z* its transpose. Since m is fixed throughout this section,
we shall set,

K™ = K, (24)

The process (K;,i € N) is ergodic and its a-mixing coefficient satisfies ak(k) < ay((k+1)m). By
infyeg f(A,0) > 0, the covariance matrix of Ky,

(azMi(,T) W) 0<ij<m—1 o* (r(i - j, Mogij<m—1 (25)

is invertible.
Let Pa(m) be the distribution of Ky, p(m)(., 6) its density under Py, and:

1™)(.,8) = Inp(™) (., 9) (26)

n—1
Uém)(e) = % Zl(m) (K;,0), 9~,(Lm) = argmax U,(lm) (6)
=0 6ece

For 4,5 € {1,2},

m) gy~ g |0 om) 9 ym)
1700 = B | 1 00, 0) -1 Ko ) 27
FOI‘ i,j G {172}) k 2 17
. 5 5
Ak, 0) = B, [%ﬂm) (K, 0) 5175, )| (28)
7 7

4.2 Asymptotic behaviour of the maximum likelihood split data estimator

Before stating results for 9~,(Lm) we need two preliminary propositions. The first one is the identifia-
bility assumption.

Proposition 4.1. Ifm > 2, then Pa(m) = Pa(,m) if and only if 6 = @',
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Proof. Assume that 8 = (u,02), 8/ =
Gaussian law and m > 2, Pe(m)

(1',0?") and Pé ™ = Pg(,m).
Pg(, ™) implies the equality between the variance of Jy and the

Since P( ™) is a m-dimensional

covariance of (Jo, J1) under Py and Py. By Proposition 2.2 and (4), (5):

2 A 2! N
1 — ek 1 — ek
Z <A +—° ) S N (29)
e 17 w! 1%
2 2/ PAN2
d (1 - e“A) -7 (1 —et A)
2,u3 2/_/,
It follows by a simple calculation that p = u' and o2 = 2. O

Remark 4.2. If m = 1, then only one parameter may be identified.
Now, for the asymptotic normality, we need the following result.
Proposition 4.3. Form > 2 and 8 € é, I(m>(9) s non stngular.
Proof. Assume that 1(™)(6) is singular, then det I(™ () = 0. By (27),

(% (st000) | = (5 [t gt

This equality in the Cauchy-Schwarz inequality implies that there exits a constant c(8) such that
(recall (26)):

2
l<m>(Ko,9>) Eq

%lnp( )(z,6) _c(e)ilnp ™)(z,0) Vz €R™ (30)
Using the fact that the covariance matrix of K is g2M (™) (1), we get:
I -1
Inp(™(z,6) = —% m2m +mlno? + Indet M™ (u) + ém* (M(m)(,u)> a:]
1[m 1 -1
- Inp™ = |2 _ o (pm)
oz 7™ (@,0) = = |5 - Lo () (51)
d 176 1,0 -1
— lnp™ - __ |2 (m) —aex (m)
gy P e,0) = = | S et M)+ o (™)) o]
So, by (30), we must have a@ (M (1))~ N = C(g) S2(M™ (u))~L; since M™ (1) does not depend
on 02, the same is true for _c(o) Set é(u) = C(a) , then we have:
0
= ™1 = & (m) (,))~1
5 (M w)™) = a(u) (M) ()

We can solve this equation: (M{™) (1))~

L= (M) (uo))~ L exp (f:) E(s)ds). Hence,

M () = M™ (o) exp (— /ﬂ ” a(s)ds)

But this implies that Mé%l)( ) and MO(T)( ) have the same asymptotic behaviour as u — —co (~
constant exp ( f K ) And this is absurd: Mé 0) (1) is of order =2, and Méﬁl) (1) is of order
173 (using (4) and (5)). O
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We can now prove that €~,(Lm) is asymptotically normal.

Theorem 4.4. Assume m > 2 then

v

B0 =3 AP w0, T0) = 1) 4 28m ) (32
k=1

are well defined (for i,j € {1,2} and 0 € &) ang
V(BT = 60) T2 (0, 109 (g5) 1 pm) gy pm (60)7")
= N (0,16 (60)1 + 276 (gy) -1 rtm) g, 7o (6)7)
in distribution under Py, .

Proof. Consistency is obtained by adapting Ryden’s proof (Ryden (1994)) to this model. We only
consider the asymptotic normality.

Denote
Vi) (2,0) = (%z(mJ(z, e),a—gfz(m(x,e)) and V2/(m)(z, g) — [%jz(m)(x,e)}

standard arguments it is enough to prove

1) & X5 VA (K, 65) 22, ~It™)(65) By a.s.

n

. By usin
ige(ray Ty IS8

2) Iz X VIO (K, 6y) 22, N(0,T™)(84)), in law under P, and ™) () is well defined.

i, ! ae,—%j 7 1™ (K, 6)| is bounded in Pg, probability.

3) For i, j, k in {1,2}, SUDneri oo & D oreg
Point 1) is obtained by the ergodicity of (K, i > 0), since B (V2™ (K, 60)) = —1(m) (6o).

To obtain 2) by Theorem 1 P-46 in Doukhan (1994), it is enough to show that F(m) () is well
defined . (Because the other assumptions of the theorem are casy to check: E[|Ky[**] < o0 and
> heo aK(A".)fi_d < o0, for some § > 0, since ax(k—-1) < ay(km).)

Applying the first covariance inequality given in Doukhan (1994), Theorem 3 P.9 we get, for all

0 €O, (see (28))

1
™) (k,0) < 82 (mk) { B az<’">1{e4E 81("01{944
'Yi,j(a)_ aj(mk) 03_92- (Ko, 6) 06‘0-1 (K, 0)

1 p) 4 o 4 %
= 8aj(mk) | B [%W(Ko,eﬂ Eq [WW(KO,H)}
1 J

1
Using Proposition 2.3, we see that Dy aj(mk) < co. Hence, H(m) (6) is well defined.
Finally, for 4, j,k in {1,2} and n > 0,

1

n—1
83 7}
il E e J(m) (.
sup 2 Iaﬁiﬁjekl (K;,6)

3
06,0;6;

1 n~1
<15
n i=0 0€o

. (1, 0)
fco

which converges when, n — oo, to Eg, [supoe@ ) aezj 7 1(m) (9) ”
So we have the result. O
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Remark 4.5. If ug is known, using (31) we get:

n—1

~ (m 1
o S K (M0 (40)) K

mn
k=0

5 Comparison of the theoretical asymptotic variances

In this section our aim is to compare the efficient estimator §,, with the MLSD estimators 9~,(1m) by
means of their asymptotic theoretical variances for different values of A and m.

Clearly, when m increases, the MLSD estimator must behave better: indeed, the asymptotic
covariance matrices of /7 (6, — 65) and \/ﬁ(é,(lm) — o) tend to be similar as m becomes large
(see Table 2).

When A varies, for fixed m, the results are more surprising. The asymptotic variances of [,

and ﬂslm)

are very similar: Table 1 shows that this variance is high for small A. This is consistent
with the usual results of drift estimation for diffusions based on the discrete observation of the
diffusion itself (Dacunha-Castelle and Florens-Zmirou (1986)), where the asymptotic variance is

shown to be of order O(1).

On the contrary, the asymptotic variances of c;Qn and c;?im) behave differently as shown in Table
2. When A is small, the variance of the MLSD estimator is high. Indeed, the numerical results are
confirmed by the theorical result of Theorem 5.1.

Table 1: We assume that op = 1 is known, and pg = —1, the figures take account of the fact that

[Af) uses 2n datas,

Theoretical asymptotic variances of the estimator !

Table 2: We assume that pg = —1 is known, and oo = 1, the figures take account of the fact that

A=2

A=1

A =01

A =0.01

Var v/n(fin — po)

1.1

2.0

20.0

200.0

Var \/2n(ﬁ§12) — 1o)

1.1

2.0

20.0

200.0

~(m)
0, ' uses mn datas.
Theoretical asymptotic variances of the estimator !
A=2|A=1|A=01|A=0.01
Var /n(a?, — o?) 2 2 2 2
Var Van(o2 —o2) | 22 | 27 7.4 52.4
Var Vin(o2% —o2) | 20 | 23 3.6 14.8
Var V(02 —o2) | 21 | 22 2.6 5.3

' We have calculated varji, numerically with the formulae (9) and (21) the integral being classically approximated.
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The rest of the section is now devoted to the theoretical study of matrices (™) (6), Hm™) (),
and T™) (). Ag m, = 00, it is possible to prove that 7(™)(9) "'T(m) 6)1tm) (9)_1 ~m—soo m”1I(6)
(a detailed proof is available upon request). The latter property is consistent with the numerical
results of Table 2.

For m = 2, as A = 0, the following theorem precises the difference between both types of
estimator.

Theorem 5.1. In the case m = 2, we may precise the following expressions for 1(2)(9) and (2 (6)

1 1
L36) = =, T(6) ~an rr e (33)

~ (2 4
Hence, if ug is known, the asymplotic variance of 02,(1) is equivalent when A — 0 to T:oQ[Z'

Proof. 12(22) (6) is the Fisher information for the parameter o2 of a Gaussian vector with covariance

matrix o2M @) (1) of size 2 x 2. So we know that 1'2(,22)(02) =1
To prove the second part of (33), let us calculate the sum H2(22) (8). We write the following

diagonalization of M(2) (1) (recall that, by (25), M2 (w) = [:((?,Z)) :(((1),5;])

MO () = y@*pe) (Wv®

1 1 1 _ 7‘(0, )+7'(1, ) 0
Vw:ﬁ[—l 1J’ D(z)(“)‘[ e r(O,u)—T(Lﬂ)J

Denote L}(f) = V(2)Kk, fork=0,...,n~1 and Ni(z), t =2k, 2k +1 the components of L,(Cz):

2 2 2
= M0 e [N @ _ N%i_u
0 NI(Q) 1 Né?} 1 ' Tn-1 Ngi}_-.l

Now, formula (31) writes:

2 2) 2
5 . NO® N
@ )= || — DM bl 2
807 0P (Kk,6) = -~ rQp)+r(ty 7 )T r(0,p) = (L) ~°

To compute qé??‘) (k,0) (see (28)), we use the fact that if (Z,2’) is a Gaussian vector with law
a b -

N (0, [b GD E[(Z°-a)(Z2"~a)] = 22, and that Covg(Ni(Z),Ng,ﬂj) = 2k i Covg (N, NP,

we obtain:

edlk—1)uA

7 (k,8) = 5()

208

We have calculated vari and uaro:Z,(,m) numerically with the formulae (27), (28), (32) the expectations beeing
calculated by using the special Gaussian form of the considered r.v. We numerically diagonalize their Covariance
matrices to get computation on independent variables.
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where

S(a) = Covg(NG”, NP)2 Coug(N? NIP)?  Coug(N NP2 Coug(N2), NP2
(r(0,p) +r(Lp)?  r(0,0)2 —r(L,p)2 " r(0,u)2 = r(1,u)2 " (r(0, 1) — (1, 1))

Hence,

. (2) !
;72,2(/%9) = mS(A)

So, we have to give the limit of S(A) when A — 0. Using NéZ) = %(Jo + Jl),Nl(Q) =

v
%(—Jo + Ji), 2(2) = %(JQ + J3),N3§2) = %(JQ — J3), and Proposition 2.2, we obtain:
4 2 4 _ 2
sy = 2 (2r(2,p) +r(1,p) +7”(23,#)) N <7_('r(1,u)2 T(3,#))2 N
4 (r(0, ) + r(L, ) 4 r(0,p)? —r(1,p)
o (r(3, ) —r(1,1))? Lot 2r@p) — (1 p) —r(3,p))°
4 r(0,u)? —r(L,p)? = 4 (r(0, 1) + (1, ))?

And we easily deduce that S(A) £20, o*, by using the following straightforward equalities (by

(4)=(5)):

— = _ = 3 =2 = 3
T(Oa :u‘) - 2# 6 +O(A )) T(la,u) 2 9 +O(A )
A? A?  3AS
7"(2,;1,) =5 - A3 + 0(A3)7 T(37 ) = —2_ - _2— + 0(A3)

6 Conclusions and possible extensions

Let us now draw some conclusions on the two methods in view of possible extensions. Suppose
we want to estimate unknown parameters of an ergodic one-dimensional diffusion (X¢) from the
observation of the sample J; = fi(gH)A Xsds, 0 <1 <n—1. First note that the exact distribution
of a m-tuple (J;, < m—1) is hardly tractable for large m (hence for the whole sample m = n). So,
actually, we started with the idea of using Ryden’s method for small values of m in the general case.
In fact, our result enlight the fact that the method will not be appropriate at least for estimating
the diffusion coefficient parameters.

Moreover, even for small values of m (m = 1, 2) Ryden’s likelihood will not be easily computable.

On the contrary, the Whittle contrast seems more suitable for generalization since it relies only
on the covariance structure of the J;’s and there are several ergodic diffusions for which these

Covariances are explicit and simple. Further work is in progess in this direction.
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7 Appendix

7.1 Proof of the Proposition 2.1

We integrate (2), (with A = A), between 5A and (t+1A:

(i+1)A
Jit1 — eﬂAJi = U/

t+A
eH(t+a) / e " dBqt
A t

Using the Fubinj Theorem, we get:

(i+1)A
Jir1 — e, = a/

s (i+2)A (i+1)a
dB? (e““s/ e“(t+A)dt) +a/ aB? e"”/ ett+8) gy
A A s

(i+1)A —iA

This gives the results

]
7.2 Proof of pProposition 2.2

Since (X_g)_.;zg is a strictly stationary
expectation of X is zero, by the Fubin

Let us calculate the covariance func
ance function of (X;)

Gaussian Process, so is the process
i Theorem E[J;] = 0, for all ;.

tion of (J;);en. Elementary computations s
s>0 1S given by: Cov( Xy, Xg) = %e“‘sl‘s’.
So, with some Computations, for ) < §

(Ji)ien. Because the

how that covari-

57
G+1)A 1A
By = [ [ B X st = o i, 1)
iA i
The spectral density f(), 6) is given by:

f(X,8) = o%r(0 ) + faz(ei’\kr(k ) + e'i’\kr(k 1) = UQM
’ ’ k=1 ’ ’ By + 2B cos \

The inequalities of (10) are obtained by elementary computations.

O
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Chapitre I.2. Discrétisation d’une intégrale de diffusion et
comparaison avec le schéma d’Euler







Discrete sampling of an integrated diffusion process and a
comparison with the Euler scheme.

Abstract

Let (X;) be a diffusion on the interval (I,r) and A, a sequence of positive numbers tending to
zero. We define J; as the integral between iA, and (i + 1)A, of X;. We give an approximation
of the law of (Jp,-..,Jn—1) useful for numerical simulations and statistical applications. This
approximation is based on a Euler scheme expansion for the Markov process (J;, X(i4+1)a,)- In
some special cases, an approximation by an explicit Gaussian ARMA(1,1) process is obtained.
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1 Introduction

Consider the stochastic process I; = fot X,ds where X is a one-dimensional diffusion process given
by

dX; = G(Xt)dBt + b(Xt)dt, Xo =1, (1)

with B a standard Brownian motion and n a random variable independent of B. The process I;
appears naturally in many problems studied recently.

First, the two-dimensional process (I3, X;) solves the system:

{ dl; = X; dt @)
dX; = a(X3)dB; + b(X;:)dt

which is a special case of two-dimensional model without noise in the first equation. In (8], the
component I; is used for modelling a non Markovian processes.

Second, integrals of stochastic processes play an important role in finance. For instance, in the
continuous stochastic volatility models, introduced by Hull and White [5], the logarithm Y; of the
stock price is modelled by:

{ dyY; = p(X;)dt + /X dWy, (3)
dX; = a(X;)dBy + b(X;)dt
where X, is a positive diffusion process called the volatility of the stock price. The quadratic
variation of Y; i1s I; = f(f Xsds. This integrated volatility plays a crucial role in finance. For
instance, to derive option prices formulae, it is necessary to compute the distribution of ;. (see e.g
Leblanc [7), see also Genon—Catalot et al. [3], Barndorff-Nielsen and Shephard [1])

Now, the exact distribution of the integrated process (I;) is generally not explicit except for
very few models.

In this paper, our concern is the study of the distribution of a discrete sampling of (I;). We have
in view statistical application to the inference of unknown parameters in the drift and diffusion
coefficient of model (1) when the observation is (I;a, % < n) for a positive sampling interval A. This
will be the subject of a forthcoming paper.

For i > 0, let us set J; = j;(gﬂ)A Xsds = I;31)a — Iin. We study here the joint distribution of
(Ji)-

The case of X a stationary Ornstein—Uhlenbeck process,

dXt = /J,Xtdt + O'dBt

has been investigated in a previous work (see Gloter [4]). Explicit computations, for this special
model, yield that (J;) is a Gaussian ARMA(1,1) process.

There are difficulties to deal with a general case, and our approach is to obtain approximations
when the sampling interval A = A,, depends on n and tends to 0 as n — oo.

Recall that, under the assumption A, — 0, using the Euler scheme,

Xi+1)a, = Xin, +0(Xin,)An + a(Xia, ) (Baina, — Bia,) (4)
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we can approach the distribution of (Xja,,¢ < n): conditionally on (Xja,,j < 1), XiA, 1s almost
Gaussian with mean X;a, + Apb(Xia, ) and variance Ana?(X;a,). This approximation has been
fruitfully used for statistical applications (see e.g. Kessler [6]).

Here, we obtain expansions for J* = f&tlm" Xds = Ijpa, — lin,. For simplicity, we omit
the superscript n and simply write J; = J*. Noting that KJ‘: is close to X;a,,, we should in particular
answer the following question: can we approximate the law of (Jo, - - -y Jn—1), by the law of a Markov
process? Actually, we prove that (KJ‘;) is different from (X;a, ), and this has consequences for the
statistical inference.

The paper is organized as follows. Assumptions on the model are presented in Section 2.1.

Then, in Section 2.2, we give our asymptotic expansions. First we compare ZJ*; and X(i41)A,

1
(Proposition 2.2): the difference is of order Aj.

Jiz1
The process (J;) is not Markov, but function of the Markov chain Z; = { XAn } In Theorem

iBn

2.4, we obtain a discrete Euler scheme formula, for this process:
1 1
Zit1 ~ PZ; + Apb(Xin,,) [i] + a(X;a, ) ARV,

01 11

where P = [O 1], V; is a centered Gaussian vector with covariance matrix [i ﬂ, independent

2
of Z; for j <1. Let us stress the fact that this scheme can be used for the numerical simulation of
the vector (J,...,Jn—1) instead of the naive method which consists in simulating a Euler scheme

for X with grid %n'l and then approximate J; by Z;.";Ol %LEX (i+4)2n"

However, the above scheme is not enough for the statistical applications we have in mind. So,
. : : Jit1 J; .
in Theorem 2.6, we give an expansion of F= — £z

Ji Ji Ji 1
A~ A~ bR = alXin)Ein + Enn) A0+ i

where €; , is a remainder term and the vector (§in+&. 41 ,)0<i<n~118 Gaussian with the same covari-
n/0<ig
B(ig1)a, —Bian

is
VAn )ogign—l

ance matrix as a MA (1) process. Let us notice that the analogous term in (4), <
Gaussian with i.i.d. components. In particular, when a is constant, our expansion provides an ap-
proximation by a Gaussian ARMA(1,1) process. Hence, (ZJJ;) is really different from X;a,, -

A surprising consequence of our results is that, when A, = %, T > 0 fixed, then Z?;ol (JK:: - AJ—;)

is not a consistent estimator of the quadratic variation of (X;) but converges to % fOT a?(X;)ds.
Section 3 is devoted to the extension of our results when we replace the uniform mean % fi(KH)A X,ds
by the more general form fi(g"l)/‘\‘ Xsp(532)ds with ¢ > 0 and fol ¢(s)ds = 1.
In Section 4, we give examples of classical models satisfying our set of assumptions.
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2 Asymptotic expansions for small sampling interval.
2.1 Assumptions on the diffusion model
We assume that (X;) is the one dimensional diffusion process defined by:
dX; = a(X)dB; + b(X,)dt, Xo=n (5)

where (By);>¢ is a standard Brownian motion, 7 is a random variable independent of (By).
Let —oo <1 <7 < 00 and consider the following assumptions.

(A1) Equation (5) admits a unique strong solution taking value in ({,7); a and b are two real valued
functions defined on ({,7) with continuous second derivatives on (I, 7).

Let us consider two positive measurable functions, B; and B, defined on (1, 7) satisfying the following

property: for all five non negative real numbers a,B,d,8',p , there exists a constant ¢ such that
for all z € (1,7):

(B7(2) + B7 () x (B (2) + BY (2)) < e(Bp* (a) + BE+Y (a))
(B () + B (2)) < o(BP*(z) + BPA(z))
These functions are introduced to bound the growth of other functions near the boundaries | and
7. For instance, if —co < | < oo (respectively —oco < 7 < o) we may take Bj(z) = 1 + z%z

(respectively B,(z) = 1 + L) Andifl = —co (resp. r = o0), we may take B () =1+ |z| (resp.
Br(z) =1+ |z|).

(A2) There exist non negative constants c, ay, o, 51, B such that, for all z € (I, 7),
la(z)] + 1b(z)] < ¢(1 + B, (),
|d/ ()] < (B (2) + BH (x)), 0" (z)| < e(BP?(z) + B2 ()
[¥(@)] < (B (2) + B (), [0"(2)] < e(BF () + B (2)),

3

Now, let A, be a sequence of positive numbers with A, — 0 as n — 0o and assume that A, <1
for all n.

We set G; = 0(B,, s < t; ) and G = Gin,,. Below, the values of the constant ¢ may change
from a line to another but never depends on i or n.

(A3) There exists a positive constant K, such that:
V&€ [0,K)), 3¢, Vi,n (i <n), E (supse[iAn,(i+1)An] BE(X,) | g;t) < eBF(Xin,)
Vke [0’ OO), e, Vi, n (Z < n)’ E (Supse[iAn,(i-{-l)An] Bf(Xs) ' g{z) < CBf(XiAn)
Assumption (A3) means that the diffusion will not approach too abruptly the end points  and r.
In the Appendix, we prove several propositions useful for checking (A3). The reason why our
condition in not symetric in  and appears in Section 4. For all the models considered here, we
can prove that V £ > 0, 3¢, Vi,n, E (Supse[iAn,(i+1)An] B,’,C(Xs) l gz") < ch(Xz-An), but for one

model (the C.I.R. model), we can not prove an analogous result near the left end point [ = 0 for
all k, but only for k£ lower than a constant K.




2.2 Main results

Ay +Ap
Let J; = J' = / Xds,
1A,

and consider the following random variables which will appear in our expansions,

1 (i+1)An
in = —3/ (s —iAy)dBs; fori, n>0 (6)
AZ Jiln
1 (i+2)An
§£+1,n = —3/ (tAp +2A, —5)dB; fori>-1,n>0 (7)
AE (i+1)An

Lemma 2.1. The r.v. &, and &+1,n are independent and Gaussian; & , is gg‘H measurable and
independent of G7'; &1 ,, is Gl o measurable and independent of G7,,. The following ezpectations

are useful for the sequel:

E(&n|Gl) =E (&1, |67 =
B (&, 197) =B(2,.107) =

O vy W~ O

E((€,-32167) =B (R~ 1216r)
(€~ Delal67) =E(€81n-Deinl o)
B (6intln 1 G7) =14

Proof. Easy computations based on (6) and (7) give the result. For example

1 tAn+An 1
E(&intin|GF) == / (s —iAL) (A + Ap — s)ds = —
’ A3 Jin, 6
|
Our first result is a first order comparison between Kli; and X;a .
Proposition 2.2. Assume that 201 < K; , (with a; and K| given in (A3)) then:
Ji % 7
*o ~ Xian = a(Xin, ) ARE , +€in (8)
n
where, |E (ein | G7)| < Anc(l + Br(Xia,)) (9)
E (e, 1GF) < ALe(BI* (Xin,) + BET*)(Xia,)) (10)
Moreover, if k is a real number > 1, then for alli,n (i <n—1):
Ji k k k
Ellx —Xiaa| 1G] < Are(l+ B7(Xia,)) (11)
n
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Proof. We have:

Ji 1 (i—i—l)An
'—A—— '—XiAn = A_/A (Xv —XiAn)dU
n n JilA,

and Xy — Xia, = [ip 0(Xs)ds + [\ a(Xs)dBs.
So by the Fubini theorem, we get:

Ji N
8, YT a,

where €; , = @; 5 + Bin, and

(i+1)An 1
a(XiAn)/ (1 +1)Ap —v)dBy +e5p = A%G(XiAn)fé,n téin

1 tAn+An
Qip = / (a(Xy) — a(Xia, ) (A, + Ay — v)dB,
)7

1 iAp+ADn v
51'7” =A_/ / b(Xs)de’U
n JilAg iAq

Using assumption (A2), we get |5;n| < cAn(1 + supsefin,, (i+1)an] Br(Xs))-
Now by Assumption (A3), for all k >0

E (|Bi,n|k | gzn) < cAE(1+ BF(Xin,))

Also E (ajn | GF') =0, so we get |[E(ejn | GF)| < cAn(1+ Br(Xin,))-
Now, for k > 2, applying the Burkhélder-Davis-Gundy and the Jensen inequalities yields:

B

k

k
ai,n

— Ak
An JAVY

(i4+1)n
< C/ pi(v)dv

with ¢ (v) = E (|a(X,,) —a(Xin)|* | g{‘) By Proposition B of the Appendix, there exists ¢ > 0

such that, for all v € [iAy, (i + 1)A,],
k
$k(v) < AR (BPF(Xia,) + BI TR (Xia,,)

Finally,

k
E (|aka|167) < cAf™ (B (Xia,) + Bk (X, )
So, by (15), (16), with k = 2,

B (€2, | GF) < cAL(BI™ (Xia,) + BH* D (Xia,)).

k
ai,n

Using that Proposition B (in the Appendix), we have

k
E ( sup | X5 — Xin, |* | gg‘) < AZ(1+ BE(Xia,)).
€[ Bmy(i4+1)A0]

This implies (11).
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The following corollary is useful for statistical applications.

Corollary 2.3. Let f € C*(I,r) satisfy that there exists y such that |f'(z)| + |f"(x)] < e(B] (z) +
BX(z)), for all x € (I,7). Then,

. J 1 "
FT) = FXaa,) = A2 (Xia,)a(Xia, )El n + Ein(f)
where, if 203 V2y < K,

|E (&n(f) | )| < Ane(B] (Xia,) + BX (X))
if 201 V4y < K,
E (Ea(f) | G7) < AZe(B)" " (Xia,) + BFFH 21 (X,0,)
Proof. We write
J;

PR =~ S (Kia) = F(Xin) (5 — Xia) + 37"~ Kin, 2
with X € [X;a,, #]. Using Proposition 2.2,
FGE) — £(Xin,) = ALF(Xia)a(Xin, )b + ()
where &, (f) = @i n, + fBin and
Gin = ' (Xin,)ein (17)
Bin = 5P (R — X, (13)

We have the bound ‘f”(X')‘ < esupsein, (i+1)an] (B (Xs) + B (Xs)).
Now, Cauchy-Schwarz’s inequality, (17), (18), (9),(10), and (11) for k = 4 and k = 8 give the
result. a

The following theorem gives the second order expansion for ZJ*: - Xin,-

Theorem 2.4. Assume that 2a; VBV By < K;. We have a Euler scheme expanston for the Markov

Jiza
rocess | An |.
P X

[7ANS
A = 4 Azel
n =P n +bX‘An [ ]+a X-An nS5in +77,
[X(M)AJ o Rl ol RO P
_Jo 1 - m b J
where P = 0 1| M i G, measurable, an
|E (in | GP) < AZe(BIYP (X;a,) + BEYPV2HE2 (X4 ) (19)
E (1}, | GF) < AZe(BP* (Xia,) + B2+ (X4 ) (20)
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Proof. We write the classic Euler scheme: Xa+na, = Xia, +b(Xin, A, + a(Xin, )(Biisna, —
Bia,) + nl(rz, with
'E (’hn | gn) S ALBMP(Xin, ) + BB (X, )

E (nf%? | g:‘) < AZ(BP(Xip,) + B (X0 )

Hence, to prove the proposition it suffices to improve (8) by a term of order Ap:

J; A
A—z = Xin, = a(Xin, )E, + Tnb(XiAn) + 771-(,1,3,
n

where nl(l) satisfies conditions (19) and (20).

T

This is done by writing, with the notation of Proposition 2.2, e; , = Qi + Bin and using (13)

and (14). O
Remark 2.5. * The above scheme is Markovian, since the vector (A & Blisna, — Bia,,)
1

i independent of (—-L Xja,) for j <i. Furthermore, by (7), (A2 & Biisa, — Bin,) is

An  Ap

centered and Gaussian with covariance matriz [‘,_\;3“ A2 J

g n

o This scheme is simple and useful to simulate the vector (Jo,- oy Jn_1).

The Euler scheme of Theorem 2.4 does not provide an approximation of the law of ( AJ—;) This is
done by the following further result.

Theorem 2.6. We have

J; J; J; 1
A T A U = a(Xia, ) (Eon + €y ) AR + s (21)

where €; , is G o measurable, and there exists a constant ¢ such that for all i,n:

If B V2B, Ve < K,
1B (ein | G7)] < ARe(BP™ (X, ) 4 Bt20a+iavOto) (x,, ) (22)

If 401 V 205 < K,
B (2, | GF) < A2¢(B21Ver (X, o)+ BitReter(x, ) (23)
E (ein | GF) < Abe(Bferv2er(x,, ) 4+ Brtaet2ez (x. ) (24)

Proof. We integrate, between iA,, and (¢ 4+ 1)A,, the following equality:

s+A,
Xora, — X, = / (a(X,)dB, + B(X,)dv)
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Ji = A; + B;, with

Hence, Jiy1 —
(i+1)A, s+An
ds/ b(Xy)dv.
&

(i+1)An s4+An
i=/ ds/ a(X,)dB,, B;=
n s 1Aq

Interchanging the order of integrations, we obtain
(i+2)An

(i+1)An
A; = / a(X,)(v — iAy)dB, + / —v)dB,
iAp (+1)An

a(Xy)((7 + 2)An

Analogously,
(i+2)An,
a(Xy)((2 +2)A, — v)dv

(i+1)An
b(X,) (v — iAn)dv + /
(i+1)An

B; =
1An

Introducing a(X;a,) in A; yields
(i+2)An
(1 +2)An —v)dBy | +ain+aiy; ,

(1.+1)An
/ (v — iAn)dB, + /
(i+1)An

3
7% §1n+§z+1n)+aln+az+1n

- ( 'LAn
Wlth (":‘f‘l)A:l
T / (v —tAn)(a(Xy) — a(Xia, ))dB,
iLan
(+2)An
da= [ (D Bn =~ v)(alKe) - olXia,)dBo
(i+1)A,
Analogously, introducing now b( L) in B; yields
Ji (i-+1)An (i+2)An
Bl=b(A—) / (v—iAn)dv+/ (6 +2)An —v)dv | +bip + biyy
n n (1:+1)An
Ji \ a2
b(A_)A + bz n + b’L+1 nWlth
(1+1)A, JZ
bin= [ 0=iB)0(X) ~ b
n n
(i+2)An. J
b= [ (64 D0 = 0)(B(K) — M)
’ (i+1)An Ap
Therefore, we get the expansion
Ji J; Ji 1
A~ An ~UE)Bn = alXia,)(Ein + € n) AT +ein

Qi a’.+1 b; b’.+1
with g, = 2bn 4 Zetln | Din |, Zidlm
v Ap Ap Ap An
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e Let us prove (22).

bi‘n, . 1 IAn+A, ) n
E (A—n | gi) - = /A (v = iAW) B (B(X,) = b(J5) | G7) i

Since we know by Ito’s Formula, Assumptions (A3) and (A2), that
T rnan 7 O] = b(Xia ) | G1)] < Anc(BIVP2 (X ) 1 BU+SOVE 4 . a.))
v€[[iAn, (i+1)A,]

an application of Corollary 2.3, yields

P o (B O] =b(%) | G)] < Ane(B2o*2 (x,, )+ BFH2en+h2) (x., ))
VE[IAL, (i+1)A,]

(1)

We bound analogously IE’ ( b'z% | gz")

Hence

A2e(BRor+8VBr x| )+ B$2+2°“+ﬂ2)v(1+51)(Xz'An))

(see (28)).
Now, E (a;,, | G*) = E <a§+1’n l g{’) =0, so (22)is proved.

* We now prove (23) and (24).

Using the Cauchy-Schwarz inequality it is enough to show (24).
By (A2), we write (see (27), (28)):

/
bi+1,n

A

< A,2¢ sup (1+B.(X,)),

<A,2 sup (14 B.(X,)).
SE€[iln i An+An]

SE[iAn+An il n+24,)

n

Now, using Assumption (A3), we get

bin
b ( A,
To end the proof, we have to bound E(

inequality we obtain:

iDn+Ap 2
E( lg") AiE((/A ' (%) = altia ) (v~ iaVar lg?> (50)

But using the Tto formula, and assumption (A2) we can write: (a(Xy) — a( ing))?
where

bz+1 n

z> < Ane(1+ B (Xia,)), E (

l 9") < Ae(l + BX(X;a.)).

Gin

[ G! ) Using the Burkhi)'lder—Da.vis-Gundy

Qin

=M, + A,,
M, = 2/: Yin(s)dB,, with Yin(s) = (a(X,) - a(X,'An))a'(Xs)a(Xs) (31)
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and:

sup  |AJ <cAn  sup  (BRaVer(x,) 4 gRtZenV@ran) x vy 3
vE[iln, (i+1)AL] SE[IAR, (14+1)AR]

So, replacing in (30), after some easy computations, and applying (A3) to the right hand side of
(32), we get

«(J2:

with i = [STUA% M, (v — in)2dv (see (31)).
It remains to bound E ('yf’n | g;l) Using the Fubini Theorem, we have

(i+1) A, An+An,
Yin = / Yin(s) (/ (v — iAn)2dv> dB,
1Qn s

Qin

An

2
| gn) Al B (vin | G7) + AM(BI*V22(X;p,) + BErt2a2 X, )

Hence,

Bl 10) s [ B (o) 107) alas 33
But by the Cauchy-Schwarz inequality,
B (#,(s) 197) < B ((a(X:) - a(Xia,))* | 67)F B (a4(X,)a(X) | 07)
Then using (A2), (A3) and Proposition B of the Appendix, we obtain for s € [(An, (i + 1)Ay):
B ($in(s) 1 G7) < Anc(Bi™ (Xia,) + BF?™ (Xia,))
Replacing the last inequation in (33) we get B (71}2,11 | g;') < ASc(B/* (Xia, ) +B4+221). We obtain

a similar bound for E ( ~ —itlin

| gr ) and hence the theorem is proved. O

Corollary 2.7. Assume that, 401, as and 46, < K;. Then, we have the following inequalities:

B (€inim | GF)] < Ac(BEHPIVe2 (X, ) 4 BlLoa4BV @40 (X, ) (34)
B (eintlynn | GF)| < AZ(BOA0Ve) (x5 ) 4 BO+er+B)V(Ha)  x,, ) (35)

Proof. We only prove (34). With the notations of Theorem 2.6, we shall show:

B (aintin | G1)] < Ade(BHY (Xia,) + BI+aVE+a) (X, )
|E (aiy10&in | GF)| =

B (bintin | GF)] < AZe(BEH (Xia,) + B8 (X4 )

B (Vy1,n6in | G7)| < AZC(BIYP (Xia,) + B8 (X, )

These inequalities follow from the expressions of a; 7 G341 s bim, O +1,n and & p. O
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Remark 2.8. 1. In the case where X is a stationary Ornstein—Uhlenbeck process dX; = uXedt+

odB; and for a fized sampling interval A, we have an exact formula, analogous to our expan-

sion (21) (see [4]).

o [E+DA _ o [G+2A .
Jiv1 — BT = _/ (et — eu((z+1)A—S))st + _/ (eM(i+2)A=s) _ 1)dB,
K Jin (i+1)A

Furthermore, in this case, the covariance structure of (J;) is the one of an ARMA/(1, 1) process.

2. (Ui)i=o,..n~1 = (&in + §l+1 n)z—O, .n—1 18 a Gaussian vector with covariance function :
Var U; = g, Cov (U, Uiy1) = g and Cov (U;,U;1) =0 if k > 2.

This is the covariance function of an MA (1) vector. Therefore through the ezpansion (21)
we do not recover a Markovian property for - A . In the special case where a is constant, the
expansion means that the process (Z‘]’:) may be approzimated by an ARMA(1,1) process.

2.3 A statistical application

Let us assume that A, = -Z;—, for T > 0. We show that, we can not replace X;a_ by ZJ': in the
classical approximation of the quadratic variation of X:

n—1 T
Y Xspa, — Xia,)? 2225 f a®(X,)ds.

Proposition 2.9. Let (X;)icjo.1) be a diffusion satisfying (A1) - (A3) with K, = co. Furthermore
assume that:

(44) Y k20, Vi€ [0,T] E(Bf (X)) < oo, B (Bf(X:)) < oo.
Then,

n—1 2 T
. f 2
Z J1,+1 _ J, n—00 _/ a2(Xs)ds
; A, A, 3 Js
=0

Proof. First, we remark that by Assumptions (A3) and (A4), we have

sup E (Bl’“(Xt)> <oo and sup E (B,’f(Xt)> < 00
te(0,T] t€[0,T7

By the continuity of a and X, 2 25 a?(Xin, ) A i—Pﬁ) § OTaz(Xs)ds. Hence it is enough to

prove:

n—1 2
Ji+1 Ji 2An 2 n—00,
E -] - X; — 0.
i=0 {< An An) 3 ¢ (Xian) P 0

For this, we use the expansion (21):

n—1 2
> { (JXH - Z_l> - 2?” 02(Xz‘An)} =D + DY) + DY

=0
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n—1
. 2
with: D) = ; Ana®(Xia ){(Ein + E10)? — 5}
n—1 J
DY = ;(b(A—;)An +é&in)’
n—1
Ji
DB =2 z VAna(Xin,)(Ein + §§+1,n)(b(Z—)An + €in)
=0 "

Now, we bound, using (A2), (A3) and (23):
E (’D,(f)’) <cA2 sup E (B,’“(Xt) + BE(Xy)) , with k > 0.
t€[0,T)

We deduce D,(f) LP‘)% 0.

A : (3) 3 % K ith K (3) n—oo
nalogously: E { |Dy, | < cA? s[up]E Bf (X:) + Bf (Xt) ), with k' > 0. Hence Dy, —
te[0,T

Using that, by Lemma 2.1, E (({i,n + §1’-+1’n)2 -2 g{‘) = 0 and then Cauchy-Schwarz’s in-
equality we compute:

2 2 2
E (DS) ) = > AE (az(XiAn){(éi,n + &) - §}2a2(XjAn){(€j,n + &)’ — §}2>
e
<enl? sup E(1+ Bf(Xt))%
t€[0,T)
Therefore, D,(LI) converges to zero in L? sense. O

We deduce that if X solves dX; = b(X;)dt + 0dB; (and satisfies (A1)-(A4)) then,

n—1
- 3 Ji Ji
2 2 i+1 _ YiN2
on 2;0( A, A, (36)

is a consistent estimator of 02 based on (J;). Further statistical applications will be investigated in
a forthcoming paper. (see Delattre [2] for the close issue of parameters estimation for a diffusion
which is observed with round off errors.)

3 Extension

In Section 2 we gave results for the process (22, ... J2=1) where 2L is the mean, in the interval
g b An ' An 0 A ’

n

[iQn, (i + 1)Ap] of X. Here, we suppose that ¢ is a measurable, bounded, non negative fonction
defined on [0,1] and such that fol ¢(s)ds = 1; we define

A (i+1)An —iA,
0= [ xS

An
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In this Section, we extend results of Section 2.2 to (X;(¢)). We do not give proofs for these results,
since they are analogous to those of Section 2.2.

We define:
(i+1)An A
§in(d) = — / 45( "dvdB; fori, n>0
5 iAn iAn n
(‘L+2 (i41)AR _ A
§1IZ+1n = / f U ! “)dvdBs fori1> -1, n>0
(i+1)A,

Proposition 3.1. Assume that 2a1 < K, then:
N 1
Xi(#) — Xin, = a(Xin, ) ARE o (9) + ein(9)
where, |E (ein(#) | G| < Anc(l + Br(Xin,))
E (ein(9)? | GF) < A%e(BI*™ (Xia,) + BX*) (Xia,))
Moreover, if k is a real number > 1, for all i,n:

E (’X,,( Xin,

Proposition 3.2. Assume that 2a; V 31 V B2 < K;. We have a Euler scheme exzpansion for the

Haw)

| g") < Afc(1+BE(Xia,))

Markov process [

[ Xi(4) ] _p [Xi—l(d’)] +b(Xia,) [A nfy fo dvdS]

X(i+1)An iAn

a(Xia,)

AREin(9) ] + Min (@)

B(iy1)a, — Bia,

01

where P = [0 1

]; Nin(P) is Gt measurable, and

|E (nin(¢) | GF)] < AZe(BYP (Xin,) + By Y22 (Xia,,))
E (min(9)? 1 G7) < AZe(B (Xia,) + BXF*) (Xia,)
Theorem 3.3. We have
Zir(9) = Ri(8) - b(Ru(9)An = a(Xia) Ein(8) + Er n(P)AT +in(9)
where €in(P) is G, measurable, and there exists a constant c such that for all i,n:

If 1 V2B Vio < Kj,

|E (ein() | gzn)l < AiC(Bl(2al+ﬁ2)Vﬂl (XiA,,) + 31(_2+2az+ﬁ2)v(1+ﬂ1) (Xin,))
If (4a1) V 200 < K,

E (Ei,n(¢)2 | g:;,) S A2 (B2a1Vaz (XzAn) B§+2a1+a2 (XiAn))

E (ei,n(¢)4 I g:z) < A4 (B4a1v2cxz (X ) + B6+4a1+2a2 (XiAn))
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4 Examples

4.1 Diffusion on R

Here, (I,m) = (—00,00) and we set B_oo(z) = 1, Boo(z) = 1 + |z| (by this choice, we decide, for
simplification, to use the same function, By, to bound other functions near the two different bounds
—00, 00). Let X be the solution of dX; = a(X;)dB; + b(X;)dt, and assume that there exists ¢ such
that for all z € R, |a(z)| + |b(z)| < ¢(1 + |z|); @ and b are twice continuously diffentiable and their
second derivatives have polynomial growth.

Then, it is immediate to check Assumptions (A1) and (A2). By Proposition A of the Appendix,
Assumption (A3) is satisfied with K; = oo.

4.2 Positive diffusions

In these models | = 0 and r = co.

4.2.1 Exponantial of a diffusion on R

Here (I,7) = (0,00) and we set By(z) =1+ 1 and Beo(z) = 1 + 22,

We assume that X; = exp(Z;), where Z; is a diffusion on R defined as the solution of the
equation: dZ; = @(Z;)dB; + b(Z;)dt and Z, = 7, 15 independent of B. Consider the following
assumptions.

Functions @ and b are defined on R; & is bounded; lim SUP,_, 00 b(2) < 00; liminf,_,_ b(2) >
—o0; there exists ¢ such that: for all z € R, li)(z)’ < ¢(1 + |2|); @ and b are twice continuously
differentiable; their second derivatives have polynomial growth and o’ is bounded.

Then diffusion X satisfies the stochastic differential equation:
dX; = a(Xt)dBt + b(Xt)dt, (37)

with a(z) = zé(Inz) and b(z) = zb(Inz) + ;za’(Inz). By assumptions, o’ is bounded, so a has

linear growth.
Proposition 4.1. The diffusion (X;) satisfies Assumptions (A1)-(A3), with K, = co.

Proof. (Al) and (A2) are clear. For (A3), we first show the inequality with Be,. Using the Markov
property for X, it suffices to show that, for all k > 0, and Y solution of (37) starting with yo > 0,
there exists ¢ such that:

E ( sup YJ“) < e(1+yg). (38)
t€[0,1]

Since @ is bounded and limsup,_,. b(z) < oo there exists a constant M such that ¥V z >
0, b(z) < M(z + 1). We define Y as the strong solution, with the same Brownian motion B, of
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dY; = a(Y})dB;, + M Y + 1)dt, ¥y = Yo. Using a comparison theorem (see Revuz-Yor p.375 9,
we get:

Vi>0, Y;<Y,as.. (39)

Now, ¥ solves a stochastic differential equation with coefficients having at most a linear growth,
so by Proposition A of the Appendix:

E | sup
5€(0,1)

Then, (39) and (40) imply (38), hence we get the first inequality of (A3).
Noticing that % = exp(—~Z), and ~Z has the same properties as Z, we obtain the second

Y,

k
) < (1 +yg). (40)

Inequality (with By) analogously. |

Remark 4.2. Hence, our results are valid for the ezponantial of a Brownian motion or the ezpo-
nantial an Ornstein—Uhlenbeck process.

4.2.2 Cox-Ingersoll-Ross process

Again, here, (I,7) = (0, 00) and we set By(z) =1 + 1 and Byo(z) = 1 + 2.
Let X be given by:
dXt = (OlXt -+ ,B)dt + g/ XtdBt, XO =n, (4].)

with a <0,0,8>0and nis a positive random variable independent of (B;), and %@ > 1.
Assumptions (A1) and (A2) holds. Combining Propositions A and A’ of the Appendix, we see
that (X;) satisfies Assumption (A3), for K; = 375 - 1.

4.2.3 Bilinear diffusion

We set By(z) =1+ 2 and By (z) = 1 + z.
We suppose that:
dX; = (OtXt + ,B)dt + O'XtdBt, Xg = 7, (42)

with a < 0, 0,8 > 0 and 7 1 a positive and independent of (By).
Using Propositions A and A” of the Appendix, we get that the diffusion (Xt) satisfies Assump-
tions (A1)-(A3) with K| = co.

4.2.4 Elastic diffusion process

Again, here, (I,7) = (0, 00) and we set Byo(z) =1+ 1% and Byo(z) = 1 + 2.
Let X be given by:
dX; = (aX,+ f)dt + o XPdB;, X, =n, (43)

witha <0, 0,8> 0,9 € (3,1) and 7 is a positive random variable independent of (B;).
Combining Propositions A and A" of the Appendix, we see that (X:) satisfies Assumptions
(A1)-(A3) with K| = co.
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5 Appendix

The following proposition (also given in Kessler [6]) shows that Assumption (A3) holds for any
general diffusion process on R under the usual standard assumptions on the drift and diffusion
coeflicient.

Proposition A. Assume that X is the solution of (5) and that (A1) holds. Furthermore, a and b
are supposed such that for all z € R, |a(z)| + |b(z)| < c(1 + |z|). Then, for all integer k > 1, there
exists a constant c(k) depending only on ¢ and k such that:

E ( sup | X,|" | gt> < k) (1 + [ X[) (44)
sE€[t,t+1]
Proof. We can suppose (by the Holder inequality ) that k& > 2. For s € (t,t + 1] we write:
s s
X, = X, + / a(X,)dB, + / b(X,)dv (45)
¢ ¢

Using the Burkhélder inequality, we get (c(k) may change from a line to another):

E (usel[ltl,)s] | gt) < c(k) | Xe|F + c(k)E <</ts aZ(Xv)dv)% | gt>
+e(k)E ((/t 1 (Xv)dv>k | gt)

X,

Using that k£ > 2:

E ( sup |XF |gt> < (k) | X + c(k)E (/ lalF (X,) + o* (X,)dv | gt)
u€lt,s] t
Using the bound on |a| + |b|, and the Fubini Theorem:
E ( sup |XF|| gt) < e(B) | Xe[* + c(k) / B((1+1%") | Gi) dv (46)
u€lt,s] t

Hence we have, if we set ¢(s) = SUPye(t,s) & (lX,’fl | G):

o(6) < )1+ ")+ el8) [ B (1)1 Ge) v < )@+ 1) +-8) [ e
By (A1), ¢(s) is almost surely finite, and we may apply Gronwall’s Lemma to obtain:
() < (1 + | X,f*)esF1),
Using that s € [t,t + 1], we deduce:

sup E (‘X{f
u€[t,t+1)

|G:) < c(k)(1+ [X,/%)
Reporting the last inequation in (46) gives (44). O
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Proposition A’. Assume that X is the solution of dX; = (aX, + B)dt + o/XydB;, X, = n>0
witha <0, >0, 0>0 and%g->1. LetkE[O,%g—l), then 3c such that ¥V t > 0:

1\* 1)\*
E su — G| < (—>
(se[t,tl?l-l] (Xs) | t) ‘\x,

Proof. Using the Markov property, we get for z > 0:

1\* 1\*
1 — ) su - g =F su (.—> y
tXe=a) (se[t,tr-f)-l] (XS> | t) (SG[OI,)I] X )

where X solves the same stochastic differentia] equation as X, with the initial condition X0 =1z.
Now, we use that the process X can be represented as (see Leblanc [7]): X, = e* R, (5), where

(Rs) is the square of a Bessel process of dimension §, with § = %ﬁ, starting from X, = z, and
7(s) = "TZ% is a deterministic change of time.

We deduce that infse[o,1] X, 2 €%inf,> Ry, and hence:

E{ su (i)k <e'“'E< ! )
se[OI,)l] X, - infg>o RE

But we know that, since § > 2, the law of inf s>0 Bs is zU 52 where U is uniformly distributed on
[0,1] (See Revuz—Yor (9] p.430 Exercice 1.18). So,

1 1 ~2k 1 /1 1
— | =R ( =2 ) = —2dy < o—
B <inf520 Rf) xk v ) zk /0 uerdu < Ok

since the integral above is finite for % <lie. fork < % -1= 315- - 1. O

Proposition A”. Assume that X solves the equation

dX; = (Oth + ,B)dt + O'XtdBt, X >0 (47)

with o <0, B, o >0 .
Then Yk > 0, 3¢ such that for all t:

1 1
E Sup — |G | <e(l + —=—
<s€[t,t+1] Xk | t) ( Xf )

Proof. Again by the Markov property of X, for z > 0,

1 1
ey, F SUp —= |G| = F | sup — 48
{Xe=a} (se[t,t+1] Xk | t) (sG[OI,)l] Xs’“) (48)

where X is the solution of (47) starting with X, = z.
We set Z, = }lr, then Z solves dZ, = —025dB;s + {(0? - ) Z, — BZ2%}ds, with Zy = % Now
we define Z' as the solution: dZ! = —0Z,dB; + (0% — @) Z!ds, with Zy=1=2,.

z

?
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Since B < 0, we can use a comparison theorem (see Revuz—Yor [9] p.375) to obtain:

Vs, Zs<Z. a.s. (49)
We apply Proposition A to Z’:
1k 1k 1
El sup 2F) <c(1 + lZO |) =c(l+ =) (50)
s€[0,1] z
Definition of Z, (48), (49) and (50) yield the result. O
Proposition A"”'. Assume X solves
dXy = (aX; + B)dt + 0 X} dB;, Xy >0, (51)

with a <0, 0,8 >0, ¢ € (3,1). Then, Yk >0, 3c, Vi > 0,

E( sup Xs'klgt> <ec(l+X7F)
SE[t,t+1]

Proof. Set k > 0, by the Markov property of X, as in Proposition A, we can assume that X, =
z € (0,00), and restrict ourself to show that there exists ¢ (independent of z) such that,
E( sup Xs_k) <c(l+ x_k).
s€[0,1)
The idea of the proof is to compare the process X with the power of a CIR process. Define Z as
the solution of

dZ, = (' Z, + B)dt + o'/ Z;dB,, Zo =z (52)

with p = (2(1 —9))~! € (1,00) and where o/, §' and ¢’ will be specified later.
Let us set X; = Z?P. Hence, Xo =z, and using Ito’s formula and (p — 1/2)p~! = ¢, we deduce

dX; = b(Xy)dt + o'pX} dB, (53)
with b(z) = o/pz + (B'p + Eipz;llorﬂ)a:l_%.
We set ¢/ = Z, then choose B’ > 0 such that 26'(c") 2 =1 > kp. Finally, using 0 <1 —p~! <1
and 3 > 0, we choose o/ < 0 such that
V>0, bx)<az+pB.
By (43) and (51) we deduce,

VE>0, X <X
Hence, E(SuPse[o,l] X.:k) < E(SuPse[o,l] Xs_k) = E(SuPse[O,l] Z-‘i_kp)'
But, we have seen in the proof of Proposition A’, that for Z a CIR process solving (52) with
28'(¢')72 — 1 > kp, we have

E(sup Z;7%) < c(1+4z7P)
s€[0,1]

The proposition is proved. .
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Proposition B. Let f € C!(I,r) satisfy:
3cVz € (I,7) |f’(:1:)| < c(B](z) + B (z))

then, for all integer k > 1, such that ky < K;:
£
1 (Xo) = f(Xina)I* | g?) < A (B (Xia,) + BF ) (Xia,))  (54)

E sup
VE[iAp,(i+1)An]
Proof. We start with f(z) = z. Let
sup | Xy — Xin, |- (55)

6i,n =
vE[iAn (i+1)Ay]

Using (45) and the Burkhélder inequality, we get:

: (i+1)An k
)+cE<(/ M (Xv)dv> |g;1)

(i+1)An 2
E(bin|G') <cE ((/ a2(X,,)dv> | GF

k
Hence, B (6%, |G}) < cAZE sup  a*(X,) | GP
' €[, (i+1)Apn)
+cAFE sup 6] (X,) | GF
SE[iAn,(i+1)AR]

k¥ so assumption (A3) yields:

Using assumption (A2), we get |a|® + [b]* < By
k % 12k
B (85, 197) < cAZBE(Xia,) (56)

Now for a general f, we set

Sin(f) = sup
VE[iAn,(i+1)Ay)

1f(Xo) — f(Xin,)]

and write, using the bound on f”:

din(f) <c sup
VE[IAL,(1+1)AR]

We choose p and ¢ such that % + % = 1 and pky < K; and apply Holder’s inequality (see

(B} (Xy) + BY(Xy)) X Sin.

(55)—(57)):
B (5:n(f)*G7) < B ( sup B (o851 7)
VE[iAn,(i+1)Ap) ’

Now, assumption (A3) and (56) yield:
E (8n(£)* | G7) < elB]*(Xia,) + B*(Xia,))(1 + BE(Xia,))

(B*?(X;) + BY¥ (X)) | gr)

So, we have the result.
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Chapitre 1.3. Estimation de parametres pour une observation
discrete de l’'intégrale d’une diffusion
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Parameter estimation for a discretely observed integrated diffusion
process.

Abstract

We consider the estimation of unknown parameters in the drift and diffusion coefficients
of a one-dimensional ergodic diffusion (X;) when the observation is a discrete sampling of the
integrated process I; = fot Xsds at times 1A, = 1,...,n. Assuming that the sampling interval
A = A, tends to 0 while the total length time interval nA,, tends to infinity, we first prove limit
theorems for functionals associated with our observations. We apply these results to obtain a
contrast function. The associated minimum contrast estimators are shown to be consistent and
asymptotically Gaussian with different rates for drift and diffusion coefficient parameters.
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The statistics of one-dimensional diffusion processes with ergodic properties and when the sam-
ple path is discretely observed has been the subject of many recent papers. More precisely, let (X+)

be given by the stochastic differential equation:
dXi = b(XfA:u')dt + G'(Xta U)dBta Xo=1 (1)

with B a standard Wiener process and n arandom variable independent of B. Suppose that for some
positive A, a sample (Xin,i <n)is observed and that it is required to estimate (i, 0). The exact
Jikelihood of such an observation being generally untractable, other methods have been developped
to obtain explicit estimators. Under the assumption of fixed sampling interval, different kinds of
estimating functions have been studied (see e.g. Barndorff-Nielsen (1998), Bibby and Sgrensen
(1998), Kessler (1996), Kessler and Sgrensen (1999), Serensen (1998))

Another point of view which is also classical and complementary to the former one is to assume
that the sampling interval A = A, tends to 0 as n — oo and nA, — 0. In this framework, the
likelihood of the Euler scheme of (1) is a contrast function and provides consistent and asymptot-
ically Gaussian estimators. A noteworthy result is that drift and diffusion coefficient parameters
are estimated with different rates, (nAn)% for the drift parameters and n3 for diffusion coefficient
parameters (see e.g. Dorogovisev (1976), Florens-Zmirou (1989), Kessler (1997)).

In this paper, we consider a new type of observation. Our aim is to estimate the parameter

(u,0) of (1) when we observe a discrete A-sampling of the integrated process

t
It=/ Xsds.
0

Integrals of diffusion process have been recently considered in the field of finance in relation with
stochastic volatility models (see e.g. Leblanc (1996), Barndorff-Nielsen and Sheppard (1998),
Barndorff-Nielsen (1998), Genon-Catalot et al (1998)). Data may be obtained from option prices
and their associated implied volatilities (see e.g. Pastorello et al (1994))

For fixed sampling interval A, the exact distribution of (Iia,i < n) is difficult to compute
except for few models. For example, the case of X a stationary Ornstein-Uhlenbeck process solving
dX, = pXidt + odBy, is fully treated in Gloter (1998, a).

To deal with a general diffusion X, we shall assume that the sampling interval A = A, tends
to 0. Now, let

—n (+1)An

X, =4, A Xods = A7 Tsya, — Lisa)- (2)
We shall base our estimation on the sample (7?)1-5”_1 which is in one-to—one correspondance with
the observation (Iia, )i<n. Our starting idea is that, for small Ay, the law of (X7:,i < n—1) may
be close to the law of (Xia,,t SN — 1), so that methods available for the discrete sampling (Xia,)
apply for (X7). In fact such a substitution fails mainly because (X7) is not Markovian.

As preliminary steps, in Gloter (1998, b) we have obtained asymptotic expansions of TX'T as
A, — 0. The results of Gloter (1998, b) hold without ergodicity assumptions on model (1).
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In this paper, we assume that the diffusion (X;) has ergodic properties with invariant probability
dvy(z). We first prove limit theorems concerning the variation and the quadratic variation of (Y:l),
which enlight the difference between (X ) and the discrete sampling (Xia,). These theorems
enable us to construct a contrast by introducing the appropriate corrections on the Euler contrast
of the diffusion.

The paper is organized as follows. Sections 1, 2, 3 are devoted to general limit theorems. In
these sections, parameters are omitted and we set a(z, o) = a(z), b(z, ) = b(z). Section 1 contains
the assumptions and a recap of some expansions obtained in Gloter (1998, b). In Section 2 we
introduce the following functionals of the observed process (where X; = X to simplify notations):

n—1
Tn(f)=n"1 D0 F(X) (3)
1=0

n—2

In(f) = (nAn) 71 Y~ F(X) (X i1 — X — Anb(X)) (4)
i=0
n—2

On(f) = (RAR) ™Y F(X) (K ig1 — Xu)° (5)

=0

Section 2 contains convergence in probability results and Section 3 some associated central limit

theorems. The main result is that, under smoothness assumptions on f,g,

(291 - 1) ot (3200) ~nton))

N

((n)

converges in distribution to a A'(0, v (£2a?)) QN (0, 2115(g%a*)) (where vy is the invariant probability
of the diffusion and vo(f) = [ f(z)dvo(z)). This needs the additional (but classical) condition
nA2 — 0.

In Section 4, we give examples of diffusion models satisfying the set of assumptions introduced
in Section 1.

Section 5 contains the statistical applications. We study estimators based on the minimization
of

n—1 < ' - 2
&(0):2{ 5 ((X"“ — i‘;i(;’(j““m”) + %h(?@-,&) (Kiz1 - Z-)?) + log a2(7¢,a)}
(6)

with h(z,6) = B%Ebé%. The associated minimum contrast estimator 8, = (fi,,&,) is shown to be
consistent and ((nAn)%(ﬂn—ug), n: (6n—00)) asymptotically normal (g = (ug, 0¢) denotes the true
value of the parameter). We compare the asymptotic variances with those obtained for estimators
based on a discrete sampling of the diffusion itself (by Kessler (1997)). The only difference is a slight
increase in the asymptotic variance of the estimator of og. In Section 6, examples of parametric
models are fully treated. Some technical results are given in the Appendix.
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1 Assumptions and preliminary results
1.1 Model and Assumptions

Let (X;) be defined as the solution on a probability space (2, F, P) of the stochastic differential

equation:
dX: = a(Xy)dB; + b(Xy)dt, Xo=n (7)

where (Bt)¢>0 is a standard one-dimensional Brownian motion, 7 is a random variable independent
of (Bt)¢>0. We make now some classical assumptions on functions b and a ensuring that the solution
of (7) is a positive recurrent diffusion on an interval (I,7) (—oo <1 < r < o0).
To keep general notations, we introduce two positive measurable functions B; and B, defined
on (I,r) satisfying the following property: V e, 3, ¢/, 8/, p >0, 3¢, Vz € (I,7),
(Bf (@) + B (2)) x (B (2) + BY (2)) < (B (2) + B () £
(Bf(z) + BY (2))P < c(B*(z) + BEF () (9)
These functions are used below to bound the growth of other functions near the boundaries [, r
of the state space. For example, if { = 0, r = co we may take Bj(z) = 1+ 1, Br(z) =1+ z; if
I = —00, 7 = 00 we may take Bj(z) = B,(z) =1+ |z

(A0) Equation (7) admits a unique strong solution such that P(X; € (I,r), V¢t > 0) =
(A1) Function a and b are real valued, C? on (I,r) and

de, ai, ag, B1, B2 >0, Vz € (I,1),
a(z) >0, l|a(z)| + |b(z)| < c(1 + By(z)),
|a/(2)] < (B (z) + B (x)), |a"(2)] < (B () + BX2(x)),
|b'(z)| < (B (z) + B (2), |o"(2)] < c(B/*(2) + BF2(x)).

Let G; = o(Bs,s < t;1).

(A2) There exists a positive constant K; such that
Vke[0,K,), 3¢, Vt>0, E (supse[tm] BE(X,) | gt) < cBF(Xy)

Yk € [0,00), 3¢, V2 > 0, B (sup,epy e BE(X) | Gt) < eBE(XY)

For z¢ € (l,7), let s(z) = exp( 2f deu ) denote the scale density and m(z) = m the
speed density.

(A3) [ s(z)dz = [7 s(z)dz = o0, [ m(z)dz = M < cc.
Let

1
vo(dz) = 5rm(z)Nizeq,nydz.
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(A4) MG, M. >0 I/o(Bl]V[’) < 00, I/o(B;w’) < oo.
(A5) SuPt>g E(BIM' (Xt)) < o0, SUD¢>0 E(BM (X)) < oo .

(A1) and (A3) imply (AO) but some results hold without (A3) under (A0)-(A2). Under (A1)
and (A3), v is the unique invariant probability of model (7) and X satisfies the classical ergodic

theorem
1 1 T T—oo
Vf € L (dw), T/ F(Xs)ds —— (/)

Assumptions (A4) means that some powers of B; and B, are in L!(dvp) and hence all functions
on (I,7) bounded by these powers of B; and B, will also be in L(drg). Assumption (A5) follows
immediately from (A4) if the initial distribution is vy (the process X being strictly stationary). In
Section 4 we prove that (A5) follows again from (A4) when the initial condition is deterministic.

Assumption (A2) was already introduced in Kessler (1997) and in Gloter (1998, b), as a useful
tool to control the behaviour of X near the endpoints [,7. In Gloter (1998, b), it is shown that
(A2) holds for general diffusion processes on R, and for some classical diffusions on (0,00). The
reason why (A2) is not symetric appears in the examples of Section 4.

1.2 Expansions for the observed process

Now, let A, be a sequence of positive numbers with A,, — 0, as n — co and assume that A, <1,
for all n. We set
G = Gin, -

We now recall the main properties of X, = X; (see (2)) proved in Gloter (1998, b). In the
following statements the constants ¢ appearing never depend on i and n.

Proposition 1.1. Assume (A0)-(A2) and let f € C1(l,r) satisfy:
3120, 3> 0, Yo & (,r) |f'(@)] < (5] (@) + B (z))

1) For all integer k > 1, such that ky < K, (with K, given in (A2)), there ezists ¢ > 0 such that
foralli,n>0

k
E( sup  |f(Xe) — F(Xia)|F | gz‘) < eAR (B (Xia,) + BEI*V(Xa,))
ue[iAn,(i+1)An]

2) For all k > 1, there exists ¢ > 0 such that for all i,n >0,
— k k
B (X = Xian|*1G7) < cAZ(1+ BE(Xia,))

E([%un - Xl 167) < eAf 1+ BH(Xia,)).
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Let us introduce

3 (i+1)Aﬂ
§in=A4n? (s —iA,)dBs fori, n>0 (10)
iAn
3 (i+2)An
Eivin = Ap? (iAn +2A, —8)dB; fori> -1, n>0 (11)
’ (i+1)Ay
Uin =€in+&11n (12)

For all n > 0, (&4)i>o0, (§£+1,n)i20 and (U;n)s>0 are Gaussian processes; &, is G141 measurable

and independent of G7; &, ,, is G[ , measurable and independent of G7, ;.

We easily compute the following expectations: E (&, | G) = E ( §+1,n | g{‘“) =0, FE ( fn | g{l) =

E(¢21,100) =4 E (6nél,107) =+
We deduce that for 1,5 > 0, var(U; ) =
Jz2

Hence (U;n)i>0 has the covariance structure of a MA(1) process.

2/3, cov(Ui n,Uiz1,n) = 1/6, cov(Ujpn,Uiyjn) = 0 for

The following results hold.

Theorem 1.2. Assume (A0)-(A2).

1) We have
— 1
Xi— Xia, = Dda(Xin, ) + €in,
with, if 200 < K, Vi,n >0 |E (ein | )| < Anc(l + By (Xin,)) (13)
E (e}, |G7) < AZe(BF™ (Xin,) + BXIT*)(Xia,))
(14)
2) We have

Xit1— Xi — b(X:)A, = Ar%za(XiAn)Ui,n +&in
where €; 5, is G, measurable, and if By V 202 V 4on < Ki, Vi,n >0
IE (6in | GP)| < A%C(Bl(zaﬁﬂz)vﬁl (X;a.) +B£2+2a2+ﬁz)v(1+ﬂ1)(an)) (15)
if (da1) V29 < Kj, Vi,n >0

E (5, GY) < AZe(BI™V* (Xia,) + B3 2tez (X, ) (16)
E (i, | GF) < ALc(B™V? (X;a,) + BSHioa+202(x,,\ ) (17)

Furthermore, if 4daq V as V46, < K, Vi,n >0
3
|E (5i,n§i,n | g;n)' < AﬁC(Bl(al-'-ﬂl)vaz (XiAn) + B,,(.1+al+'31)v(2+a2)(XiAn)) (18)

3
|E (in€iyn | GF)| < AZ(BI VO (), ) 4 BUFer+BVCHa2)(x.\ 1)) (19)
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2 Limit theorems for functionals of the observed process

In this section and the following one, we study the behaviour of functionals (3)-(5) for f : (I,7) — R
satisfying some regularity assumptions. The conditions on f are expressed by the following.
e Condition C,: f € C%(l,r) and for y > 0,

e, Vo€ (L,r),  |f (@) +|f'(@)] + |F"(2)] < e(B] (z) + B (x)).

For statistical purposes, we also need to consider the functionals (3)—(5) for f(z,8): (I,7)x© — R
where © is a product of two compact intervals of R. To obtain uniform convergences with respect
to 6, the conditions on f = f(z,6) are the following.

e Condition CU,;: f: (I,7) x © — R satisfies f(.,.) € C?[(I,r) x O] for some open set O D O
and with v > 0,

Je>0, Vz e (I,r) suplg(z,0)| < c(B](z) + B](2)), for g = f, fs, fr2, Vof, Vafy.
[ 1<]C]

2.1 Empirical mean

As a first application of the expansions recalled in Section 1, we give a mean theorem for the process
(X3)ien.

Proposition 2.1. Assume (A1)-(A5), let f satisfy CU, with v < Mj, 1 +v < M, and 2y < K|,
then

Tn(F(,0) == 1o(f(.,0)) uniformly in 6, in probability.

Proof. By Lemma 7.1 of the Appendix, we only have to prove the L' convergence to zero of
n—1
Supn_l Z |f(Xu6) - f(XZAn)a)l :
bc0 o

By Taylor’s expansion and condition CU,, on f, we get the bound

sup | f(X;,0) — f(Xia,.0)| < ¢ sup (B (X) + B (X)) | Xi — Xia,]-
6co 5€[iAn,(i+1)An]

Now, the Cauchy-Schwarz inequality, (A2), Proposition 1.1 2) and (8) yield

o (3“g |£(X:,6) = f(Xia,,0)| | 91”) < A (B] (Xian) + BI*1(Xin, ).
[

— 1
By Assumption (A5), we deduce E(supgcg lf(Xi,G) - f(XiAn,0)|) < cAZ. So, the proposition is
proved. Ol
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2.2 Variation of the process

Our next result concerns the fonctional Z,, which involves the increments of the process (X;)(see
(4))-

Theorem 2.2. Assume (A1)-(A5), and let f satisfy CU,y, with (y+201+B51+B2)V(27+az) < My,
(44274201 +02) V(2 +7+ 20z + f1 + B2) < My and 27V 4oy V2 V V206 < K,

Za.(f(.,6)) i 11/0 faley )a2(.) uniformly in 8, in probability. (20)
6

Proof. The proof relies on the expansions of Theorem 1.2. Set for the proof

Vin(0) = £(X0,0)(Kip1 — Xi — Anb(X3))- (21)

Since Vi »(8) is GP., measurable, to deal with a triangular array of martingale increments, we
split Z,(f(.,0)) into the sum of terms with even index i and the sum of terms with odd index :.

Now, it is enough to show that

(nlgp)~ Z Vaion (6 g) == (131/0 (f2(.,0)a 2(.)) uniformly in probability (22)

(and that (nAg,) ™1 Y00 2 Vaiv1.2n(0) 27l v (fa (s 6)a?(.)), but the proof in analogous.)
By the Taylor formula., and Theorem 1.2 2) (recall (10)-(12)), Vi »(0) = 25_0 1(2 , with,
1
oD (8) = AdUina(Xia,) f(Xia,, ) (23)
1 _
o2 (6) = AZUM(X- — Xin,)a(Xin) fo(Xinn,0) (24)
o9(6) = AdUin (X: — Xia, V2ol(Xia,) f1a (X 6) (25)
o = einf (Xian, 0) (26)
v = €in(Xing, — Xai) f3(Xi, ) 27)
where X,;,Xi € [Xi,XiA,,]-

Now, define fﬁf)(e) = (nlgy) ™! 21_0 vg)%(e) forj=1,...,5.
e Let us first study TS?) (0) and prove that, for each 8,

T (6) T2 2 (F4(-0)2() (28)

By Lemma 7.3 of the Appendix, it is enough to show that:

n—1
novo 1
(nAszn) IZE(vg?Qn G5 ) 2225 <vo (£2(,8)e%(), (29)
-1
(nAaon) 2ZE(«;§§)2” 02163 250, (30)
1=0
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Using Theorem 1.2 1) and E(Us; 2n&y; o, | G2r) = 1, we get

Ay
(U2z 2n(9) | g ) = 62 2(X21A2n)fz(X21A2na9) + Tin (31)

1
withr, = F <A22nU2i,2nf:;;(X2iA2n,o)a(X%Agn)ei,n | g%{‘)
Now, (14), Assumption (A1) and condition CU, yield

3
Irinl < AZ,c(BI T (Xaing,) + BE T (Xgia,.)) (32)

n—1 . n—oo, 0

Therefore, by (A5), (nAgn) ™! > 70 Tim
Hence, an application of Lemma 7.1 in the Appendix to the first term of (31) yields (29).
Now, by Proposition 1.1 2), E ((fu:(l1 on(0))2 | G2 ) < A3, (B (Xaing, )+ BEr? (Xyia,, ). This
gives (30), and (28) follows.
To obtain uniformity with respect to 8 we shall use Proposition 7.2 of the Appendix. Let us

compute
1 _
Vovg,)gn(e) = A% Uzion(X2i — Xain,,)a(Xain, ) Ve fa(Xain,, ,0)

By condition CU,,, the following bound holds

With Assumption (A5), we deduce sup,cy E(supgeg lvevfj;n (0)‘) < cA,. Hence,

sup E(sup vgfﬁf) (0)}) < o0
neN  fcO

and uniformity in (28) follows.

To end the proof of the theorem, it remains to show the uniform convergence to 0 for I(l) (),
Z%0), 7%(9) and 7 (9).

o Let us study Ifl )(0).

By (10)- (11), we have

E (”2z on(6) | Ga1 ) =0 and E (('Um n(0))? | g%zn) = 2A32na2(X2iA2n)f2(X2iA2na9)-

We deduce, using nA, — 00, 2y < M;, 2+ v < M, and (A5) that

n—1
1
(1820)72 Y B ((0§5,(0))? | G37) = (n3n)™ ( -1Za (Xaiasa)f mee)) =0,
1=0

Now Lemma 7.3, again, yields the convergence 7511)(0) 2, 0 for each 6 in ©.
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To prove that this convergence is uniform we cannot use Proposition 7.2 because E ("021 o ' | G2 )

is of order v/Bon. We will instead use Theorem 20 in Ibragimov and Khas'minskii (1981) (Appendix
1). It is enough to show that there exists two constants M > 0, and € > 0 such that:

Vo, n, E(

_ 2+4€

Iﬁj)(e)‘ ) <M and V6,68, n Du6,0)<Mlo—¢" (33
2+4€

with Dy (6,6') = (’I Mg I“)(e')l )

We only prove the first inequality (the second one 1s similar). Using Rosenthal’s inequality for

martingales (see Hall and Heyde (1980) p.23), we get for any € > 0,

2+€ +% ol
E ( ) < (nhg,) P °E + (nlgn) 27 ZE(|U21,2n|2+E)-

1=0
By the classical inequality, for p = 1+ £ (0 lai|)P < nP™ L P !a;|P, we have

1+5 n— .
E ( ) %Z (|E (U%mn | g:%zn)iHE)

i=0
But, if € is small enough, 2v(1 +¢€) < M; and (2y + 1)(1 + €) < M, and by (A5) we deduce

A

ZE U212n | g )

n—1

ST E (v | G3F)

=0

1+Z
supE(IE(vgi,znlgg?)l >< Ay E, sup B(jvaiznl"t) < ¢y, ”.
in i,n
Hence,

— 2+€ € 3 €
E (l_’ls)’ ) <e{(nhoy) T2 + (nlAg,) t"2n72}.

n—ro0,

Since (nlgn) ! is bounded, we obtain (33). Hence, TS)(()) — 0 uniformly in 6.

e Let us study ff’) (6). For this term we have, by (Al) and CU,,

1 —
sup [v§2),(6)| < A, [Uaizn] (Kai - Xoinn) % sup  c(B(Xs)+BIT(Xs)):
6€© s€[iln,(i+1)Axn]

Using Proposition 1.1 2) (with k=8) and Assumption (A2), we get:
3
B (sup [o2hn(0)] 107 ) < cAR(B] i) + B (oia)
€

Hence, TS) 6) n—:133> 0 uniformly in 6.

e Now, we treat Ti:l) (). Using (15) and (16) we show that, if (27 +201) V(27 +a2) V(¥ +
201 + 1 + B2) < My and (2+’)’+2a2+ﬁ1+ﬁ2) V(3+2’y+2a1+a2) < M;,, then

n—1
(nAn)—l Z E (52i,2nf(X2iAzn79) I g%ln) _71:_100) 0’ - E E 621. 2n X21A2n’ ) l g%?) "_L—*l‘"; 0.
1=0 1=0
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We deduce that for all 6, Tff)(e) lpoo-) 0. Furthermore, this convergence is uniform in # by

application of Proposition 7.2 and the following inequality,

+a1Vy+1 5 a2
E (|62i,2n|zuglvof(xmz,,,e)l ;gzzl) < Donc(B) T (Kping,) + BETTTTE (Xaig,, ).
€ .
e For TS)(O), using Proposition 1.1 2) and (17), we see that,

E <gup €2i0n(Xo;i — X?iAzn)f;lu(Xiae)‘ | g%zn)
€6

N +2a1)V L 2
< A22n . (Bl('y a1)V(y+ar+3a2) (X21A2n) +B? S+v+2en+1 QQ(XQiA%))<

Thus, TS)(Q) 11% 0 uniformly in 6. O

Remark 2.3. To enlight the previous result, recall that

n—1
An) ™Y F(Xin) (X, — Xian — b(Xia,)An) 222 0.
1=0

The difference with our result comes from the fact that f(X;a,) and XA, — Xin, = b(Xsa,) Ay
have a negligible correlation (of order A,) whereas f(X;) and X;y11 — X; — b(X;)An have a corre-
1

lation of order AZ.

2.3 Quadratic variation of the observed process

The following result deals with the quadratic variation of X; (recall (5)).

Theorem 2.4. Assume (A1)-(A5), let f satisfy CU,, with 2y V (y + o1 + Tan) < My, 4427 +
o) + %az < M; and 2y V 4a; V 209 < K, then,

On(F(.,0)) 2= %I/o (f(.,ﬁ)az(.)) uniformly in 8, in probability. (34)

Proof. First, we show the pointwise in 6 convergence.

Set W;,(0) = (X i1 — Xi ) f(X:,0). Since W;,(8) is G, measurable, to prove the conver-
gence of (nlg,) ™! Y1 Win(6), as in the previous theorem, we deal separately with the sum of
even indexes and the one of odd indexes. And it is enough to show that:

(nAgn)~ E Woi 2 (6) =25 %uo (f(, 0)a2(.)) in probability. (35)

(and (nAgy) ™t 050 Wair12n(0) 222> Zuo (£(, 6)a®(.)) in probability.)
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Using Theorem 1.2 2) and Taylor’s formula, we write: Wo;9,(0) = w%’)zn(ﬁ) + wg’)Qn(H) +
3 4
wgz)?n,(e) + wgi)Zn(e)

with w21. 2n(0) AZH U21, on G (X2iA2n )f(X2iA2n ) 9)
wg)2n(9) = 2nU2i 2n@(X2inz, ) (€2i,2n + Donb(Xain,, ) f(X2iag,, 0)
w&j’)zn(e) (€2i2n + D2nb(Xain,, )2 f(X2inga,0)
w21, 271(0) (Xaip1 — Xoi) (X2 — Xaing, ) fo(Xi,0), where X; € [X2i, Xain,,)-

We set @S (0) = (nA2) 1305 wg)2n(0) for  =1,2,3,4.
e We start by studying 04" (6). Using E (U22i,2n | g%{‘) =2/3 and E (Uémn | g%:‘) = 4/3 we

obtain:

F(Xingn, 0)0* (Xins,)

B (w01 687 = zﬁf"

B (il (0))? | 637) = 2 2"f( i8> 0)0* (X,

First, applying Lemma 7.1 we get:

(nAgp)™! ZE (w2z 9n (6) | G2 ) Bt %yo (f(.,@)az(.)) in probability.
=0

Second, using (A5) we get

< cAZn,

SUPE lE ( (w3 2n( )? | g2n)

and therefore, (nAgy,) 2> 0 01 E ((wél o (0))? ] g2n> D200,

L1
Hence, by Lemma 7.3, we deduce Qn ( ) 2= 2 2uo (£ (., 0)a®(.)) in probability.
e For @Sf) (6), by (16) we show

3 L
B ([u2,,0)] 168) < Ade(B O Ogin,,) + BT (g, ).

Then, B (6) 2220,

—=(3) ( n—o0

. Analogously we show that Q, ' (6) ——) 0.

e Now, we study @( ) 8). For this term using Theorem 1.2, we get
n
4 3
B (|ulihn®)| | G3) < A3 (B] (Xazins,) + B (Xziaan):

Hence, @Sl)( ) n—:ﬁ 0.
The pointwise in 6 convergence is proved for (34). It remains to show the uniformity. Using
Proposition 7.2 of the Appendix it suffices to show:

sup(niy) IZE[ i+1 — Xi) 228|V0f(7i,9)|] < oo

n>1
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But, by condition CU, on f, F (sup,;e@ Ing(Yi,9)|2 | gz") < c(BfV(XiAn) +Br27(XiAn)). Joining
this inequality with Proposition 1.1 and (A5) we get,

E| (s = X0)"sup | Vaf (%o 0)] < A
€

and hence the result. ]

Remark 2.5. Comparing Theorem 2.4 with the well known result

n-1
(AT f(Xia,) Xrnya, — Xian)? 2225 v (fa?),
=0
the main difference comes from the fact that the variance of U; ,, is 3, whereas A, (B(H-l) —Bia,)

has variance 1.
The quadratic variation On(f) based on (X;) is therefore a biased estimator of the quadratic
variation vo(fa?). An analogous result was obtained in Delattre and Jacod (1997) for the quadratic

variation based on discrete observations of the diffusion with round—-off errors.

3 Associated central limit theorems

Now, we study some related central limit theorems. We need no more uniformity in 6.

Theorem 3.1. Assume (A1)-(A5) and nA2 2225 0. Let f satisfies C, with (2y + 3a; + az +
b1+ 062)Vdy < My, (44+2y+3a1 +as+ 51 +02)V (4+4’)/) < M, and 4yVida1 V2ayV B V253 < K;
then,

Nalf) i= VABa@a(f) — 707 225 A (0,10 (122)) (36)

Proof. In this proof, we use the notations (21), (23)-(27) introduced in Theorem 2.2. Furthermore,
here, we set v} , @ = — (X1 — X2 F(X).

Define Ng) = (nl,) “Z” ! (] . for j =1,3,4,5 and N( ) = (nAy)~3 fana () ()+v’ (2)).
With these notations N, (f) = lel Ns).

e First, we study

O = —%Z Xin, )Uin with a(z) = f(z)a(z).

i=0

In order to apply a martingale central limit theorem, we first have to reorder terms. (recall

(10)-(12))

=n"z Z s(1 +n ; a(Xo)éon + A X(n-1)a,)n—1.n) 5 (37)
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with
s = a(Xin)in + 6(Xi-1)a,)Ehn (38)

We have, E (352 | g{‘) =0 and

E ((55,112)2 | gzn) = —{a Xia,) + A (Xi-na,) + o Xia, )X i—1ya,)}-

An application of Lemma 7.1, after having shown that, n~! Zz o a(Xia, ) (e Xia, ) —a(Xi—1ya,)) =
op (1), yields:

—1 ZE ( 2 | gn) "—)00 (f2a2) ) (39)
We easily bound E ((35’172)4 l g{‘) and show

‘2ZE< D Igr) 2= 2%, o, (40)

Using Theorem 3.2 (p. 58) in Hall and Heyde (1980), the conditions (39)-(40) are sufficient to
imply

n—1
3y si) T2 N (0,0 (£%)). (41)
i=0
Using that, by (37),
. n—1
NS) =n"2 35,1,2 + op(1), (42)
=0

we deduce N(1 noo N(O 120 (f2 2))

e Second, we show the convergence to 0 of NS). Some computations based on Therorem 1.2

1) and Proposition 1.1 show that

2 A
B (vhion® | G7) = = =220 (Xaitan ) ' (Xaisze) + Thign
with,
|,,.21 2n| < CA 2 (B7+3a1 Vy+2a)+oa2 (XZiAzn) + B;1+7+3a1 +o2 (XQiAzn )) (43)

Recalling (31), we get E (U§1)2n +'v'2i,2n(2) |G§{‘) = rin + 7, Now, by (32), (43) and (A5) we
deduce,

2 2 3
E ’E (vgz)?n + 'U121l,2n( ) l ggzn) _<_ CA22n
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This implies E }(nAgn)_% SPLE (vgf)% + vy, 2n(2) ] Q’%l") < c(nA%n)%, which tends to 0 using
now the condition nA2 — 0.
As for (30), we get (nAg,) ' SV E ((véf)% + U’Qi,znw))z | ggy) = op(1).

This implies the convergence for the sum of term with even indexes:

nA? Z{’UQ‘L on T U21 271.( )} = OP(l)-

Analogously we show (nAgyy1)~2 Sy {v2l+1 on + Vi1, on 2} = op(1). Hence Tv‘ff) — 0.

e We show the convergence to zero for N 51 ), N ﬁl and N 51) using that nAZ — 0 (the proof is a
repetition of the proof of convergence for the corresponding terms, I( ) ( ) and I( ) , in Theorem
2.2).

To conclude,

n—1
= (1 _1
| Na(f) =N, +op(1) =n1 3" s +0p(1), (44)
| 1=0
|
and the theorem follows from (41). O
Remark 3.2. 1) Comparing with the classic convergence limit,
. n-1
(nAn)™7 D (X(ip1ya, = Xinn = Bnb(Xia,))f(Xinn) 222 N (0,10 (£%a%))
i=0

it appears that, if we just replace X;a, by X; above, then the expression may tend to 00, n
probability, because of the non negligeable correlation between f(X;) and X ;41— X;—b(X;)An.
So we have to introduce the appropriate correction.

2) We cannot replace in the statement of the previous Theorem % (7i+1 — 702 (X)), by the
term n—%”‘l/o (f'a?) since we can show that

_1 -2 1
2{2 (X)) (X — X))’ —EVO( 'a2)}
does not tend to zero when n — oo, hence Theorem 3.1 does not provide an ezact central limit

theorem for Theorem 2.2.

3) The condition nA2 — 0 is classical (see Florens-Zmirou (1989)). This condition imposes
that the discretization step decreases to zero fast enough, to ensure that the contribution in
N,.(f) of the error terms €;,, tends to 0 as n — oo.

Let us now state a central limit theorem related with the functional 9,(g) (see (5)).
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Theorem 3.3. Assume (A1)-(A5) and nA2 22225 0. Let g satisfies C, with 4y V (2y + 4oy +
200+ f1) < My, (844y)V(6+2y+401 +202+ 1) < M, and 4y V (27 + 4o + 2a5) V45, < K.
Then,

Ta(o) = (50nla) = mnlae)) 2225 47 (0 5(s%a%)) (45)
Proof. Set
— 9 9.3
(5i’n _ { (Xz-{-glA_ Xz) 042(71)} g(yl) _ { (Uz,n,) ag (Xz..\n) _ az(XzAn)} g(X'LAn)
35N 3

With some computations, based on (17)-(19), we get

IE( in | gn)l < cA, (B(’Y+&1)V(7+011+042+ﬁ1)(X )+ B( +’7+2041+a2)V2’7(XiAn))
E (82, 1GF) < Anc(BP7Ha1¥202 (3,1 ) + BE+212atae (),

This implies n~2 751 6; , 22%% 0 in probability.
Define B(z) = a?(x)g(z) and

2
R WS E

=0

We have thus proved that
M, (g) = M, + op(1). (46)

We now deal with M—; Reordering terms in H; to obtain a triangular array of martingale incre-
ments, we get (recall (12))

7 {Zs(” + (@ — DB + (€20~ 38K nna,) + 2 ménnﬂ(xm_mn)}
(47)
where
(2) = (&, ~ —):B(XiAn) + (&5 - %)ﬂ(X(i—l)An) + 261,08 WB(X(i—1)a,,) (48)

But, now, s 1sg ' ; measurable and £ (s(z) | Q”) = 0. Furthermore, using F (( —1/3)? | G") =

’z'n

E (( ~1/3)2 | g") =2/9 and E (( —1/3)(€2, - 1/3) | ggl) — 2 we obtain,

ﬁﬂz(X(i—l)An)

B (s 167) = 26" (Xiana) + 2
+ %ﬂ(x(i—l)An)ﬁ(XiAn) + %5?—1,nﬁ2(x(i—1)an) (49)
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By Lemma 7.1 and 7.3 (in the Appendix) we show the convergence for the following array of
martingale increments,

n—1
Tty 2 B Xumga,) = 1V0(ﬁ2) (recall B(z) = a?(z)g(z)).
1=0

Using the bounds on the derivative of 8 and Proposition 1.1 1) we deduce n=! 37! o &2, nﬂ (X(i—1)an) 12

P
3v0(8%). Thus we have, by (49),
_ n\ n—oo 9
IZE( 1) S5 Zu(6).

But, the bound on 3 implies: n 21 ' E (( (2))4 I gn) n;oo 0.

Now, Theorem 3.2 (p. 58) in Hall and Heyde (1980), yields: %n_% ?;01 35273 L;) N (o, %uo(ﬁQ)).
Remarking that, by (46) and (47),

:—n ;ZS’ +OP (50)

=0

the theorem is proved. O

Remark 3.4. 1) Comparing with the usual property

L n—1 Xi _Xi 2 e
’n_EZ {g(XiAn)( (+1)AnA An) —g(XiAn)az(XiAn)} ;)N(O 21/0( 2 4))

we see that when we replace X;an, by X; in the equation above the wariance of the limit

increases a little.

2) The previous theorem is linked with Theorem 2.4 but it does not give the central limit theorem

related with it, since in fact,
. n—1 . o — 9
nz {(NA )7 oK) (R = X)) = 51/0(902)}
=0
=1
s of order Ap 2.
Finally, we have:

Theorem 3.5. Let f and g be two functions satisfying respectively C., and C./. Assume that the
assumptions of Theorem 3.1 are valid for f, and those of Theorem 3.8 are valid for g. Suppose,
furthermore, that 2y + 29 + oy < M}, 6 + 2y + 29 + o1 < M,. Then,

(W), Mnl)) 222 N (0,00(%%) ) @ (0, 105 (51)
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Proof. We have shown, in Theorems 3.1 and 3.3 (see (44) and (50)), that N,(f) — n"t St s”1

and My, (g) — n~ z sl 31 . ) tend to zero in probability. Since we deal with martingale arrays, it
suffices to prove

P

n—1
n 3B (s0)s) | 6r) 225 0. (52)
i=1
But using (38) and (48), we get (recall a(z) = a(z)g(z), B(z) = a?(z)g(z)):
B (5052 1 67) = i-1.28(Xpmna,)GelXia,) + 2a(X-pa,)).

Now, an application of Lemma 7.3 yields: n~! ?_01 Eic1aB(Xi—nya, (X —1)a,) ’HT°°> 0

Using Proposition 1.1 and the smoothness of a and § we get:

nT Y 1{E( 1173 1(272 | g") = &i—1nB( X1, )a(Xi—1)a,)} l:lﬁ) 0 and hence (52). O

4 Checking Assumptions

In this Section we give examples of models for which our assumptions hold. Actually, only (A2)
and (A5) have to be studied. The examples below show that they are not restrictive conditions.
The condition (A2) was studied in Gloter (1998, b) and was shown to hold for all models below.

4.1 Diffusion on R
Here (I,7) = (—00,0); B_eo(z) =1 and Beo(z) = 1 + |z|; (X}) is the solution of
dXt = a(Xt)dBt + b(Xt)dt, Xo =1. (53)

Let us assume that Assumptions (A1), (A3) are satisfied, and the stationary distibution v has
finite moments of every orders. This means that (A4) is satisfied for any positive constants M_o,
and My,. By Gloter (1998, b), Assumption (A2) is satisfied with K_ o, = oo.

It remains to check (A5). If n has distribution dvg, then (A5) follows from (A4) by stationarity.
The next proposition shows that (A5) follows again from (A4) if 7 is deterministic.

Proposition 4.1. Let X be solution of (53) starting from Xy =y € R. Assume that (A1), (A3)
and (A4) hold with any positive constants M_, and My, then

Vp > 0, sup E(|X;|P) < co (and hence (A5) holds).
£>0

Proof. Define (since vg ([y, 00)) > 0 for all y) the probability measure: dn(z) = dvy(z)vp ([y,00))” ]l{:cZy}-

Using that the stochastic differential equation admits strong solutions we can define on (2, F, P)
the processes (X¥), z € R and (X]), solutions of:

dX? = a(X?)dB, + b(XP)dt, XE=z
dXT = o(XT)dB; + b(XT)dt, XF=1I
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with II a random variable with distribution dr(z), independent of B.
Now, since Xy = X},’ < X{ a.s, using that X = XV and X™ coincide after the time T' = inf {s >
0;X{ = X7} weget P(Vt>0,X; < X7)=1. So, forpe N (with the notation z+ = z Vv 0):

E (X)) < B ((X7+)P) = /R E (X2*)P) dn(z)

<o (0o ™ [ B (O*P) doofe) = s 00)™ [ (&%) (o)
Since by assumption, 1y has finite moments of every orders, we have
sup B((X;)?) < co.
>0
We analogously show: sup;sq E((Xt_)p ) < oo and get the proposition. O

As the results, the work of Sections 2-3 encompasses a large class of diffusion models on R, among
them we can quote the Ornstein-Uhlenbeck process (for b(z) = ux and a(z) = o) or the Hyperbolic
process (for b(z) = pz(l + :102)“% and a(z) = o).

4.2 Exponantial of a diffusion

When X; = e?t is the exponantial of a diffusion, we can show that under reasonable conditions on
Z, the positive diffusion X satisfies our assumptions.

4.3 The Cox—Ingersoll-Ross process
Here (I,7) = (0,00); Bo(z) =1+ L, Boo(z) =1+ z and
dX; = (,U,Xt + Ml)dt + o/ XidB,, Xg= 7, (54)

with p < 0, o, ' > 0. We set ¢y = %%i,/\ = 2;";—' and suppose that ¢y > 1.
Assumption (A1) is clear and ¢y > 1 implies Assumption (A3), with the stationary probability

[+
measure, dvy(z) = F’?cg):vCO_l

e—Am]l{m>0}d.’E.

Using this expression for the stationary probability, we easily check (A4) with any My < cqg.
It is shown in Gloter (1998, b) that (A2) holds with Ko = ¢y — 1 (actually this model justify the
introduction of the constant Ky in (A2)).

If n has distribution 1, (A5) holds. If i is deterministic, we show (A5) as is Proposition 4.1.

4.4 Bilinear diffusion

Here, again | = 0, r = oo, Bo(z) = 1+ &, Beo(2) = 1+ z, where p is a positive constant. X is
solution of
dX; = (uXt + u)dt + 0 X4dB;, Xo =, (55)
with 4 < 0, o, ' > 0. Wesetc0=1+%’fr|, A:%";.
We easily check (A1) and (A3) with dvg(z) = ﬁg‘;—)z‘“‘le_%]l{wo}dx. We deduce (A4) with
any Mo < co. Assumptions (A5) follows if 7 hat the stationary law or is deterministic as in
Proposition 4.1. In Gloter (1998, b), we have shown that (A2) holds with Ky = oo.
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5 Statistical applications. Minimum contrast estimation.

Let (X;) be the unique solution of the equation:
dX; = a(Xt, O'o)dBt + b(Xt,,U())dt, Xg = 7, (56)

where (Bt)tZO is a standard one dimensional Brownian motion, 7 is a random variable independent
of (Bt)i>0; b and a are two real valued functions respectively defined on R x ©; and R x ©,, where
©; and O, are two compact intervals of R. We denote by 6 = (1, o) the elements of © = ©; x O,

furthermore we suppose that 6, = (#0,00) € ©. To simplify notations and proofs we have chosen a
one dimensional parameter for the drift and for the diffusion coefficient, but we could easily extend
this work to multidimensional parameters.

In the case of the observation of Xia, acontrast may be constructed by approximating X (i+1)An —
Xin, by a N(b(Xia,,, o) An, a*(Xia,,00)An). This leads to the Euler contrast (see Kessler (1997)).

To obtain a contrast based on the observation of Yi, we correct the Euler contrast by taking
into account the factor % m Theorem 2.4, and compensate the effect of the correlation between X;
and X;1; — X,; — Apb(X;, o) (Theorem 2.2).

This leads to the contrast £,,(8) given by (6) (recall h(z,0) = %féé’—fﬁ)). Let 6, = arginfy. g L, (6)
be a minimum contrast estimator

We suppose that the diffusion X satisfies Assumptions (A1)~(A5) (where a(z) stands for a(z, o)
and b(z) for b(z, ug)). Furthermore, to keep proofs on the behaviour of 6, tractable, we make the
additional assumption that K in Assumption (A2) is equal to co and that Assumptions (A4)-
(AS5) hold for any M; and M, (and hence these constants can be chosen as large as we need for
the application of results of Sections 2 and 3). We have seen in Section 4 that this is true for a
large class of diffusion processes (Sections 4.1-4.2). For models that do not satisfy this additional
assumption, we will give specific proof of the consistency and normality of §,, (see Sections 6.2 and
6.3).

We suppose that the following identifiability assumption holds:

(81) a(z,0) = a(z,00) diy(z) almost everywhere implies o = o),
b(w, ) = b(z, o) dro(z) almost everywhere implies y = py.
We need an assumption on the smoothness of a(z,0) and b(z, 1) with respect to the parameter.
(52) a and b are the restrictions of functions defined on an open subset of R?, on which they are

differentiable up to order 6, furthermore they satisfy: 3 ¢ > 0,3k > 0 such that V ,] €
{0,...,3}%, Yz € (I,r):

oiti b oitI F ] ) o 5k
8 —0lz, + sup |——a(zx, + s —a~ " (z, <
530 [y + 20 | et + oup | 2 0o, < ol + o)

By the previous assumption, all functions appearing below satisfy CU, for some v > 0 and hence
limit theorems of Section 2 and 3 apply for these functions.
We can now prove consistency and normality for §,. To maintain formulae short we denote

Ocf = 351, Ouf = 531, 0%f = 2 f, 2uf = 2f ...
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Theorem 5.1. The estimator 6,, is consistent,

A n—o0
On

—— 0y  in probability.

Proof. Following the proof of Kessler's Theorem 1 (Kessler (1997)), by Assumption (S1), it is
enough to show that, uniformly in 8,

2
n" L, (0) T2 (?12((., 00)) +log a?(., o)) in probability (57)
"o

This will ensure the convergence of &, to og. Then, we prove that, uniformly in 6 = (u, o),

(b(., 1) = b(., po))?
a?(.,0)

(nAn) " (Lnlp, o) = La(po, o)) == §l/o (

5 ) in probability (58)

This enables to obtain the convergence of i, to ug (for more details on why (57)—(58) imply
consistency, see the Appendix 7.2).

We start the proof by (57). With the notations (3)—(5), the contrast (divided by n) writes,
after easy computations,

n"1L,(8) = g@n (a_Q(.,o)) + Ty (10ga2(.,a))

3An_

—3Anfn(a_2(.,a)b(.,,u)) + 5 un(a"z(.,a){bQ(.,u) —2b(., w)b(., o) }).  (59)

32"@,1(;1(.,9)) +

Using Proposition 2.1, Theorems 2.2, 2.4 and A, — 0, we easily obtain (57).
For the proof of (58), by the expression of the contrast (devided by n) above, we get

(n0e) () = £lp0,0) = 5o ( Z5(si0,) = 25(1s2) ) = 380 (b i) = Al )

435 ( (b(.. ) = b<.,uo>)2>

2 a?(.,o)

Now, we apply Theorems 2.2, 2.4 (recall h(z,0) = az(g”,)(x,e) too) and Proposition 2.1 to get
(58). O

We now prove that the estimator 8, is asymptotically normal. The scheme of the proof is classical.

N

Theorem 5.2. If nA2 22250, then ((nAn)%(ﬂn — wo),m

o)) b ) )

Proof. Since 6y € ©, by Taylor’s formula:

(60 — ao)) converges in law to a

1 ~
| acattn + il - ) o - o] = ~VaL. 60 (60)

On — 00
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Define:
e )7 ZrLn(8) nlAL? 22&,“1: 2 (0)
_lAn2aua‘C (9) —1%7£ (9)
6 - {(nAg)%mn —uo)] o [—(nA )L, (eo)}
nz(&p — 0o) —n~22 L,(8o)

Then (60) can be written (with some easy computations): fo (80 + (b, — 00))du &, = D,,. Now
-1
the proof of &, =25 ./\/( {Vo ((_ag)(_)))} ) ®N( s 16 { ((a”a 2("60))} ) consists in

(-,00 a?(.,00)
showing the two following points.

1) We have the convergence in law:
(8b)?(-,10)
Qug [ Ly 0
D, ngw N o, < a?(.,00) ) (Goa)?(on)
0 919 ( (00) )

2) We have the uniform (with respect to #) convergence in probability:

n—oo_ [C1,1(8) 0
Cnl®) [ 16 02,2(9)]

with

2b
Cl,l(e) =3 ( asz O') + 22 ()0)(b(’#’) - b(nu'O)))

Caat®) = ((00e) (S22 = 22 ) o (2082000 5 - fi(jfj,"f))‘.

Indeed, this second point immediately implies, using the consistency of 6,

2
1 ) . L (35'7) (.,10) 0
/ Cn(bo + u(en ~ 6p))du 2% ( (vo0) ) (852)2(.,00) ’
0 P 0 4vp ( a (.,0(;) )

For 1) we remark that 7,,, Z,, and Q,, are linear functionals, therefore we can derivate the expression

of n7!L, given in the proof of Theorem 5.1 with respect to the parameter u and get (recall
h(z,6) = (8: %)(z,9)),

(nn)~40,La(00) = ~3N (22 (. 00)). (61)

Analogously, we get

Q>

n 28 Ly (90) = —2M ( a3 (,00)) +

JA, {3zn (a,,(a%)(.,eo)) + Z@n (3 h(.,80)) — gun (05 (a™2) (., 00)B%(., “0))}
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By Proposition 2.1, Theorems 2.2, 2.4 and nA2 — 0, this yields

_1 Osa
n"20,Ln(00) = ~2Mn(5 (., 60)) + op (1). (62)
Now, 1) follows from (61)—(62) and Theorem 3.5.
To obtain 2), we derivate twice £, and use results of Section 2. O

Remark 5.3. As for estimation based on (X;a,)o<i<n—1, the rate of convergence is different for
tn and oyn. The drift term is estimated with rate (nAn)% and the diffusion term is estimated with
rate n3.

Comparing with the asymptotic variance of the estimator based on the Euler contrast (Kessler
(1997), when X;a, itself is observed), we notice a slight increase in the variance of the estimator
of the diffusion term (the constant % instead of 5 for Kessler (1997)). The estimation of p is
asymptotically efficient since vy (%(.,9@) 1s the Fisher information of the continuous time
model.

6 Examples of parametric models

We apply our statistical results to some classical models.

6.1 Example 1: Ornstein—Uhlenbeck process

The diffusion solves dX; = uXidt + gdB;, with 4 < 0, ¢ > 0 and Xy is determistic or has for
distribution the stationary probability of X.
Here, we can compute explicitely the estimator 0, by minimizing the contrast (6). We find,

5' Z i1 =

1=0
AU YR (K = X)X 1A' Y0 (K = X))
" -1 /v 21 =2
?:01 (X i)2 4 ?:01 (X i)

(We have dropped useless terms in 65,).

Using results of Section 4.1, (A1)-(A5) are valid with K_o, = 00, and any positive constants M_.,
M. Thus, results of Section 5 apply:

~
~

(foms Uzn) % (1 02)

1
and if nA2 — 0, ("Al)zz( _2“) i‘ﬁ%/\f(o, [2“” 904]).
nz (65 — o*) D 0 3o

Using numerical simulations, we see that our estimator gives good results on finite samples (see
Table 1, where we give mean and variance of 0;1 for different values of n and T = nA, when
—u = 0% =1). It is worth noticing that if A is not small enough then we underestimate both o2
and |u|.
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Table 1: Simulation results for an Ornstein—Uhlenbeck process.
n=10000,T=500,A = 1/20 n=10000,T=20,A = 1/500
Mean o2, = 0.9659 | n.Var ¢2,=2.38 || Mean 02, = 0.9981 | n.Var 02,=1.8677
Mean fi, =-0.9833 | T.Var 4,=2.11 Mean f, =-1.1101 T.Var (,=2.08
n—2000 T=200,A = 1/10 n=1000,T=500,A = 1/2
Mean 0%, = 0.9259 | n.Var 02,=1.64 || Mean 02, = 0.6986 | n.Var 02,—0.47
Mean fi, =-0.9835 | T.Var 1,=2.83 || Mean fin =-0.83087 | T.Var f,=1.98

6.2 Example 2: The Cox—Ingersoll-Ross process

The diffusion solves (54) and starts either from the stationary distribution or from a deterministic
variable. We find the following explicit expressions for the estimator bn = (fin, fir,;, 52) by minimizing
the contrast (6):

O{Xz+1 X}
}‘ o X R = X0 + 3% (K - X2

(nA,)- Z_:)_( (K1 - X1)?

A nl, [ fin
nly AP X
3
2

(We have dropped a useless term in Jzn)

Results of Section 5 do not apply since here, Ko = cp—1 = —%i —1 < 0o and we can only choose
My < cp (see section 4.3). We directly show the convergence of g, using its expression and applying
results of Sections 2 and 3. For this we have to take care that Ko and My are large enough. After
some easy computation we get,

n—o0

Theorem 6.1. o Ifcoy > 9, then é —P—> 6.

o Ifco> 13 and nA2 — 0, then

(nAg, )1( _}'—5) 2“-"[ 62‘—2,{,{.}’ 0
(RA ] (,un ') —Do°+ N 0, 0-2_2uf (2#.‘ _JQ)T;;_[ 0
n3(o% — o?) 0 0 S0

6.3 Example 3: Bilinear diffusion

The diffusion X solves (55), Xp is either a deterministic variable either the stationary law. Our

estimators have the following expressions:

nly, An i 7_1] [ﬂn] | X Xi (X1~ Xi) + X X1 —Xy)
1 - - _ — —_— -_—
A X Ma LI X L o A X (K1 — Xo) + 3% (K — Xo)?

3 —
5 nAn) IZX z+1 X)z
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By Section 4.4, (Al)-(A5) holds, with Ko = oo, with any constants My € [0,00), My € [0,co)

(recall, here, co = 1+ %U{—l)
We show that én is consistent and asymptotically normal by results of Section 2 and 3.

Theorem 6.2. e Ifco > 4, then é l;ﬁ) &o.
e Ifco > 8 and nA,zl — 0, then
(nAn)? (in — 1) o 20ul +207 —2p 0
(nAAn)2 (i, = 1) S N =
nz (g2, — o) 0 0 Yot
7 Appendix
7.1 Technical lemmas
The following Lemma, precises Lemma 8 in Kessler (1997).
Lemma 7.1. Let f € C1((I,r) x ©), satisfy
sup{|f (2, 0)] + | fz(@:0)| +1Vof (2. O)[} < e(B] (=) + BY (),
€
with y < M, 14+ < M, and v < K| then:
n—1
n~! Z f(Xin,,0) == 15 (f(.,0)) uniformly in 8, in probability. (63)
=0

Proof. Using Assumption (A4) and the ergodic theorem for X, we get: (nA,)™? fO"A" f(Xs,0)ds LP“)

v (f(-,60))-
Denote for the proof,

(i+1)A,

nAn, n—1
Da(0)=(nt)" [ F(X.,8)ds —n 1Y f(Xia,, 0)=(nAy) IZ/ (f(Xs,0) — f(Xin,,0)}ds.
=0

1
Using Proposition 1.1 1) and (AS5) yields supsepa, (i+1)a,] B(1f(Xs,0)~f(Xin,,0)]) < cAZ. We
deduce that D,(0) === 0 in L', which gives the convergence in (63) for all 6.
To get the uniformity in 6, by Proposition 7.2, it suffices to show:

n—1
sup E( sup = ZVof iaq,0)|) <
'n,>0 2_0
Using supy |V f| (z,0) < c(BlM‘ (z) + BMr(z)) and (A5) yields the result. O
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Proposition 7.2. Let Snlw, @) be a sequence of measurable real valued functions defined on Qx0,
where (2, F,P) is a probability space, and © is product of compact intervals of R. We assume that
Sn(.,8) converges to zero in probability for all 6 € ©; and that there exists an open neighboorhood
of © on which Sp(w, ) is continuously differentiable for all w € Q. Furthermore we suppose that
supgen E (SuPgeo |VSa(0)]) < 00, then

Sn(6) 1%, 0 yniformly in 6, in probability

Proof. Let ¢ > 0 and n > 0, let us show that for n large enough: P(supgeo 15n(0)] > n) < €.
Denote Z,, = Supgeo | VoSa(6)], and let M such that sup,en B (Zn) M71 < 3.

Using that © is compact we can find an integer d and (a1,- - ,04) € ©¢, such that for all 0 in
©: infieq1,..a) loi — 8] < 557 Define no such that, n > ng implies P (|Sn(as)| > ) < 5. Using
that © is convex:

sup |Sa(0)] < Zngys + sup ISn(c)
9€0 i=1,..,d
We deduce:
P(sup|Sn(®)] = M) < P(Znzaz 2 5) + P( sup |Sn(ea)l 2 1)
e i=1,e,d

L E(Z)
- M

d
+ ;)P (lSn(ai)l > g) < ’€§ ¥ %d‘ld <e.

We recall, the useful lemma which is given in Genon-Catalot and Jacod (1993).

Lemma 7.3. Let x3, U be random variables, with xi being g?—measumble. The following two
e - n n P
conditions imply > iy Xi — U:

T
n n P
ZE(Xi |Gry) — U
i=1

S B 1 G) = 0
=1

7.2 Details on the proof of Theorem 5.1

To maintain a short proof of consistency, we have asserted that, according to Kessler (1997), the fol-
lowing conditions are sufficient to ensure the consistency of b, = (fin,0n) = arginf(, ;)co1x02 Ln(u,0)
(see the proof of Theorem 5.1).

e The parameter set © = ©; x Oy is compact.
e The convergence, uniformly in (4, 0), in probability (see (57))
" La(u, 0) T Ki1(00,0) (64)

where ¢ = K1(00,0) is a continuous function and has a unique minimum at o = Jo.
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e The convergence, uniformly in (u, o), in probability (see (58))
(&) "M (La(i,0) = La(po,0)) == Ka(uo, 00, 41, 0) (65)

where Ksy(uo,00,-,.) is continuous and Kj(uo,00,.,00) is & non negative function with a

unique minimum, equal to 0, reached at pu = py.

This proof of consistency is non standard, due to the fact that u and o are estimated with different
rate, and we do not know any other references than Kessler (1997) dealing with such a problem.
Hence, we give more details, here, for the proof.

First, we show the consistency of ¢,. For n > 0,

(16 ool 2 1}  { Lapue) = il L) € An

inf
(1,0)€01xB(d0,7) (1,0)€EQ1XO2

where B¢(00,n) = ©2N{|o — 00| > n} and 4, = {inf(u,a)eel x B¢(ao,m) n"H(Ln(p, ) = La(,00)) < O}-
But, by uniform convergence of n™ (L, (1, 0) — L (1, 00)) to Ki(0o,0) — K1(00,00), we deduce
limy, o P(A,) < P(A) where

inf K1(00,0) — K1(00,00) <0 .
{(u,a)eeigm(ao,n) 1(00,0) — K1(00,00) < }

The unique minimum of K;(0g, o) is reached at o = 0g. Hence P(A) = 0 and we have proved
limpy 0P (|6 — 00| > 1) = 0.
The second step of the proof is the consistency of ji,. Let A, > 0, then
{liin — pol 2 R} N{|6n — 00| <n} C By

where B'n = {inf(p,,a')EBc(/.Lo,h)XB(ao,n) (nAn)_l(ﬁn(p,,or) - ['n()u’07 U)) S 0} and Bc([,l.o, h) XB(00777) =
O N{|p — pol >k, |o — 00| < n}.
But, by (65), TtnseoP(Bn) < P(B), with

inf K oo p0) <Ob
{(“’”)GB%ﬁo,h)xB(ao,n) 2(k0, 90, 4, 0) }

Using that inf,c ge(y,,n) K2(10, 00, 14, 00) > 0, we get by compacity of ©, for h small enough P(B) =
0. This implies

mn—)ooP(],ﬁ"n. - ,UO| > h, |6p — UO| <n)=0.
To conclude, we write
P(|fn — pol > h) < P(|fin — po| 2 h, |60 — 00| < 1) + P(|65 — 00| > 1)

and the consistency of [, follows.
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Partie II. Modeles a volatilité stochastique
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Chapitre I1.1. Discrétisation du modele a volatilité stochastique
sur un intervalle de temps fini, approximation de la volatilité
intégrée et applications statistiques.
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Discrete sampling of a stochastic volatility model on a fixed length
time interval, approximations of the integrated volatility and
statistical applications.

Abstract

This paper deals with some approximation and estimation problems for stochastic volatility
models. Consider a two-dimensional diffusion process (Y;, X;), where X; is a positive diffusion

and Y; has diffusion coefficient Xé. Assume that only (Y:) is observed according to a dou-
ble discretization, at times (i + ;%)An, i < n, j < m, for some small sampling interval A,,.
Within each subinterval iA,, (i + 1)A,], the quadratic variation of the observations defines an
approximation of the integral fi(Al-:l) An Xsds, which, in turn, can be compared with X;a ..

We explore the properties of these approximations. When the diffusion coefficient of X;
depends on a linear unknown parameter 6, we construct an explicit estimator of 82 and prove its
consistency and asymptotic normality when A, = %, as n and m tend to infinity simultaneously.
Examples and numerical simulation results are given.
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The continuous time stochastic volatility models have been the subject of many recent con-
tributions. These models, introduced by Hull and White ([9]) assume that, if ¥; = log S; is the
logarithm of the price process (S;) of some asset, then:

dY; = p(c?,t)dt + oy dW;. (1)

where X; = o? is the so—called stochastic volatility and follows a stochastic differential equation

driven by another Brownian motion:
dXt = b(Xt)dt + a(Xt)dBt. (2)

In (1) and (2), the Brownian motions B and W may be correlated.

Such models have raised several new problems in the field of finance and of statistics of random
processes (see e.g. for a review of these models, Ghysels and al. [4], for related models and
statistical issues, Barndorff-Nielsen and Shephard [1], Drost and Werker [3], Genon—Catalot and
al. [7], Sgrensen [13]).

First, the computation of option prices based on the asset (S;) depends on the exact distribu-
tion of the quadratic variation process < Y >;= fg Xsds, which is not easily tractable (see e.g.
Leblanc [10] and references therein). Moreover, the volatility being unobservable, approximations
or estimations have to rely on a discrete sampling of the process (Y;) only.

In a previous paper (Gloter [8]), we have obtained approximations of the distribution of (J}*);>o
with:

(i+1)An
Jt = / Xds,
iAn

for small A,,. In particular, (A, JP) is compared with (X;a, ).

Here, we give further approximations of (J*) based on a discrete sampling of (Y;). For this,
we assume that the sample path (Y;) is observed, according to a double discretization, at times
(14 %)An, i=0,1,...,mn—1,7=0,1,...,m. The appoximation of J* is naturally given by:

J; = (Y(i+L,t-l)An - Y(i.;.#)An)Z

We study the exact rate of the difference A, 1(in’m — J). In relation with our work we must
quote the papers of Nelson [11] and Foster and Nelson [12]. There, a double discretization as above
is used for filtering purposes, i.e. volatility prediction. Our concern is different. We have in view
statistical applications to the estimation of unknown parameters in the volatility model (2) based
on a discrete sampling of (Y;) within a fixed length time interval. For this, we set A, = % and
consider the equally spaced observations (Y%_h_nj?,i =0,...,n—1,7=0,...,m) of (¥) on [0, 1].

With such an observation, we can only expect consistent estimators of the diffusion coefficient
of model (2). Indeed, if we had a discrete observation (X i ,i=0,1,...,n) of the volatility itself,

then well known results show that drift parameters cannot be estimated, but diffusion coefficient
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parameters can be estimated without any knowledge of the drift (see e.g. Dohnal [2], Genon-Catalot
and Jacod [6]). In particular if (X;) has the special form:

dXt e b(Xt)dt + 0a(Xt)dBt (3)

with b(.) unknown and a(.) known, then the classical (and optimal) estimator of 62 is given by:

, =l (X _XL)2
O D Y @

=0

It is consistent as n — oo and, due to the multiplicative form of the diffusion coefficient, satisfies:
V(922 — 62) "—;"% N(0, 26%). (5)

In the case of model (3), we construct an estimator ég,m of #2 based on (Y 43 Jogicn-1, €xpressed

n' mn 0<j<m
as a function of (n:fin’m). Its asymptotic properties as n — o0 and m = m,, — oo ;r_e investigated
and we specify the relationship between m, and n ensuring consistency and asymptotic normality
with rate 1/n. Setting N = m,n + 1, we can interpret this rate of convergence in terms of N, the
total number of observations. A crucial assumption here is that (X;) must be positive.

The paper is organized as follows. In Section 1 we present the model, the assumptions and recall
some expansions of A;1J" obtained in Gloter [8] which are needed for the sequel (Proposition 1.2
and Theorem 1.3).

Section 2 is devoted to the expansion of A 17.™ in terms of A1 and X;a,. Distinct results
are obtained whether the two Brownians motions are correlated or not (Theorem 2.1 and Theorem
2.2). We end this section with an application, when A, = n~!, to the approximated quadratic
variation of (A71JP), Vi = S0 2(nJigr " —ndi )2, We show that V, behaves differently
according to the rate of convergence of m, to co, as n — oo, and give the possible limits.

In Section 3, we study some preliminary steps for the statistical application. We obtain bounds
for the conditional moments of A} 1jin’m of positive and negative orders. With G = o(Ws, B, s <
iAn, Yy, Xo), we prove that E ((A;lzn’m)k | g{‘) can be bounded for £ > 0, (resp. k& < 0),
uniformly in m by a polynomial function of X;a, (resp. Xi_Aln). The main difficulty is for & <
0. As a key tool, we obtain the following general result which has its own interest. If (Z;,7 >
1) are independent real random variables, with densities ¢;(z) uniformly bounded by M on the
neighbourhood of 0, [—7, 7], then for ¥ > 0 and m > 2k + 3,

E((Z+--+ Z5)7™") < olk, M,m)ym*,
where c(k, M, n) is a constant independent of m. It is worth noting that the above bound is non
asymptotic and sharp since we can compare the bound with the exact value when the Z,’s are
N(0,1).
Section 4 is devoted to the estimation of 62 in model (3). The estimator is given by:

POEL (08 el S R
n,m 2 P a2 (n:fzn,m) m a2 (n:]\.in,m)
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First, we prove that

= %az(nJ-")

is such that \/n(§2 —92) —ﬂ%fi N (0, 36%). This result has to be compared with (4)-(5): a correction |

I
factor % 1s needed for the change of X ; by nJ" and there is a slight increase of asymptotic variance. |

Then, a further bias correction is needed for the chan
properties of 9\?,,,,” are obtained as 7
é?n_m“ is consistent,

If, further n/m, — 0. then \/ﬁ(ﬁbn‘mn —6%) 222, a7 (0, 204).

And if m,, = n, we obtain the tightness of the sequence vn(

ge of nJ! by nJ,"™. The asymptotic
b ooand m = m, - 0o, We prove that if ng/mn - 0,

éQn,n—-92). So, setting N = nm,+1
when m,, = n.

Finally, we study through numerical simulations the estimation of 62 when Xy = Bt
In the Appendix, some auxiliary results are proved.
1  Framework and preliminary results

1.1 Model, notations and assumptions

Let (Y3, X;) be the two—dimensiona] dj

de = p(Xt, t)dt + O'tth, }/0 = 7}, (6)
of =X, dX, = b(Xi)dt +a(X,)dB,, X, = n
where (Bt)e>o and (W)

. : . . |
t>0 are two possibly correlated Brownian motions, We write

Wt=XBt+v1—X2Wt

where (B, Wt)tgo Is a two-dimensiona] stand
constant. We assume that the initial random
shall say that we are in the independent cas
general case if y € (-1, 1).

Let us set

ard Brownian motion and X € (-1,1) is a known '
variables (7, ') are independent of (W, Bi)t>0. We

e if W and B are independent (y = 0) and in the

GOt = o((Ws, By),s < t; n; 1), Gip = o(W,, §SHBs, s> 05 n; 7). (8)

Let us notice that, by (6), in the inde

pendent case, conditionally on Go,B,
Yieh—Yis Gaussian, with mean ftH'h o(

Xs,8)ds and variance ftH'h X,ds.
Let us now introduce our assumptions:

the random variable

(A1) Equation (7) admits a unique strong solution (X;) satisfying P(Vz, X, > 0) =1.
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Below, it will be necessary to control the behaviour of (X;) near 0 and oo. To deal separately
with each boundaries, we introduce the two following functions defined on (0, c0).

Bo(m)=1+%, Beo(z) = 1+ 2% (k > 0). (9)

In our examples, k will be either 1 or 2. The properties of these functions that we use are the

following:
For all five non negative real numbers «, 3,0/, 8, p , there exists a constant ¢ such that for all

z € (0,00):

(B (z) + BE,(z)) x (BE () + BE,(2)) < e(BSH (z) + BEH ()
(Bg(z) + BL,(2)) < o(BE*(z) + BPE(z)).

The other assumptions are:
(A2) a, be C?(0,00) and 3¢ > 0, Jay,02,B1,0 >0, Yz € (0, c0),

|a(@)] + [b(2)] < cBoo (),
|a'(2)] < e(B5" (2) + BE (2)), |a"(2)] < e(B§? (z) + BE (x)),
|b'(2)] < e(By* (2) + B (2), |b"(x)] < c(BG*(x) + BE(x)).

(A3) There exists Ky > 0 such that,
Vk € [07 KO)) ac, Vi > 0) E (Supse[t,t+1] B(])C(XS) l gt) < CB(’)C(Xt)

Vk € [0,00), 3¢, V¢ 2 0, E (SUPse[t,t+1] BE,(X;) | gt) < cBE,(Xy)
(A4) The function p(z,s) : (0,00) x Ry — R is Borel and satisfies:

3¢, V23>0, V520, |p(z,s)| < cBu(a)

Let us point out that only (A3) is difficult to check. For the following examples of positive
diffusions, Assumption (A3) was checked in [8] (proofs are given in Section 4 of [8] and are not
repeated here).

e Example 1: Exponantial of a diffusion on R.
Here By(z) = 14 1 and Bo(z) = 1 + 2%, Let X; = exp(Z;) with (Z;) a diffusion on R solving:
dZ; = a(Z;)dB; + b(Z;)dt. Assume that the functions &, b belong to C?(R) and that their second
derivatives have polynomial growth. Assume also that @, @' are bounded, that b has linear growth
and limsup,_, ., b(z) < co, liminf,_,_q b(z) > —oo.

Then, (X;) satisfies all assumptions, and Ky = oo.

e Example 2: Bilinear process.
dX; = (aX; + f)dt + 0 XdB;, with a < 0, o, 8> 0, Ky = co.

e Example 3: Square-root process.
dX; = (X, + f)dt + ov/X;dB;, witha < 0,0, >0 2 > 1 and Ko = 2 — 1.

This model justifies the constant Kj in (A3).
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1.2 Integrated volatility and related expansions

Now, let A, be a sequence of positive numbers tending to 0 as n — oco. For convenience, we
suppose too that A, < 1, for all n. Let

(i+1)An
JI = / Xsds. (10)
A,
To simplify notations, we omit the superscript n and simply write J; = J.
In this section we recall some properties of (J;) proved in [8].
Consider the following variables:

_3 prlE+1)A,
bin=An? / (s —iA,)dBs; fori, n>0 (11)
iAn
3 pE+2)A,
Giin =Dn” (iAn + 24, — 5)dB, fori> —1, n>0 (12)
(i+1)An
Uin = &in + &1 n (13)
Let us set (see (8))
G =Gia, (14)

For all n > 0, (&n)i>o0, (§£+1,n)i2—1 and (Uj)i>o are Gaussian processes; i is GI, measur-
able and independent of G7; ¢/, , is G, , measurable and independent of in1- Straightforward
computations yield

E(in|67) = E (6110 16G2) =0 (15)

B (1) = B (| 02) = 3, B (61nin | 67) = - (16)
So, for i > 0, Var(U; ) = %, Cov(Uin, Uig1n) = é and Cov(Ujn, Uiyjn) =0if j > 2.

Hence, (U;n)i>0 has the covariance structure of a M A(1) process.

In all our statements below, we make use of a generic constant ¢ which may change from a
line to another but never depends on i or n. On the contrary, we pay a careful attention to all
exponants and relate them with the exponants given in (A2)-(A4).

First, we recall a useful result on the regularity of the diffusion X itself and its direct application
to A; 1 J;.

Proposition 1.1. Let k > 1, then there exists ¢ such that, for all i,n >0

k
E ( sup |Xs - XiAnIk l g?) < A2 Blgo(XiAn) (17)
SE€[iAR,(i+1)AR)
-1 k n £ k
E(JA2": - Xia,|" 1 7) < AR B, (Xia,) (18)
k
B (|A72(Jies = B)|* | 67) < eAdBE (Xia,) (19)
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Now, we give the first order expansion for the difference A 1J; — Xia,,.

Proposition 1.2. Assume that 2a; < Ko, (with oy and Ko given in (A2)-(A3)) then:
1
An M — Xia, = a(Xin,)AZE , +ein

where E (el | GF) < Ae(B™ (Xin,) + BT (Xia,)) (20)

Proposition 1.2 shows that the difference between A7 1J; and X;a, is of order Aé.

Now, the following theorem gives an asymptotic description of A7 (Ji41 — J;) — b(A;1T;) A,
In the special case of a constant, its law may be approximated by the one of a MA(1) process,
whereas the law of (X(iy1)a, — Xia, — b(Xia,)An) is known to be close to the one of a sequence
of independent Gaussian variables.

Theorem 1.3. We have (see (11)—(13))
1
AN (Jigr = Ji) — B(ALM ) Ap = AZa(Xin, )Uin + €in
where €; 5, is GI',, measurable, and there exists a positive constant ¢ such that for all i,n,

if (401) V 2a < Ky, then,

E (e, | 0F) < A2e(B3™V** (Xia,) + B3*17%2(Xia,)) (21)
E (el | GF) < Anc(By™V2%2(Xia,) + B 111222 (X0 ) (22)

Moreover, the remainder term €;, satisfies, if 4a1 V o V 4B, < Ko,
B (einUsn | G2)| < A2e(BE Vo (X, ) 4 BlLror+oV(ztan) (X, ) (23)

2 Approximations of the integrated volatility

Here, we assume that the sample path (Y;) is observed at times (i + %)An, with sampling interval
A . .
22 depending on a double index (n, m).
We define
T _ . ) 2
i =d= (Y(i+1#)A,. - Y(i+i—)An) (24)

We will now investigate the properties of A, 1:fim as an approximation of A;1J; and of X;a,.
Let us introduce the following notations, for 1 >0, 0 <j <m — 1

i+,
Qi jm =2 /(7:+"7%)An (Ks - Y(¢+J;)An)P(Xs, s)ds (25)
(+3hHA,
Bimsim =2 /( wira, 00 Yor gy JowWs (26)
m—1 m—1
Dinm =AY Gimims Vipm =A7" Y Binjm (27)
j=0 7=0
Ei,n,m = Di,n,m + Vi,n,m (28)
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Notice that ain jms Binjmo D;nm, Vinm and E;pm are Giyq measurable. In the Appendix, we
prove bounds for ¢ nm and (; nm which are useful for this section.

2.1 The general case

Our first step is to give an estimate of the difference AL L AL A;1J; in the general case.
Recall that the general case is when the two Brownian motions in (1) and (2) may be correlated
(x # 0). Then, we have the following result.

Theorem 2.1. We have
AT = AV + Binm (see (10), (24)-(28)) (29)
with, for all1 >0, 1 <m:

E (Elym|Gr) < em™ Bo(Xin,) (30)
E (E;Zl,n,m | gll) < cm—lBgo(X‘iAn)' (31)

Proof. Using Ito’s formula, (6), (25), (26),

(i+LE)An

Yriya, ~ Y(z'+;,%)A,.)2 = ttinjm + Bingm + /(H#)An Xsds.

Hence (29) follows from (24) and (28).
1
Using Lemma 5.4 (in the Appendix) and E (af,n’j’m | Q:‘) <E (a;{n’j,m | gl‘) *, we have:

7=0

2
m—1 m—1
E (( ai,n,j,m) | 67 ) <m S E(pjm | GF) S em™ ALBo(Xia) (32)
j=0

1
Using again Lemma 5.4, B (6205, | 67) < B (Bl | 67)" 20 B (Bipmsfinmy | 67) =0
for j # j', we have:

§=0

2
m—1 m—1
E (( ﬂi,n,j,m) M”) =S E(Bnjm | OF) < em™ ALBL(Xin,)-
j=0

Now, (27)—-(28) yields (30).
By Lemma 5.4,

4
m—1 m—1
E ((Z O‘i,n,j,m) |G ) <m® > E(adpjm | GF) < em2A0Bo(Xins,). (33)

3=0 =0
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N

Using B (Hu—l Bingum | g") <IL_,E ( njusm | g") and Lemma 5.4, we get:

4

m—1
E Z Bin,jm |G | = Z E (H Bingum | g”) Z E (H Bin,jum | GF
3=0

0<31.32,38:J4<m—1 \u=] 0<71.52.93,d4<m~-1 \u=1
Jlt#]u’ for u#"‘, #{11)12)13’.74}<3

- > E (H Binguim | GF ) < em® BG oo(Xian) (34)

0<71.32:33:54<m~—1
#{.717.72).73).74}<3

Joining (33) and (34) gives (31). 0
It appears from (30) that Efn m is of order m~1. This gives an error term of order m? for the
difference A, (J ; —Ji). However, from (31), we see that the fourth conditional moment of Einm

is only of order m™! and not m~2 as could be expected. This comes from the correlation between
the two Brownian motions. Also, from the above proof, we see that the main term in E; n m comes
from Vinm, which is the error term due to o;dW; (see (26)). The term D; , , is null when the drift
term p(z, s) is equal to 0.

2.2 The independent case

Along this section x = 0, and the two Brownian motions B and W are independent. In this case,
the expansions of the previous section can be improved. And, we can draw some consequences
concerning the estimation of the quadratic variation of (X;) by means of J; =

2.2.1 Expansions

The following theorem precises Theorem 2.1. Let us set (see (8))
Gig = Gin,,B (35)
Theorem 2.2. We have
AT = AV + Bipm

with, for alli >0, 1 < m:

1
|E (Ei,n,m | g;jB)| < cm_%Afl sup Bgo(Xs) (36)
S€[iAR,(i+1)AL]
E(El,m|Glp) <em™  sup  BL(X,) (37)
S€[tAR,(1+1)Ag]
E(Binm|Gig) <em™  sup  BE(X,) (38)

S€E[IAR,(t+1)A4)
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Proof. We have E (Z;-n____ol Bingm | Gi B) — 0. And, using Lemma 5.4 (see the Appendix)

(S

sup Bgo (Xs)
s€[iAn,(i+1)Ax]

m—1
E Z aianajam | gZB S m (m—lAn)
—
This gives (36).
We prove (37) in a way similar to the proof of (30).
For the proof of (38), first we obtain, similarly to (33),

4

m—1
E{|Y ainjm| |98 <em™2A8  sup  Bi(Xs).
=0 SE[iAn,(i+1)An]

Second, we write

4

m—1 4
[
B[ (5 pim) 105]= & E(n ﬂi,n,ju,mwz:B) . |
3=0

0$j1,.7:2,j3,j45m-1 u=1
JuFjy for uFu!
|

4 |
12 Z E (,B—iz,n,jl,mﬂi,n,jz,mﬁi,n,js,m | gZB) + Z E (H Binju,m | g?ﬁ) .I
|

0<i1.d2:93<m—L 0<41,j2,d8, 745 71 u=1
JuFtg,s for uFu #{j1.J2:93:343 <2 |

Now, the first sum in the above sum satisfies > E (Hﬁzl Binjum | gyB) = 0. By
0<41,91:dg J4Sm—1 ’
JuFg, for uFu'

Lemma 5.4, the third term satisfies

s€[iAn,(i+1)An]

4
> E( ﬁi,n,jmmlgz’?B) <om AL sup - BYXo).
1

0<jy,42:93,J4Sm 1 u=

#{j1.J2,93:J4} <2

So, it is now enough to prove that, for all distinct 0 < j1,42,d3 Sm—1,

E (,Biz,n,jl,mﬁi,n,jz,mﬂi,n,ja,m | g‘ZB) =0. (39)

If jy or jz > j1, then (39) is clear since

E (ﬁi,n,jz,m l ga+%)AmB> =0and E (ﬁi,n,jg,m l ga‘*‘%)An,B) =0
So, we may assume that §; > jo > j3- Let us set,

; o |
i =B (Bingim | g(i+%)An,B) :

Using (26) and the independence of B and W, we have

- (i+557) A )
Bingim = 4/(i+,_-L)An E ((Ys - Y(i+’—;'1;)An) X | g(i+%)An,B) ds.
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But conditionally on B, (Y5 — Y(z 411 An) is Gaussian, and we deduce that

- (1+‘1%)An
ﬁzi’najlam = 4\/(‘ -ll)A ¢i,n,j1,m(3)Xst, Wlth
i+ )An

2
Bin,jm(s) = (/ . p(Xv,v)dv> +/ Xydv. (40)
(i+L)An (+£)An

Thus, ,ézi’n,jl’m is only a functional of X and hence is Gp g measurable.
Now, using that B;n j,m and B; n j, m are Q(H%)AMB measurable (since j; > jo > j3):

) -
E( i,n,j1,mﬂi,n,jz,mﬁi,ﬂ,js,m | ng,LB) =F (:Bzi,n,jl,mﬁi,n,jz,mﬁi,n,js,m l g;?B)

But we have seen that 82, ,, ;. ., is Go g measurable, therefore it is G7'p measurable too. This gives:
32 . L n_\ _ g L L n
E (IB i,'n.,j1,m:Bz,n,Jz,mﬂz,n,J;;,m l gZ)B) - 62i1n1j1 ;mE (/81177',.727mﬂ1’711]31m l gZ,B)

Now, using j, # j3 we have E (ﬁi,n,jz,mﬂi,n,ja,m | QEB) = 0. This yields (39), and so (41) is
proved. O

Notice, that conditionally on B, the expectation of E; . m is of order A,%lm_% whereas its standard
deviation is of order m™? (see (36)—(37)). This means that errors E;, ., are almost centered.
Furthermore, comparing (31) and (38), it appears that in the independent case we obtain a better
bound for the fourth moment of E; , m.

Recall that E;nm = Vinm + Diam (see (28)). We give a more precise result for the second
moment each term. We start with Vinm-

Proposition 2.3. The following ezpansions hold (see (27))

E (anm | g{" ) =2m" 1XA + Tinm, where rin ., is Gy p measurable, and

E(rinm|GF) <em 20,85 (Xia,). (41)
E (V+1 nm | G; B) = 2m—1XA + Sin,m, where s;pnm 15 Go p measurable, and

E (sinm | GF) < em 20,85, (Xin,)- (42)
E (VinmVisinm | Gl'g) =0 (43)

Proof. By (26) and (27), we write:

B (Vinm? | G'5) = 485 22/

But, conditionally on B, (Y; — Yo i a,) is Gaussian, so we deduce (see (40)):

(1.-{-'L)Aﬂ )
s, P00 Y00, 1605) Xeds.

G+E)a,

( in,m I g:lB = 4A—2 Z / ¢i,n,j,m(3)Xsd3-

1,+J—)An
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Hence,

Timnm = 4A o2 Z / {¢i,n,j,m(s)Xs - Xi2An (S - ('L + %)An)}ds,

i+L)An

which is Gy p measurable.
To obtain (41), by (40), we write 75 nm = 2in.m + zl nm With:

Zinm = 40,2 Z / . (/ . p(Xv,v)dv) X,ds,
i (i+5)0n (i+L)An

1,—0
(1+‘7:_1)An
Znm = 40,7 Z / / (XX — X2 )duds.
; z+L)An (+L)An

By Assumption (A4), we have:

(i+E) Ay s 2 2
/ . / o p(Xy)dv | Xeds | <emTSAE sup BS (X).
Ji+L)An (i+L)An S€[IAR,(141)Ax]
Using (A3), this yields:
E (zinm” | G) < em™ALBE (Xin,). (44)
By (17), (A3) and with some computations, we get:
E sup (XoXs = X77 )2 | GF | < cAnBL(Xin,). (45)
v,8€[(i+ L) A, (i+ ) An]
We deduce:
E (2hm’ |G7) < em™2AnBY (Xia,). (46)

We join (44) and (46) to obtain (41).
We show analogously (42), and (43) is immediate. O

We give the result for D; 5 .

Proposition 2.4. The following inequality holds:

Vi>0,Vn>1, Ym>1, E(D},,.|Gs)<cm7lA, sup B:.(X) (47)
SE[1AR,(i+1)AR)

Proof. Proceeding as for (32), we show: E ((z] 0 Qinjm ) | QEB> <em™lA, SUPse[iAn, (i+1)An] B (Xs)-
This yields the result. O

Now, we may join results of Section 1 and Section 2.
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Corollary 2.5. Assume that 4oy V 2ay < Ky, then the following ezpansion holds:

m

——— -~ l
A;I(Ji_Hm - Ji ) = A%G(XiAn)Ui,n + Ei+1,'n,,m - Ei,'n.,m + Th',n,m (366(13))’ (48)

with E (77132,n,m | gzn) < cAZ(B3Ver(X;a ) + B¥F2ertaz( X, ).
Proof. By Theorems 1.3 and 2.1 we have the expansion (48) with 7, , = &, + Apb(A1J;). Now,
(21), (A2) and (A3) yield the desired bound for E (12, | gg), -

2.2.2 Approximation of the quadratic variation in a fixed length time interval

Let us now give an application of the results of Section 2.2.1 when the observations are taken within
the time interval [0, 1]. For this, we set A, = %, and assume that m = m,, depends on n and tends
to o0 as n — oo.

Consider the quadratic variation associated with (n:fim")

|
[¥]

n

Vo= (nJima " = nJi™™)2 (49)

,.
Il
o

This random variable should be the natural estimator of fol a%(X;)ds based on the observations.
Actually, the proposition below shows that this is not true.

Proposition 2.6. Assume that Ko = oo in (A3), and that Xy is deterministic. Then, if m—‘/ﬁ S

" n—00
0,
~ 21 4n !
Vo= —/ az(Xs)ds+—n/ X2ds + op(1).
3Jo mn Jo
Proof. By (A3), the assumptions imply
Vk >0, sup E(BE(X;)+ BX (X,)) < oo. (50)
te[0,1]
Using (48), E (Ui‘{n | ggl) = 2,(36), (41)-(43), (47) and (50), we get
=T~ Mn >Mn — 2 -
E ((nJm'” — ™2 — amt X2 | gp) = 3n7"a%(Xs) + i (51)

with, if X2 — 0,
n—2
Z Qin m) 0.
Ll
i=0
We deduce

n—2 1

—mg ~my _ 2
ST ™ = 0B~ 4m X3} 2 /0 a2(X,)ds.
=0
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Futhermore, by (19) and (38), we have
= MNn ~mn\2 —1 2 2 n -2 -2\ 18
E (nJiH —nJ; ) —4m; " X7 ) |G| < c(n™*+m, VBoo (Xin,)-

Using Lemma (5.5) (in the Appendix), we obtain

n-2 —m ~m 2 — 2 1

Z{(nJH_l gy ) —amIix2) 2% —/ a?(X,)ds.

=0 n P 3 0
The proposition follows easily.

In Gloter [8] (Proposition 2.9), we have proved that

n—1 1
2

E (’I’LJi+1 - nJi)Q = 5/ az(Xs)ds + OP(].)

=0 0

So, we already know that the quadratic variation of (nJ;) underestimates the quadratic variation
n_ three different behaviours

of (X;). With (n:]\,-m), a further bias term appears. According to -,
are possible.

o If - =0, ¥, is a consistent estimator of 2 fol a?(X;)ds.
e If m, = n, a new bias term is added.

o If ;n’—‘; — oo (with the restriction m£: — 0), then I//\n explodes due to Ej nm-

3 Conditional moments of positive and negative orders

cal applications of Section 4, we need limit theorems for expressions containing

For the statisti
—k_ This justify the study of bounds for the conditional

f (A;ljim> with f(z) = zF or f(z) ==z
moments of A71J;" and (A5 15 ™M-L

First, remark that we can easily boun
for £ > 0,

d conditional moments of A1J;. Using (A3), we have,

E (871" | Gr)<E ( Csup X[ g?) < B (Xian),
s€[iAn,(i+1)An]
and similarly, for k € [0, Ko), E ((A,‘llJi)‘k | gT) < BE(Xin,)-
Now, we intend to obtain, uniformly inm, bounds for E ((A,’; 1:fim)‘k | G
nditionally on B, A, l.lfim is a sum of m squares

For the negative orders, a difficulty appears. Co
) may be infinite (this will be the

of independent normal variables, therefore E ((A; AR G'g

case if m = 1, for all k > %, since the inverse of a normal law is not integrable). Furthermore,

2
when m — oo each variable A, (Y(l LityA, T Yiii) An) (see (24)) tends to zero. Hence, at first

a upiform bound for negative moments of seems difficult to achieve.

glance,
e moments of sums of positive

To obtain it, we start by proving a general result on negativ

variables (Section 3.1). Then, we apply it to square of Gaussian variables. (Section 3.2).

Positive moments are easier to obtain.
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3.1 A general inverse moment result

Theorem 3.1. Let Zy,...,Z, be m independent random variables. We suppose that Z; has a
density ¢i(z) and that there exists n > 0, M > 0 such that for all z € [—n,n] and for all i €
{1,...,m}, ¢i(z) < M (i.e. these densities are uniformly bounded near zero). Then, for all k > 0,
there exists c(k, M,n), a constant depending on k, , M, 1, such that for all m > 2k + 3:

m —k
E ((Z; Zf) < c(k, M,n)m™* (52)

Proof. By increasing M, we may assume that 5% < 7. Let (Ui)i=1,..,m, be m independent real
variables with uniform distribution on [0, 537]. First we show that:

m —k m —k
My :=E <Z Zf) ) <E (Z UE) := Ni. (53)
i=1 i=1

Denote by ¢; the distribution function of |Z;| and by 1 the distribution function of U;. Then, for
z >0,

be) = P21 <o) = [ guto)ds < (2Mz A1) = p(a) 69

This implies that, for alli =1,...,m and ¢ € (0, 1),
Yt < 67 (55)
Now, consider m independent real variables, A;, ..., Ap, with uniform law on (0,1), and set, for

all 4,
Z; =7 (A), U =97\ (4)

We know that (Z)i=1,..,m and (U})i=1,.m have respectively the same law as (1Zi])i=1,...,m and
(Us)i=1,...,m- Furthermore by (55), we have

Vi, U <Z a.s.
So,
My=E (Z Z;~*2> <E (Z U,-*2) = N;.
=1 =1

And (53) is proved.
It remains to obtain an upper bound for Nj. For this note that

P(U12 +--+ U'r%l <e¢) =/ H{u§+...+ugns,:.}(2M)mdu1 e dUy,

(0,537

<(zm)™ /Rm U2 gquz <cydun - .. dum
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We denote by o = 2§ ¥ the area of the unit sphere in the Euclidian space R™. By a change of

rz)

variable, we get:
2 4 2 ve €7
PUZ+-- +U2 <¢) < (2M)™ / P dpor = (M), (56)
0
Let pm be a positive constant depending on m, that will be specified later. Define

N, =E ((Ul2 +oe 4 Ufzn)_k”{vf+---+v,%,3pzn}) :

We have
o0
Np <) e,
g=1
where
(g+1)F 2 s _( P Ph
ug = ——PU} + -+ UZ € [, 2)).
q szf ( 1 m [q+ 1 q ])
Using (56) with ¢ = =2, we get
k
Uug < (q +m1) (2M)m m—2kIm
q?
Since &t —k > %, we can set
2 (g+ 1)’°
g=1 9z

So,
kIm
m’
Let us recall the exact inequality connected with the Stirling formula (see Feller p.54 [5]):

1‘(%) > <—e_ 1)_—1 1/%(% ~1).

Using this inequality and the value of o, yields

Ni < s(2M)™pm~2

m —2k
NI:: S S(Iz_l m_q \/_
- i
m(Z) 3/ F -1

N

and the previous inequality reduces to
k
N < _ 18\{%_(14M )
(-zeT> my/g —1
where C only depends on k, M, 7.
Since E ((Ul2 AR T }) < pk =

Now, we set o, = (4—3;1\};)

<Cm~*

(BemM2 )k we have
B((UF +---+ Un) ™) < clk, M, m)m™"
Hence Theorem 3.1 is proved. U
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This result can be applied to Gaussian variables.

Corollary 3.2. Let Z,,...,Zy be m independent random variables such that the law of Z; 1s
N (pi,vi). Then, for all k > 0, there exists c(k), a constant depending only of k, such that for all
m > 2k + 3:

E ((Z12 +- 4+ Z,2n)_k> <c(k)(. min v;)"Fm~k

i=1,...,m

Proof. If there exists ¢ such that v; = 0, the result is obvious. Otherwise, for all i = 1,...,m we
set Z; = 72_;_ Then,

[

B ((Z12 Tt Zrzn)—k) <{( min vi)_kE ((212 NS Z%)—k)

i=1,....m

Since the density of Z; is bounded on R by \/#2_ we can apply Theorem 3.1, hence we get the

™

result. a

Remark 3.3. To make sure that the bound in Corollary 3.2 is sharp, we compute, in the case
where for all i, p; =0 and v; = v, by using that S, Z2 is a chi square variable, with m > 2k,

L1 k)

B ((ij ZE)*) =B
i=1

3.2 Bounds for conditional moments

~m—00 2ky—kEm k.

2|3 |

—_—

Recall By(z) =1+ 1 and Boo(2) = 1+ z or Boo(z) = 1 + z2.
Theorem 3.4. 1) Let 0 < k < K. There exists ¢ such that, for all m > 2k + 3,
B (Bo(A7 T | 67 < cB(Xia,)
2) Let k > 1. There ezists c such that, for all m,
B (Boo( A7 5" 1 G7) < B (Xia,).

Proof. Let us prove 1). We have (see (24)) J; = St 22, with

Jj=0 <5
(+EhHa, +LEHa,
ij/ _ p(Xs,s)ds+/ A osdWs.
(i+£)An (i+4)An

Conditionally on G'p (recall (8) and (35)), Z; has law N (15, v;5) with

(+&ha, (i+ZEhHA,
Ky =/( p(Xs,s)ds + X/ 0sdBs,

i+L)A, (i+L)An
(i+&HA,
vj=(1- Xz)/ ' Xsds.
(i+1)An
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By Corollary 3.2, we deduce for m > 2k + 3:

B ((37)" 10ta) < e _gmin_ ) Hm*

yeeym—1

But, v; > (1 — X2)%f‘ infsefin,, (i+1)an] Xs yields (recall that x? # 1),

~ —k
E ((Jim) | g:fB) < e(k)AZF1— X7 P ]X;k
s€|1An,(2 n

Now, using the inclusion G' C G'p and Assumption (A3) we obtain
~m\ —k
E ((AﬁlJim> | g{’) < cB§(Xian)

This yields 1).
Let us prove 2). Using that (372, Z2)F < mFt 72, we obtain

—~ k
E ((Jim) | GEB> <emF  sup  (vF +pZF) (57)
0<j<m—1

By the Burkhélder inequality, we get

(+5)An ¢
B (21 07) <clm A E( w9100 +eB ([ 7 Xads) 17
SE[iAR,(1+1A7)] (i+£)An

< c(m‘lAn)zkE ( sup p2k(Xs,s) | g;’) + c(m_lAn)kE ( sup Xf | g;‘)
SE[iAR,(i+1)AR) SE[iAR,(i+1)An]

Using (A4), then (A3) yields
2k | on -1 k 2k 5.
E (12| 07) < c(m™An)* B (Xia,).

Analogously, we get
- k
B (o | GF) < ¢ (m™An)" B (Xia,).

We deduce from (57) that
am\ k
B((37)"10r) < cakb(Xin,).

Hence 2) is proved. O

Remark 3.5. From the above proof, we see that if we strengthen (A4) by supposing that p is
bounded on (0,00) X R then we have: E ((A;ljim)k | gf) < cBE (Xia,)-
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4 Estimation of the diffusion coefficient of the volatility: A special
model.

Now, we assume that (X;) solves the stochastic differential equation
dXt = Ga(Xt)dBt + b(Xt)dt

and study the estimation of 6 based on the observation of (¥;) on the fixed length time interval
[0,1]. Note that the drift function is unknown and hence may depend on 6.

As in Section 2.2.2, we set A,, = %, and let m = m, depend on n.

The choice of a multiplicative form for the diffusion coefficient, a(z,0) = 8a(z), yields two
significant simplifications in the standard problem of inference based on (X 1)i=o0,..n: it enables to
find an explicit estimator of 62, which is asymptotically normal (see (4)— (5 )75

To simplify proofs, we shall set p(z,s) = 0 (hence dY; = /X;dW;), but the results in this
section remain valid for any p(z, s) satisfying (A4).

We assume the two Brownian motions B and W are independent, and that (A1)-(A4) are
satisfied with Ky = co. In addition, we suppose that

1

3y, ¢ >0, Vz € (0, 00), @) <

c(Bg (z) + BL,(z)) (58)
and that
VE>0, EX;*+XxF) <o

By (A3), the above assumption implies that

Vk €N, sup E(Bf(X:))<oco and sup E(BE (X)) < oo. (59)
t€[0,1] t€(0,1]

4.1 Estimator and rate of subsamplings.

i+l
We start by constructing an approximation of 82 based on the unobserved variables J; = f Xsds,
fori=0,...,n—1.

Proposition 4.1. We set 62, = 3 " 2% then:

Zn = Vn(60%, — 6%) 2225 N(0, 04)

Proof. Using Theorem 1.3, we split

n—2
9~2n = Z(USI,E + ufz,z + u§3,2 + uz(.:t,z) where (see (11)-(13)),
=0
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1 _
=,
36 _1
(3) _ 3(ein +1 b(nJi))2
Yin 2a2(X 1)
3 _ -
uff) = Snden —nJ a7 (0) —a (X))
By (11)-(13), ug 12 is the square of a Gaussian variable, and £ (ug}g) = n~162. Using that cov(UZ,, Uz,
2cov?(U; n, Ujn), we obtain var(u, > )) = n"120* and cov(u (72,u§_1‘_)1,n) = (8n)~16%. We easily deduce
that
94
Z u(l) 92 n—00 N(O 9 )

1=0
By (23), (58) there exists ¢ > 0 such that

|E (vauly | 6r) D}

< en~3(BE(X 1) + BS (X

and using (22), for another constant c, E ( ( )2 | gn) < en~2(B§(X 1)
By (59), we deduce Y75 B (\/ﬁu(-z) | GZ‘) 2%, 0 and V2 E ( (u

implies, by Lemma, 5.5 in the Appendix, v/ }:” 2 (2) 2% 0.
we show,
E ( e

P
Then, we deduce, by (59), that v/n Y -2 (3)

It remains to prove y/n 21:02 (4)

Proposition 1.2 and Theorem 1.3, we wnte

+ BS,(X 1))
@2 gn) 2%, 0. This

Analogously, w

r) < en”H(B(Xs) + Bio(X1)):

n—oo
—= 0.

!
0. By a Taylor expansion for a~2(nJ;)

n—00

? _a’_Q(Xi)a

n

ul) = n~Eg(X U Ein + i
where g(z) = a?(z)(a™?)'(x), and 17,&2 satisfies for some constant ¢, E (‘ﬂg?) | gf) <en”
B (X1))-
This implies \/52?_02 (4)
We conclude by proving

2(B5(X 1)+

n—roo
— 0.

Ll

n—2
VA Y (X )e(X Ul F F 0

=0

This is done since £ ( ol g") =0.
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Remark 4.2. By the previous result, we see that if we replace X: by nJ; in the expression of the

2
)
n—2 n

standard approzimation of 62, 9,%* =25 ﬂa(T)_’ then we underestimate 6> (by a factor %)
The asymplotic variance of 0~2n 1s slightly bigger than the one of 62* (recall (5)).

Now, we deduce from 62, an estimator based on (Y2).
The results of Section 2.2.2 lead us to define:

_ —Z{ nJ1+1 nJ; ) 4 (nJ; T)n } for n,m > 1. (60)

a2(nJ;") ma2(nJ; ")

The next theorem gives the asymptotic behaviour of é2n,m when n tends to co, and m = m,,
depends on n and tends to co as n — oo.

Theorem 4.3. 1) Assume that m, is a sequence of integers such that ngm,jl =0(1), then éQH,mn

15 consistent:

-

92 n—r00 02
n,Mn P_)
2) Furthermore, we have
~ - 1 3
\/ﬁ(gzn,mn - 01%) = ((mnn_l) e (mnn_l) 2) Bn,mm
where (Bpm,) is a sequence bounded in L', for n large enough.

Proof. We write

VA(2nm = 6%0) = Tih + T, + T, (61)
: 1) L1 ) (I)? X1
B 2
R ]
76 _ 3.1 =2 { (N1 :n:fim)z _ (ndi1 —ndi)? (Biyiam = Ei.n,m)Q} (64)
R a2(nJ;") a?(nJ;) a*(Xia,)

e First, we bound Tngh = &2 02 (F(nF™) = f(ni) + F(nd) — F(X3)), with f(z) = 785.

X
n

By Taylor’s formula,
FnF™) = f(nFs) = f'(€)Eipm, with £ € [nJi, nJi"].
Using the bound |f'(§)| < ¢(B§(€) + BS,(£)), and the monotonicity of By and By, we deduce:

1£(€)] < e(BE(nd) + By (ni) + BS(nTi™) + BS, (nF;™))
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By (A3), Theorem 3.4 and (58), we deduce that for m large enough E(|f'(¢)]?) < c. Using Cauchy-
Schwartz’s inequality and (37), we get

B (|fnT™) = 1)
By (18), we show analogously that
B(f(nd) - (Xo)]) < en (66)
Joining (65) and (66) one gets
B(

) <com—% (65)

T,g’l,)n‘) < e(m™ln + (m~1n)$).

e Now, we deal with T,?T)n Using that, by p(z,s) = 0, Einm = Vinm we have

n-—2
2
T7£,7)71 = E Uin,m
1=0

with
2
w _ §n% (Vi+1,n,m - Vi,n,m)2 _ 4m—1 X:T
inm = 5 a?(X.) a?(Xi)

2
Let us give a bound for ( 1’;—02 ’U,gi,gn,m) . For 1 < ¢/, using that U2i2n,m 18 GF; o p (C G5 B)

measurable, and Proposition 2.3, we obtain

1
2(7"21 2n,m t 21t 20, m))

E(ugion,mu2it 2nm) = E(ugionmE (Uit onm | g%{%,B)) =F <U2i,2n,m 2,2(X0)
3 3

But ropr o m + 52i' 2n,m is Go p measurable, hence

o=

n (7'21",271,171 + 3212',2?1,?71)

$a2(Xy)

E(u2i2n,mu2it 2nm) = E | E(ugionm | g21 B)

1 1
n:2 (?"21 2n,m T $2i 21 m) 2 (7'21’,271 m + Sai 2n m)

gaQ(X%) 202(X )

n

=F

We deduce (with (41) and (42)) IE (u2s,2n,mU2s 2n m))| < e¢m™2. Now, lE 'Uzz on m)‘ < ecm™?n gives

E (( s ug 2n,m) ) < em™2n2,
Proceeding analogously with the odd indexes, we obtain

E(T3)?) < e(m™'n)2,
e For T,g?,)n, some computations based on (18), (19), (36) and (38) yield
B(

K0 < clonmt s )

Hence, 2) is proved
Under the condition n3 /mn = 0(1), 1) follows from the consistency of ,, and 2). O
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Remark 4.4. o If we set m, = n, then \/ﬁ(ebn,n — 62) = \/n(62,

sup P(v/n |é?n,n - 92\ > M) M2, g
n

- 63) + 2By hence

Now taking mto account that 62 nn uses N =n? 4+ 1 data, we have constructed an estimator
with rate Ni.

o [fTn Z2% 0 then the estimator is asymptotically normal: \/_( nmn—0%) 225 N(0, 9%4).

o We know nothing on By, ,, and especially on how it depends on 6.

4.2 Some numerical simulation results.

We now investigate, by numerical simulations, the quality of the estimator 92n m for the following
model

dYy = vXydWy, Y5 =0
Xt = exp(6B;), Xo =1, B and W are two independent Brownian motions.

Since dX; = 0XdB; + 92—2Xtdt, the estimator of 4 is given by

Qo f (nJi1 —nZ")?  6(n—1)
n.m — — %(n./]\lm)z m i
Tables 2, 4 and 6 show for different values of 0, n and 7', the empirical mean and standard

deviation of 02n m (with 200 replications).

To evaluate the effect of By, ;m we give in Tables 1, 3 and 5 the empirical mean and standard
deviation of 62, for the same values of 62 and n (with 200 replications).

Table 1: (Mean; Standard deviation) of 62, for 62 = 1.

n=10

n=20

n=>50

n=100

n=200

1.01; 0.76

0.99; 0.37

0.98; 0.23

1.00; 0.14

1.01; 0.10

Table 2: (Mean; Standard deviation) of 62,.,, for 62 = 1.

n=10 n=20 n=50 | n=100 | 1n=200
) 10.2; 25 5.0; 7.07 2.39; 2.63 1.59; 1.58 1.38; 0.91
m—4 1.67; 241 | 1.38; 1.17 1.13; 0.60 1.02; 0.37 1.02; 0.27
=10 1.19; 1.2 | 1.11; 0.70 1.00; 0.36

m=20 0.94; 0.68 | 1.01; 0.50 1.00; 0.27

=50 0.97; 0.70 | 0.96; 0.34

™._100 1.10; 0.76

From Table 1, Table 2, we see that, when B is large, standard deviations of 62, om and of 92

are close. However, 62 n,m only achieves a reasonable standard deviation for (n, ) =
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Table 3: (Mean; Standard deviation) of 62, for 62 = 0.1,

n=10 n=20 n=>50 n=100
0.093;0.048 | 0.095;0.035 | 0.096; 0.021 | 0.099; 0.015
Table 4: (Mean; Standard deviation) of 62, ,, for 62 = 0.1.
n=10 n=20 | n=50 [ n=100 |
n=] 10.7; 31 3.85; 6.2 1.12; 2.1 0.51; 1.7
=4 0.36; 1.40 0.26; 0.83 0.11; 0.43 0.13; 0.27
m=10 0.12; 0.43 0.062; 0.27 0.10; 0.16 0.095; 0.12
=20 0.08; 0.21 0.11; 0.144 0.088; 0.087
=50 0.089; 0.11 | 0.092; 0.072 | 0.098; 0.049
=100 0.079; 0.067 | 0.093; 0.051
Table 5: (Mean; Standard deviation) of 62, for 62 = 0.01.
n=10 n=20 n=>50 n=100
0.0089;0.0047 | 0.0094;0.0034 [ 0.0097; 0.002 | 0.0098; 0.0014
Table 6: (Mean; Standard deviation) of éQn,m for 62 = 0.01.
‘ n=10 n=20 n=>50 ] n=100 |
m=1 7.75; 16 2.75; 4.7 0.60; 1.82 0.50; 1.24
=4 0.042; 1.0 0.11; 0.76 0.086; 0.43 0.029; 0.27
=10 0.040;0.41 0.035; 0.26 0.014; 0.16 | -0.00052;0.10
=20 -0.026; 0.15 | 0.0013;0.13 | 0.0054; 0.075 | 0.0083; 0.05
=50 0.0021; 0.073 | 0.0068; 0.044 | 0.013; 0.034
=100 0.0067; 0.038 | 0.0038; 0.025 | 0.0093; 0.015 4‘

(n, Z) = (50,20) and (n, Z) = (200,4). For these values, the total number of observations N is
respectively about 20000, 50000 and 160000, which are huge numbers. Notice that ézn,n, although
consistent, does not provide a valid estimate (at least if n < 200).

By Table 4, the estimation of §2 = 0.1 by é2n,m is less accurate than for §2 = 1, whereas 62,
remains good. (Table 3).

In Table 6, the lowest standard deviation is 0.015 when n = 50 and ™ =100. This deviation
1s still bigger than the true value of the parameter 62 = 0.01. And in particular for 28% of the
replications, we obtained a negative value for the estimate of 2.

From Table 5-6, we see that the standard deviation of é2n,m is much higher than the one of
ézn. Therefore, the high variance for 6A2n’m seems to be due to B, ,,.

We observe too that for, 7 < 10, standard deviations of th,m are almost equal if 62 = 0.01

and if 62 = 0.1. Hence the standard deviation of By, m appears almost independent of 62 for small
values of 62
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5 Appendix
5.1 Why small values of the parameter are badly estimated

Qur estimator 0A2n,m failed to provide good estimates of small values of 2, because its variance is
not reducing to zero when § — 0. We recall, that on the contrary, the asymptotic variance of Ghzn
tends to zero when 6 — 0. Now, the theoretical analysis of the asymptotic law is much harder for
é2n,m than for 62,,.

Therefore, for simplification, we only study é2n,m for 6 = 0.

The following proposition gives an equivalent, of the standard deviation of éQR,m.

Proposition 5.1. If § =0, we have
de,mp >0, Vn > 1, Vm > my, ‘E(Obn,m)} <em~ing
Assume that n,m, ? % then, Var%(ézn,m) ~ V180m ™ ln2
n

Proof. Since § =0, X is a constant process, thus X: = nJ; = Xy, Vi,n > 0.
We deduce, by (61),

Vi 0% m = T2 + T, (67)
Now, the proof consists in computing expectations and variances of T,(L?,)n and T,g?,)n
2
Before this, let us set Z; = ] 0 nm < f e dW) . The Z;’s are independent for : =
0,...,n —2 and have x?(m) distribution.

By (62), (64), a(x) = z, and remarking that nJ; = = m~XyZ;, we have

T2, = 30} S (B - 207 - 4}

=0
3 , 22 X2
@ 2 —2-§: g2 20
Tn,m 2m n?2 o (Zit1 i) {(n:flm)z 1}

e We start with studing Tz(’i) Set vipm = (Ziy1 —m — (Z; — m))? — 4m.
By Lemma 5.2, E(v;nm) = 0. Hence,

ETY y=o. (68)

1,0,
Computations based on Lemma 5.2, imply

48m2 4+ 96m ifi=1'
E(vinmvirnm) = § 16m> +48m  if [i — 7=1
0 if |1 -4 >2
We deduce for n,m — oo,

E(T3),) ~ 180m™2n2. (69)
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e Now, we deal with T,(L3,)n By Taylor’s formula, we write T,(f,)n =300 wmm + El o wl nm,
where,
Wi = —3m-3f (Zigs —m = (Zi = m)*(Z —m)

wi — 2 TV (2 1+1—Zi)2(zi—m)2,

and gznm € [ng,nJ( )]
Using Lemma 5.2, if [i — /| > 2, ]E mmwl(,lzl m)| = ‘E( 1(172 m)E('w(,l) )| = 72m4n.

i n,m
By Cauchy-Schwarz’s inequality, and (72) (with k& = 6), if |i —4'| < 1, E(wflrz mwl(,lzl | <
em™3n. '
We deduce,

n—2
E ((Z wg},f,mf) < e(m™*nd + m~3n?). (70)

By application of Theorem 3.4, sup; »>0,m>17 E(fi_’,im) < SUP; >0,m>17 E(XO‘8 \Y (n:fim)_s) <
oo. Using (72), we deduce E((w@) )?) < em™4

1,1n,m
Hence,
n
E <(Z 1(272,m)2> < en?m™
1=0
It follows
E ((T,(f)n)2> < c(m~3nt +m~%n?) (71)
Joining (67)—(69), we prove the Proposition. O

The previous result implies, that for fixed n, m (with large n, 7-) and for 62 = 0, our estimator

éQn,m may often take values greater than —Vln%?". So, in practice, 62, , can not be used to estimate
V180n

a parameter 62, which is known to be of magnitude lower than

In Table 7, we compute @ for some values of n,m. Comparing with Tables 4 and 6, it
appears that the theoretical equivalent of the deviation for 6% = 0 is really close to the empirical
deviation for #2 = 0.01 and 6% = 0.1.

Table 7 shows that if n and 2 are lower than 100, we can not estimate a parameter 6% < 0.01
by using OA?n,m.

We end this section, with the following lemma which was used to prove Proposition 5.1.

Lemma 5.2. Assume that Z has a chi-square distribution with m degrees of freedom, then

E(Z)=m

E((Z —m)?) =2m

E((Z —=m)®) =8m

E((Z —m)*) =12m? +48m, E ({(Z - m)? — 2m}?) = 16m® + 48m

Vk >0,3¢(k) > 0,Ym > 1, E((Z - m)¥) < c(k)m? (72)
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Table 7: Equivalent of the standard deviation of 6Azn‘m for 8 = 0.

| n=10 [ n=20 [ n=50 | n=100 |
| r n=] 4.24 3 1.90 | 1.34
; n—4 1.06 | 0.75 | 0.47 | 0.34
. 210 0.42 | 0.30 | 0.19 | 0.13
=20 0.21 | 0.15 | 0.09 | 0.07
=50 0.085 | 0.06 | 0.038 | 0.027
=100 0.042 | 0.030 | 0.019 | 0.013

Proof. We compute the generating moment function of X — m:
| —Am A m
A) = E CA(X_m) = g m o ( c )
4% ( ) (L—2))7% 1-2X\

Now, combining the Taylor expansion of \/% =1+A%+..., and the one of (1 +u)™ = 1 +mu +

1"—("2‘;1)1;2 + ..., we see that the k-th term in the expansion of () is a polynomial function of m
with degree < 2. This implies (72).
O

With some computations we show the others inequalities.

5.2 Some technicals lemmas

Lemma 5.3. » Assume that we are in the independent case (x = 0). Let k > 1, then 3c such

that for all s, H > 0, with H < 1:

E( sup [Youn—Yl*|Gop | <cH? sup BE(X,) (73)
hel0,H) he€[s,s+H]

E( sup [Yypn — Yol® | gs) < cH3BE (X,) (74)
helo,H]

e In the dependent case (x # 0) (74) remains valid.
Proof. For x = 0, W is a brownian motion independent of B, we can apply Burkhoélder’s inequality

t0 Yoy = Yo = [T p(X,)ds + [*** ood W

s+H
E( sup (Yipn — Y)F | gs,B) chkE( sup p(Xs4n)* | gs,a> +cE (( / X ds)? |gs,3)
hel0,H] hel0,H] s

Using (A4), we bound p(X,4r) and Xip by ¢Beo(Xs4n), and use that (X;) is Gs,p measurable to

get (73). We deduce (74) by Assumption (A3).
In the dependent case we show inequality (74) by applying Burkhoélder’s inequality to bound

E (Suphe[O,H] (Yorn — Yo)F | gs)- O
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Lemma 5.4. e Assume that we are in the independent case. There exists ¢ such that for all
0<i<n—-1,0<535<m—-1:

E (afnim | Gl) < c(m™1A,)° sup B3 (Xs) (75)
s€[iAR,(i+1)AR]

(az RO R l gn) < C(m_lA’n)GBgo(XiAn) (76)
(ﬂz nLgm | G B) < c(m _lAn)4 sup Bgo(XS) (77)
S€[IAR,(i+1)AR)

(ﬂz M,3,m | gn) < C( _lAn)4Bgo(XiAn) (78)

o In the dependent case (76) and (78) remains valid.

Proof. By (25) and (A4),

An

afnu,m <24(==2 )4 ~sup (Ys — Y(z+J—)An)4 sup p4(Xs, s)
M sel(+L)An i+ AR SE[iAn,(i+1)An]
Ap

a?,n,j,m < 24(_]4 sup (Y Y'(H,J_) )4 sup Bio(XS)

M e[+ L)An (i) An) SE[iAn,(i+1)An]

So we get in the independent case (75), by application of (73) with k = 4; and we get in both cases
(76) by using the Cauchy-Schwarz inequality in E (a;{n’j’m | g;l) and then using (74) and (A3)
with £ = 8.

Using, in the independent case, the Burkholder inequality:

(i+E)A, 2
E < c¢E Y.-Y.. 2X.d n
( ,n,j,m | g ) s¢ (/(’L‘i‘#)An ( s (1+#)An) s 3) | g’L,B

Sc(m_lAn)2< sup Bzocxa)E sup (Y- ifM)An)“ng)

s€[iAn,(i+1)An] S€[(i+L) A, (i+LE2) AR]

Now, (73) yields (77).
We show (78) in both cases by similar computations. O

We recall, a useful lemma which is given in [6].

Lemma 5.5. Let x7, U be random wvariables, with X} being G'-measurable. The following two

conditions imply 3 o X* Pou:

S EBOEIGE,) DU
=1

S B 162) 50

i=1
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Chapitre I1.2. Estimation de parameétres pour une diffusion cachée
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Parameter estimation for a hidden diffusion

Abstract

Assume that (Y3, X;) is a two-dimensional diffusion, where (X;) is an autonomous posi-

1
tive diffusion, with ergodic properties, and (Y;) has for diffusion coefficient X;2. We observe
(Y;) according to a double discretization at times (i + L)A,,i=0,...,n—1,j = 0,...,m,

2
where A, — 0 and nA,, - co. Introducing X; = A1 Z;.';'al (}’(i_'_j:-l_l)A" - Y(H%)A") , the
quadratic variation of the observations within the subinterval [iA,, (i + 1)A,], we prove limit
theorems for some functionals of (X'i,i =0,...,n — 1). These enable us to construct an appro-
priate contrast which yields consistent and asymptotically Gaussian estimators of parameters
governing X, as m = m, tends to infinity with n. Drift and diffusion coefficient parameters
of X are estimated with different rates under conditions on m, and A,,. Some examples are
presented with a numerical study.

127




The aim of this paper is to estimate unknown parameters of a hidden diffusion in the framework
of the continuous time stochastic volatility models introduce by Hull and White (1987). Consider

the two—dimensional diffusion process (Y3, X:) given by:

dYs = p(Xt,t)dt + odWs, Yo = n' (1)
Xy =07, dX;=0b(X¢,po,%0)dt + a(Xy,00)dBr, Xo =1 (2)

where (B, W) is a Brownian motion of R?, (n/,n) are random variables independent of (B, W)
(with 7 > 0) and (uo,9o) € R? are unknown parameters. The function p(z,t) may be known or
unknown. In such a model, Y; = InS; represents the logarithm of some asset price St, and X, is
the stochastic volatility of the asset.

This model has two noteworthy features. First, stochastic volatility models appear as continuous
time limits of discrete time ARCH models introduced by Engle (1982) (see Nelson (1990)). Second,
computation of option prices in stochastic volatility models are consistent with the empirical “smile”
of volatility effect (see Chesney and Scott (1989)).

A practical use of these models for options pricing requires to estimate the unknown parameters
governing the process X, while the knowledge of p is useless. However this volatility process is
unobservable.

Some authors use observations of option prices in the market to infer parameters of X (see e.g.
Pastorello et al (1994), Renault and Touzi (1996), Moreaux, Navatte and Villa (1996)).

Others use a discrete sampling of the trajectory of Y. Indeed, high frequency data for the
process (Y;) are generally available.

The problem of estimating the unknown parameters of the volatility process X from a discrete
observation of the coordinate (Y;) has been the subject of several recent contributions. As it is
always the case for discretely observed diffusion process, a direct likelihood approach is hardly
tractable (see Genon—Catalot et al. (1999, a)).

Assuming that the volatility process is ergodic, several kinds of explicit estimators have been
proposed. In the case of observations with fixed sampling interval, empirical moments estimators
are possible (see e.g. Wiggins (1987), Scott (1987) , Genon-Catalot et al. (1998)). However,
such estimators may be strongly biased (see e.g. Ruiz (1994)). Otherwise the prediction-based
estimating equations constructed by Sgrensen (1999) also provide explicit estimators. Nevertheless,
this method may require high computation time even for low dimensional parameters.

Other authors have suggested inference methods based on simulation (see e.g. Gouriéroux and
Monfort (1993), Gouriéroux et al. (1993)) or a non linear filtering approach (see e.g. Del Moral et

al (1998), Frey and Runggaldier (1999), Genon-Catalot et al. (1999, b)).

On the other hand, an approach which is well-fitted to high-frequency data, is to assume that
A = A, tends to 0 while nA, — oco. For instance, an explicit method based on the observation
of a discrete sample (Yia,,4 < n) is proposed in Genon-Catalot et al. (1999, a). This method is
able to estimate the unknown parameters present in the stationary distribution of the unobserved
diffusion X. Our purpose, here, is to infer all the parameters of the (X:) model, under the same

ergodicity assumption on X.
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To this aim, we assume that the sample path (¥;) is observed according to a double discretization
at times (7 + ;%)An, with¢ =0,...,n—1,5=0,1,...,m. So, we have N = nm + 1 regularly
spaced observations with sampling interval m~1A,,.

Our idea is the following. In a previous paper (Gloter (1999, b)), we have studied the problem
of estimating the unknown parameters of the (X;) model when the observation is given by the

(i+1)A
zn’—A /

Now, for m > 1, we consider the natural approximation of Yi,n, based on the observations:

sample (X;,) with

. m—1 9
Kinm =821 3 (Yorssna, ~ Youtpa,)
7=0
In another previous paper (Gloter (1999, a)), we have investigated the properties of (Xi,n,m) as an
approximation of X; , and X;a .

Here, relying on the results of both papers, we prove further results on the variation and
quadratic variation of (Xi n,m)- These are obtained by letting m = m, tend to infinity and A,
tend to 0 with appropriate rates. Then, we deduce explicit estimators of ¥¢, o which are expressed
as functions of (Xz n,m) and specify their asymptotic behaviour as n — co.

To maintain proofs shorter, we suppose that p(z,t) = 0 (see (1)). The case p # 0 is discussed
in the last section.

The paper is organized as follows. In Sections 1-2, which are devoted to probabilistic properties,
parameters are omitted and we set a(z) = a(x,¥), b(z) = b(z,u0,9). Section 1 contains the
assumptions and a recap of the results proved in Gloter (1999, a, b) which are needful for the
comprehension of this paper. In Section 2, we study the following functionals of the observations

(f is a function):

n—1
ﬁn,m(f) =n"1 Z f(Xi,n,m) (3)
j:n,m( -1 Z f i,n, m 1.+1,'n.,7n . Xi,n,m - Anl7()21','/1,m)) (4)
=0
Qn,m( = -1 Zf znm 1.+1nm - Xi,n,m)z- (5)

First, we have convergence in probability results. If v, denotes the stationary distribution of the
diffusion X, then, as m = my, — 00, D m, — vo(f ) (Proposition 2.5). For the two other functionals,
the results appear more surprising but coincide with the analogous results obtained in Gloter (1999,
b) for the same functionals with X; ,, instead of Xinm: fm;l = 0(4Ay), then (Theorem 2.6):

I mn (F) =22 1/600 (a2 f)
Onymn (F) 7= 2/3u(a?f).
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A related central limit theorem is obtained (Theorem 2.7), under the additional conditions nA2 — 0
and m ! = o(n"tA,).

In Section 3, we introduce a contrast which is a modification of the Euler contrast of the diffusion

X taking into account the limit theorems of Section 2. The associated minimum contrast estima-
tors (/:I,nymn,’&n’mn) are proved to be consistent and asymptotically Gaussian with respective rates
((nAn)%,n%). The estimator of the drift parameters has the same rate and asymptotic variance
of any efficient drift estimator based on (Xt,t € [0,nAy]). The combination of the condition on
n, An, my yields a rather slow rate of convergence nz for the diffusion coefficient parameters with
respect to the total number of observations (nmy). Explicit examples and numerical simulations
results are presented in Section 4. In Section 5, we state the extension of our results to the case

where the two Brownians motion B and W are correlated and p # 0.

1 Framework and preliminary results

1.1 Model and assumptions

Let (Y, X;) be the two—dimensional diffusion process defined as the solution on a probability space
(Q, A, P) of:

dY; = oy dWy, Yo =1 (6)
o} =X, dXp=b(Xp)dt +a(Xy)dB:, Xo=n (7)

where (By)¢>0 and (Wi)t>o are two independent Brownian motions. We assume that the initial
random variables (7, ') are independent of (W, Bt)t>0 and that n is positive.

We make classical assumptions on a and b which ensure that the solution of (7) is positive
recurrent on (0, 00).

First, we introduce the two following functions defined on (0, 00):

Bo(z) =14 27" and Boo(z) =1 + 22,

with k; > 0. The choice of the constant k; will be specified in each of the explicit models (7).
These functions enable us to bound separately the behaviour of other functions near 0 and co. We
shall use the following properties of these functions.
For all five non negative real numbers o, 3, o', B, p , there exists a constant ¢ such that for all
z € (0,00):
(BS(z) + BE,(2)) x (BF (z) + B (2)) < e(B5+* (2) + B&” (2)) (®)
(Bg(z) + B, ()P < c(BE*(z) + B (). (9)

Our set of assumptions is:

(A0) Equation (7) admits a unique strong solution such that P(X;>0,vt >0) = 1.

130




(A1) a, b€ C?(0,00) and 3¢ > 0, Jay, ag, b1, 82 > 0, Vz € (0, 00),

la(z)| + |b(z)| < cBoo(z), a(z) >0,
|a/(2)] < e(B (2) + BR(2)), [a"(z)] < (B‘”() + B (z)),
¥/ (z)] < e(BE (2) + BY (), |6"(2)| < e(BE?(z) + B2 (z)).

Let us set
Ge=0((Ws, Bs),s <t; ;; '), Gop=0(Ws, s<t;Bs, s>0; n; 17'). (10)

(A2) There exists a positive constant K such that
Vke0,Ky), 3¢, Vi > 0, E (supse[tt_H] BE(X,) |gt) < cBE(X,)

V k€ [0,00), 3¢, V¢ > 0, E (Supse[t v BE () |gt) < eB (X))

For zy € (0,00), we define the scale density s(z) = = exp(-2 f Wdu and the speed density

(A3) [ys(z)dz = [ s(z)dz = oo, Joom(z)dz = M < co.
Let
l/o(d(l,‘) = %m(x)]l{me(o’oo)}dx (11)

(A4) 3Mp, Ms >0 1o(B3") < o0, 1p(BM=) < co.
(A5) supy B(BY(Xy)) < oo, sup;>o E(BX> (X)) <

Let us remark that (A1) and (A3) imply (A0), but in the sequel some results hold without
(A3). Under (A3), vy is the unique invariant probability of model (7), and X satisfies the classical
ergodic theorem:

VF € LY (dvp), /f s T2, 1 (f),

Using Assumption (A4), any Borel function which satisfies the condition, 3¢ > 0, Vz, |f(z)| <
c(BY(z) + BM=(z)), is an element of L(dv).

Assumptions (A2) and (A5) are crucial tools in proofs. The checking of these assumptions is
treated in full details in Gloter (1998). It is there shown that (A2) holds for all classical diffusion
processes used in finance to model the volatility. Assumption (A5) follows immediately from (A4)
when 7 has distribution vy, but also when 7 1s deterministic. In Section 4, we give examples of
parametric models satisfying (A3) and (A5). The reason why (A2) is not symetric appears in
Example 4.2.
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1.2 Approximation of the integrated volatility (hidden diffusion)

Let A, be a sequence of positive numbers tending to 0 as n — 0o (and for convenience Vn, A, < 1).
We define for ¢ = 0,...,n — 1 the (unobserved) variables:

’ n

__ (i+1)An
X¢=Xin=A_1/ Xsds. (12)

Now, let m be an integer; we assume that the sample path (Y3)sc[o,na,) is observed with a
regular sampling interval of length % (hence, the total number of observations N is nm +1). We

define the observed approximation of X;, fori =0,...,n — 1,
R R m—1
Xi=Xipm =47 Z (Y(i+’:—1)An - }f(i'f'#")An)z (13)
j=0

In a previous paper (Gloter (1999, a)), we have studied the properties of X, as an approximation
of X; or X;a,. Some of these results are needed for the limit theorems of Section 2 on which rely
the statistical applications of Section 3. We recall these now. Additional notations are useful.

First, we introduce the following o-algebras,

G =Gin,, G'p=Girn,B (recall (10)). (14)

Second, we define the following random variables

(z+Jﬂ)A

z n,m = 1 Z / Y, Y(i+_n']L)An)O'des (15)

+-L)A
Clearly,
Vi,j >0 withi#j, E(Binml|Glp) =0, E(EinmEjnm|bo,s)=0. (16)
These random variables are connected to the X;’s by the following proposition.
Proposition 1.1. We have
X; =X;+ Einm, (recall (12)-(13)) (17)
Furthermore, under (A0), (A1), (A2), the following bounds hold for the error term E; y m:
3¢, Yi,n,m > 0, B (B2, , | GF) < em™'Be(Xin,), E (Binm|GF) < em B3 (Xin,). (18)

The inequalities (18) yield that the error E; 5 m has a decay of order (at least) m™3. Further-
more, this error is centered conditionally on (B) (see (16)).

To end this section, we recall a technical result on the integrability of X; and f(i_ ! (again proofs
may be found in Gloter (1999, a)).
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Proposition 1.2. Assume (A0), (A1), (A2), then the following holds:

VEk € [0,Ko) (recall (A2)), 3¢ >0, ¥i,n >0, ¥Ym > 2k +3, E (B{;( D g") < cBE(Xia,)

k21, 36Vinm20, B(BL(X:)|07) < cB%(Xia,) (20)

These inequalities are powerful tools in proofs to bound f (X'l) when f is a function which tends
to oo near 0 or oo,

1.3 Expansions for the integrated volatility and related limit theorems

In another previous paper (Gloter (1998)), we have investigated the properties of X; as an approx-
imation of X;A,. As a consequence, we have obtained general limit theorems for functionals of the
sample (X;) identical to those given in the introduction but with X, instead of X;. We briefly
recall these results.

First, under Assumptions (A0)-(A2), the following inequality holds:

_— — k
VE>0, 3c>0, ¥i,n >0, E (|Xz-+1 =l ggl) < cAZBE (Xin,) (21)

_ — 1
This means that X;,; — X; is of order AZ. Now, we state the two main expansions of the process

(X;) proved in Gloter (1998).

Theorem 1.3. Assume (A0)-(A2), then the following holds.

— 1
Xit1 = Xi = b(X3)An = Afa(Xin,) (Ein + Ei10) +Ein (22)
- 1
Xi— Xin, = Dha(Xin,)éin + €in (23)

with if don V 20z < Ko, E (€2, +¢l,, | Gr) < AZe(BEVR (x4

1Qn

) + ng—2al+a2 (Xia,)). The
variables & n, &; , are Gaussian and have the explicit expressions

_3 GE+1)An 3 pi+D)A,
fin = A7 / (s —iAn)dB,, €, = A7} (i + A, — $)dB,.
A, 1Ap

And var(§in) = var(¢] ) =1/3, cov(§in, & ) = 1/6.

Remark 1.4. We can deduce from Theorem 1.3 and (17) the following ezpansions for the quadratic
variations X; (see (13)).

~ ~

Kig1— X~ b(

~

Ai)An
Xi — Xia,

G(XiAn)(gi,n + fz{+1’n) + Ei+1,n,m - Ei,n,m + An{b(yi) - b(Xz)} + Ein,y

a(XiAn)&,n + Ei,n,m + €in.

B D

A o=

I

These ezpansions will enable us in Section 2 to find the appropriate rate at which m must tend
to infinity with n.
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Now, we shall make use of Assumptions (A3)-(A5), and assume that nA, — oco. Let us
introduce for f: (0,00) - R,

n—1
Un(f) =n" Z F(X) (24)
Zn(f) Zf X3)(Xip1 — Xi — Anb(X3)), (25)
On(f) 1Zf7 (Xip1 = X3)2. (26)

Smoothness conditions on f are required:
e A function f satisfies C,, for some v > 0, if:
[ : (0,00) = R belongs to C2(0, c0) and

Jc >0, Yz € (0,00) sup|g(z,0)| < (B (z) + B (z)), for g = f, fL,
6e®

For statistical purposes, we introduce a parameter set © equal to a product of two compact intervals
of R, and a more precise condition on the functions.

e A function f satisfies CU,, for some y > 0, if:
f:(0,00) x © — R belongs to C?[(0,00) x O] for some open set O D © and

3¢ >0, Yz € (0,00)  suplg(z,0)| < c(B](z) + BY(z)), for g = f, fz, fp2s Vaf, Vafs.
9€0

Now, we state results of Gloter (1999, b).

Theorem 1.5. Assume (A1)-(A5), with Ko = oo and that My, My, (in (A2), (A4), (A5)) can be
chosen as large as we want.

o Let f and g satisfy CU,,, with some v > 0, then

Tn(f(.,9)) RimiaN w(f(.,0)), wuniformly in 0, in probability (27)
Zn(f(.,0)) == %l/o(fx( 0)a®(.)), uniformly in 6, in probability (28)
Dn(f(.,0) == §V0(f(.,9)a2(.)), uniformly in 6, in probability (29)

n—roo

o Assume that f and g satisfy C,, with some v > 0, and that nA2 ——==5 0. Then,

[M(Tn(f) _é_? L f))] ”"T‘”)N <0’ [uo(f2a2) 0 D

VA(32n(9) — Tn(ga?) 0 (el (30)

Remark 1.6. 1) In the case where My, My, or Ko can not be chosen as large as we need, we give
in Gloter (1999, b) conditions linking v with ay, ag, B, Bs (see (A2)), My, My and Ko which
ensure again the validity of (27)—(30).
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2) The rather unezpected results (27)~(30) are due to the ezpansions (22)-(23) and explain the
analogous result for the functionals Z,, and O, in Section 2 (see Remark 2.8 3)).

3) The condition nA2 — 0 in the central limit theorem is classical (see e.g. Kessler (1997),
Genon-Catalot, Jeantheau, Larédo (1999)). But, it is worth noting that (30) is not the central
limit theorem that could be ezpected from (28)—(29) (see Gloter (1999, b) for details). This also
ezplains the analogous theorem for I, and 0,.

2 Limit theorems.

Now, suppose that m,, is a sequence of integers tending to oo as n — co. We aim to give conditions
on the speed at which m, tend to infinity which ensure the convergence of Dy, . (f), in,mn (f) and
Onm., (f) (see (3)-(5)) and compute the limits. Qur results rely on Theorem 1.5 and preliminary
lemmas which establish the exact rates of convergence of the differences between the “hat” and the
“bar” functionals ((24)-(26)).

2.1 Preliminary lemmas

For the need of proofs, we introduce a condition less restrictive than Cu,.
e A function f satisfies CU},, for some vy > 0, if:
f:(0,00) x © — R belongs to C2[(0,c0) x O] for some open set O D © and

3e >0, Vz € (0,00)  suplg(z,0)| < ¢(B](z) + B} (z)), for g = f, fi, Vef.
fco

Our first result is a lemma, on the difference f(X;) — f(X;). This lemma is used in the proof of

other lemmas of this section.

Lemma 2.1. Assume (A0)-(A2). Let f satisfy CU,IY and suppose k =1 or k = 2. If 2kvy < Ky,
then 3c, Vi >0, n >0, m > 2ky+ 3,

(Supff (X:,6) - f(fi,e)\klg?) < em”3 (B3 (Xia,) + BET(Xia, ) (31)
0€o

Proof. Using Taylor’s expansion, and (17), we get
|£%08) = £(Xos0)|” < 17406 O 1 Bipml where £ € (%, ).
By condition CU,Iy and the monotonicity of By and By, we have
126,001 < e (BY¥) + BEM©) < o (BE*(X) + B (%) + BUAX) + BEHK)) (32)

Using Assumption (A2), (19)-(20), we deduce (for m > 2y + 3),

E (sug |£(€,0))%* | g?) < o(BY™(Xia,) + BE*(Xia,)).
fe
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Recalling that £ =1 or 2, (18) writes
B (|Binml™ | G7) < cm™ B (Xia, ). (33)
By application of the Cauchy-Schwarz inequality, (32)-(33) and (8) we deduce inequality (31). O

Lemma 2.2. Assume (A1)-(A5) and let f satisfy CU}, with 2y < Ko, v < My, 2+2v < M,. Let

_1
m = my tend to infinity and consider a sequence (ry,) of real numbers. The condition TnMnp? =0
implies:

T (Pnma (F(.,0)) — Tn(f(.,0))) =20, uniformly in 0 in probability.

Proof. Set Ainm(60) = f(X;,6) ~ £(X;,6). By Lemma 2.1, for m > 2y +3,
i (328 i nm(6)] | 9?) < om” (BY(Xia,) + B (Xia,)).
Using (A5), v < Mj and 2+ 2y < M., we deduce for m large enough:
E <sup|Ai,n,m<e>|) < om 3. (34
6co

By the definition of A;,, . (6), (3), (24), and (34), we obtain the result. O

Lemma 2.3. Assume (A1)- -(A5) and let f satisfy CU1 with 4y V 468, < Ko, 2v + 81 < My,
442y + 2,61 < My. Let m = m, tend to mﬁmty and consider a sequence (r,) of real numbers

such that v is bounded. The condition r, A, "mn — 0 tmplies,
0 (Znma (£(,0)) = Tn(£(.,8))) 22 0, uniformly in 6 in probability.

Proof. We denote

Bin(0) = Binma (€) = (Xer1 = Xi = b(X0)An) (R, 60) — (Kis1 — X: — b(K:)An) £ (X, 0)
and split B;,(6) = 3 _; B(lC (6), where (recall (17)):
Bin(6) = (Kivs = Xi — b(X0) An) (£ (X, ) - 1K, 6)

B{7(6) = (Bistnm, — Finm,) 1 (X 6)

f) =

‘3)( (Bistnmn = Bipm,)(f (X:,0) - £(X:,6))
B{2(6) = An(b(X:) — (X)) £ (X, 0)
The proof consists in showing the uniform convergence to 0 of r,(nA,) Z B(l) ,(0) for | =

1,....4.
Using Lemma 2.1 (with k=2) and (21), we obtain

F (sup

11
sup ) mn * AR (By (Xia,) + B3 (X))
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' e e

By Assumption (A5), we deduce

1 1
E(sup [BY)(6)]) < ema* A7 (35)
1S

Hence, the condition on m,, implies r,(nA,) ™! 7_01 Bfﬂz ) —L—> 0, uniformly in 6.

In order to prove the uniform convergence to zero of 7, (nA,)~! 3771 BEZTE (8), we have to split
the expression into the sum of even indexes and odd indexes. Indeed, as we shall see now, this
device implies that we deal with a sum of terms which are independent conditionally on (X;,t > 0).
We only show the uniform convergence to zero of 7o, (2nAg,) ! Z;:oz Bg’)%(e). The proof for the
sum of odd terms rop41(2nAgntq) " S0 2 Bgl_l on+1(8) is the same.

For this, using Theorem 20 of the Appendix 1 in Ibragimov and Khas’minskii (1981), it is
enough to show that there exists € > 0 such that the two following properties hold:

su E ( -7‘2_77' e nZZB e n—00, 0 3
oee,fzo <2TLA2n) 21,20 (9 (36)
aM, v ! 2 2n S (2) _n® / e r12+€
, ¥(0,0') € ©%, il;;())E <2nA2n> ;(B%’%(G) B5, ', (0')) <M |9 -9 1
(37)

((36) implies pointwise L?-convergence and (36)-(37) gives the uniformity.)

We only show (36), since (37) can be obtained by a similar proof.
Using Rosenthal’s inequality for martingales (see Hall and Heyde (1980) p.23), we get for any
e > 0.

2+e€ n—o 1+3 -
€
2o 0) ) <cE | > E(BF0)7168) |+ cZE (}Bé"i n(0)] )
i=0
(38)
Applying the classical inequality (3727 Jai])? < P17 2|a;|P, withp = 1 + £, we deduce
n—2 1435 n—2 ) 14+£
2 £ 2
B\ (B (@Enorigr)| | <nt e (|E(@S0r 1)) e
i=0 i=0

Using (18) and (A5), we can show that if € is small enough,

1+3 —1—¢ 24-€ ~1-f
supE (’E( Bg)m( 6))? | 92"> ) <em,, 2, supE OBzz o )’ ) <cemg, . (40)

From (38)-(40), we deduce

r 2+4¢ |n—2 2+4¢ 1
E (2nZl ) ZBéf,)zn(O) < c(ron(manfon)~2)2 ¢ (nAg, )~1-%
2n i—0
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But (nA,)~! = 0 and rn(Anmn)"% — 0. So, we get (36).
The convergence of the other sums is easier.
Using Lemma 2.1 and (18), we obtain

E(

sup [B)(0)]) < e (41)

At last, by Lemma 2.1, condition CU, and (19)-(20), we get:

E( < Cmay 2 A (42)

Now, equations (41)-(42), and the fact that (ry1) is bounded imply, for [ = 4,5,

n—2
rn(nly)™? sup Z B(l) l_ﬁ) 0 uniformly in 6. (43)
1,—0

O
Lemma 2.4. Assume (A1)-(A5) and let f satisfy CU,ly with 4y < Ko, v < My, 4 + 2y < M.

-1 _1
Let m = m,, and r, be as in Lemma 2.3. Then the conditions r,An2mp 2 — 0 implies,

'r'n(Q‘n,m,1 (F(-,0)) — Qu(f(.,0))) 2220, uniformly in 6 in probability.

Proof. We set
Cin(6) = Cinm, (6) = (Xiv1 — Xi)2F(X:,0) — (K1 — X2)25 (X, 0)
and split Cin(6) = °3_, C¥(9) with:

CO) = (Birrnmn — Einm)2f (X, 0)
(2)(0) 2(Eivrnmn = Eipm,)(Xit1 — X3 £(X;,0)
C8) = X1 — X)2{f(X:,0) - £(X,0)}

First, using condition CUS,I) on f, (19), (20) and (18), we obtain
B(sup |CL(6)]) < omz* (5] (Xia,) + BE?(Xia, ). (44)
€
By Assumption (A5),
E(sup|C)(6)]) < omy™. (45)
fco .
Second, by similar computations based on (21) and (18), we get:

~1 1
E(sup 'cg?,z (0)') <cempiAZ (46)
€0
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Last, by Lemma 2.1 and (21)

_1
E(sup cg~°;3<e)|) <emp?A, (47)
e ! 7
By (45)-(47),
n—1 .
rn(nln) ' E <Z SuPlCi,n(9)|> < ra((mnln) 72 + (MmpAp) ™) 2225 0.
‘5 0co
Recalling the definition of C;,, (5) and (26), the lemma is proved. O

2.2 Main results

In the following statements, we assume that (A1)-(A5) are valid with, for simplicity, the stronger
property that My, M and Ko (in (A2), (A4)—~(A5)) may be chosen as large as we want.

n—o0

Proposition 2.5. Let f satisfy CU, for some v > 0 and suppose that m, ——— o0, then

O (£(20)) =27 0 (£(,0)) uniformly in 6.

Proof. We join (27) and Lemma 2.2 with r, = 1. O

Theorem 2.6. Let f satisfy CU,, for some v > 0 and suppose that mot = 0(Ay). Then,

jn,mn(f('79)) LPO% éVo (f;(.,e)a2(.)) uniformly in 6.

Qn,mn (f(.,9)) %.3) %1/0 (f(.,a)az(.)) uniformly in 6.

Proof. For the convergence of i’n,mn (f), we join (28) and Lemma, 2.3 with r,, = 1. To obtain the
convergence Qmmn (f), we join (29) and Lemma 2.4 (with r,, = 1 again). O

Theorem 2.7. Let f and g satisfy C,, for some v > 0, and suppose that nA2 — 0. Then,
T _ . . 1 .
fmat =o(n™), Nu(f) = VnAn(Inm, (f) - 7 Qnma (1)) —n;% N (0,1 (F2a?)) (48)

Pt = o), Hala) = VA G (0) S (9) 2225 (0,500 (%)) (40

and under the second condition on m, (which contains the first one), the vector (Na (), My (9))

converges to a Gaussian vector with independent coordinates.

Proof. Recalling (30), we use Lemma 2.3 with r,, = (nAn)% and Lemma 2.4 with f', r, = (nAn)%
to get (48).

By lemma 2.2 with a?g, 7, = nt and Lemma 2.4 with r, = n%), we deduce (48). The
independence is immediate by the diagonal form of the covariance matrix in (30). U
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Remark 2.8. 1) The condition of Theorem 2.6, m; ' = o(A,), can be naturally interpreted. It

means that in the ezpansions of Remark 1.4, the error terms E; ».m are negligible versus the terms
1

1
Az a( Xing)(in + §1+1 n) and Aga(XiAn)fz{,n
2) If the diffusion X satisfies (A1)-(A5) but, now, not for any positive My, My and Ko then
analogous results to those of Proposition 2.5 and Theorems 2.6-2.7 can be obtained but only for
f € CU, with certain values of .
3) If we set

In(f) = (nAy) ™ Z F(Xin) (Xrna, — Xin, — Anb(Xia,))

n(f) = (nAy) ™ Zf(an)(X(iH)An — Xin,)?,

then it is well known that I, (f) - 0 and Qn(f) - 1o (fa?) (see e.g. Kessler (1997)). Hence, the

asymptotic behaviour of the “hat” and the “without hat” functionals are strongly different.

3 An explicit contrast for the stochastic volatility model

In this section, we consider a parametric model for X with parameter 6, = (10,70) belonging to
© = 1 x Oy,

dXt = G(Xt, ﬂo)dBt + b(Xt, Ho, ﬂo)dt (50)

where a(z,9) : (0,00) X Oz — R, b(z,,9) : (0,00) X ©1 X O — R and Oy, Oy are two compact
intervals of R. We assume that the true value 6y of the parameter is in the interior of ©.
Our goal is to estimate this parameter 6y, from the observations (Y(Z +4)a,)osiga (recall (6)).
m/ TN 0L Em

For this, we define the contrast

3%~ (Xip1 — Xi - b(X;,0)A,)? 2 3A
= - + Up.m(loga®(.,9 =19 51
2;{) e (X 9) nm(loga”(.,9)) + nm(h(.,0)) (51)
where h(z,6) = 0; (b(z,0)a~2(z,9)) (8, stands for £).

Remark that this contrast is a modification of the contrast based on the Euler scheme,

- Xin, — b(Xin,,0)A,)?

U.(0) = "X_:Z (X(i11)an
" nAna2(XiAn,19)

=0

+vn(loga®(,9)),

which takes into account the differences between X; and Xin, (see Remark 2.8 3)).

We set én,m = arginfy ¢ Un,m(e) for a minimum contrast estimator.

Let us assume that the diffusion X satisfies (A1)-(A5) with a(z) = a(z,9p), b(z) = b(z, po, Jo)
and the stronger hypothesis that My, M. and Ky can be chosen as large as we want. The
corresponding stationary distribution will still be denoted by 4.

We add the two following assumptions
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(S1) An identifiability assumption,
a(z,9) = a(z,¥9) dvy(z) a.e. implies 9 = 9,
b(z, 90, ) = b(z, 90, u0) dig(z) a.e. implies u = pg.

(S2) A smoothness assumption in the parameter 6 for a and b,
a and b are the restrictions to (0, 00) x © of functions defined on an open subset of (0, c0) x R?,
on which they are differentiable up to order 6. Furthermore, ¥V 9 € ©,, z > 0, a(z,d) >0
and 3¢, v > 0 such that V 4,5,k € {0,...,3}3, withi+; <3, Vz>0:

31+J+k
| g )| < ol1 4 el
'8
otk itk .
5 | gragrel® D)+ sup | Sera™i 0, 0)| < el + ol
2

By (52), all functions appearing below satisfy C., or CU.,, for some v > 0.
Our first theorem gives conditions on the rate of m,, in order to get the consistency of én_‘mu‘

Theorem 3.1. Assume that mp is o sequence of integers such that, m;' = o(A,). Then, the

. . . A n—rog
estimator is consistent, 6y m, bo-

Proof. To prove the result, we cannot follow the standard proof of consistency of minimum contrast
estimators (such as given in Dacunha-Castelle and Duflo (1983) Chapter 3). Actually, the two
parameters po and Jp are not estimated at the same rate. This situation is analogous to the one
investigated in Kessler (1997) and Gloter (1999, b). Proceeding as in the proof of Kessler’s theorem
1, the consistency of 6, ,. is obtained, using (S1), from the two following steps.

1) First, to get the consistency for the diffusion parameter ¥, it is enough to show that, uniformly
in #,

R 2
1" 0 m, (0) =25 1y (ag{( %)) + log a?(., 19)) in probability.

2) Then,the consistency for fi,m, is obtained by proving that uniformly in 6 = (p,9), in
probability,

_ 2
(250 G (1 9) = O 10, 9) 222 0 ( e ) +a(,9),
where
{b /J’Oa'ﬂ(] ( /1'0,19)} {2b('nu07"90) - 2b(,,LL,’l9)}
() = g0 20, 9) )

tends to 0 uniformly in yx as 6 — 6g.
We start the proof by 1). To apply the results of Section 2, we write n‘lfjn’mn (6) using notations
(3), (5) and (4) with b(z) = b(z, o, ¥o). This gives (6 = (i,9)),

~

n_l Un)mn ( )

l\.'JIOO

Cnimn (672(9)) + Pnm, (log a?(.,9)) + ApZn(6) (52)
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with

3 4 3
) + ZQn,mn (h'(" 9)) + §Vn,mn(

b(.,0)

Zn(0) = =3y m., (m

{b2(.,6) — 2b(.,0)b(., 90)})
a*(,9) '

Now, 1) follows from Proposition 2.5 and Theorem 2.6 and A,, — 0.
Now, we prove 2). By easy computations on the above formula, we get

. - - b b
(1) O 1)~ O 0, 9) = o (e, ) = ) )

3 .
B ZQn,mn (h(',UOaﬂ) - h("u"ﬁ))

L3, (bz(.,e) = 25(,0)b(., 80) — V(.o o, 9) + 2b(.,uo,«9)b(.,eo)>
i a2(, )

2
Now, by Theorem 2.6 (recall h(z,8) = 31(;";)(:1:, 9))

o (350, ) = 25 ) 22 L (1t 9) = B )%, )

and

ZQn,mn (h(.,,u,o,’ﬁ) - h(, ,U,,'l9)) m %VO ((h(, /1'0’19) - h(".u)'ﬁ))a?(')ﬁO)) .

So the difference of the above two terms tends to 0.
For the third term note that:

b%(.,6) = 2b(, 0)b(., 60) — b°(., 10, 9) + 25(., o, Db, 60) = (b(., . V) — b(-, o, 9))?
+ {b(7 Ho, 190) - b(a Ho, 19)} {2b(7 Ho, 190) - 2b(a K, 19)}
Applying Proposition 2.5 we get 2). O
For the asymptotic normality more conditions on A, m,, are required.

Theorem 3.2. Assume that nAZ — 0, and that m;! = o(n"1Ay). Then, we have the convergence

~

in law of ((nAn)%(ﬂn’mn — uo),n%('&n,mn — 190)) to a

N (0,{1/0 (%’(1.9:?0))}—1) ®N (0% {Vo (@%59_0))}_1>

Proof. Since 6y € é, using Taylor’s formula: |

1 T —_ ~
/ V30rmn 00 + w(@nmy — B0))du |27 ~HO — _gipr (o) (54)
0 ﬁn,mn - 190

In the equation above, we force the rates of convergence (nAn)% for fin m, and nz for 1§n,m,. to
appear. After easy computations, (54) writes

1
0
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with

ot ot 510 (457550} ) 0 0 (28253} )

duces to the two following points.

1) We have the convergence in law:

(80)2 (- y0)
Dy, n_-—wg) N0 o ( o ('»190)0 ) 0 2
’ (252)%(.,9)
D 0 9vp (_T_—';.“(.,%)O )

2) We have the uniform (with respect to 8) convergence in probability:

noseo [C11(6) 0
Ca(6) 222 [ "0 62,2(0)]

where Cy1(0) and C;2(8) are such that

Cl,l (6) 9—)00) 31/0 ((82222(‘197)/")) and 02’2(0) 0—8 41/0 ((BZ:()QE[);:;O)) .

Indeed, this second point immediately implies, using the consistency of én,m,.,

2
! ) 30 (( Qe Coto) 0
/ Cn(fo + u(br — 6p))du ==, ( @{i%0) ) 890)2(.,09 ’
0 P 0 vy (Cegfl30))
We prove 1). The functionals oy, y,,, in’mn and Q,mn are linear in f. It enables us to derivate the

expression (52) given in the proof of Theorem 3.1 with respect to the parameter and get (using the
notations of Theorem 2.7 and h(z,6) = (ax;”,)(x, 6)),

_la o . Oub

(nAn)™20,Un,m, (60) = _3Nn,mn(aL2(-,90))- (55)

Analogously, we get
1, - ~ 0,

75890 m, (60) = ~2Mnme (T (,90)) + B (56)

where (see (53))
1, 0
Bn = néAn%Zn(oo)-
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The expression of Z, (6) and the linearity of the three functionals allow to apply Proposition 2.5
and Theorem 2.6. And we obtain %Zn (60) = Op(1). Since nA2 - 0, we deduce

Prn = op(1). (57)

Now, 1) follows from (55)-(57) and Theorem 2.7.
To obtain 2), we derivate twice Un,mn and use Proposition 2.5 and Theorem 2.6. This yields

n—oo [C1,1(6) 0 )
C’n(B)\)[ 0 Ca.2(6) with,

_ 952a(.,9)a’(.,9y) Osa(.,9)a*(,%0) . 2al.,) 9a(., V)
Cl’l(”)"’°(‘2 eyt (%) 2 ardy ‘%2(.,190))
9ubl(0))? + 20%,b(.,6)(b(., 6) — b(.. &
02,2(9):3110((#( )2 + ‘;2((.19;(( ) — b 0)))

We easily obtain the limits of C1,1(8) and Co2(6) as 0 — 6o. Thus, the theorem is proved. O

Remark 3.3. 1. It is important to note that our dentifiabity assumption (S1) is identical to the
identifiability assumption given in Kessler (1997). This means that the parameters of model
(50) which are identifiable by the discrete observation (Xin,, i < n) and those which are
identifiable in our framework are the same. Thus, by our approach, we are able to estimate
more parameters than in Genon-Catalot et ql. (1999, a) where only parameters present in,
the stationary distribution, Yo were reached. Of course, our set of observation is more rich

and we benefit from the double discretization procedure.
2. The estimator Bn,m, has rate VnA,, with asymptotic variance (f &de(z)) -1. It is

a?(zx,90)

direct observation of the hidden trajectory (Xt)tE[O,nAn]'

3. Our number of observations is N = nmp + 1, and the rate is only n: for the estimation of
9. Of course, it is interesting to choose Mp — 00 as slow gs possible, but the two conditions
ndZ = o(1) and m;l = o(n~1Ay) imply that nd — o(my). We deduce that necessarily
n= o(Ng), thus the rate of estimation is slower than N+ This is is much slower than N%,
the speed which is obtained from a direct sample, with size N , of X. However, let us stress
the point that we know nothing about the rate of convergence of the ezact mazimum likelihood
in this problem.

4 Examples of hidden diffusion models

4.1 Exponantial of a diffusion

Here, By(z) =1+ 21 and Boo(z) = 1+22. The process X being positive, it is natural to consider
the exponantial of a rea] diffusion. Assume that we are given the model

Xt =exp(Z,), dZy = d(Z,,90)dB, + b(Zy, po)dt.
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where Z is a diffusion on R. The diffusion X satisfies the stochastic differential equation
dX; = a(Xy, 90)dB; + b( Xy, po, 9o )dt, (58)

with a(z,9) = zd(lnz,9) and b(z, u,9) = zb(Inz, 1) + sza*(Inz,9).

In Gloter (1998), we have shown that the following conditions on @ and b imply the validity
of (A2) with Ky = oo for X: a(.,99) and &'(.,9) are bounded, limsup,_,.. b(., ) < oo and
liminfy_, _ oo b(., o) > —co0.

The other difficult assumption to check is (A5), we can deduce it from (A4) in most models by
a coupling argument (as in Proposition 4.1 of Gloter (1999, b)).

As an explicit example, consider the Ornstein—Uhlenbeck process Z given by

dZ; = poZidt + 99dB;  (po < 0) and X, = e

Then (A1)-(A5) are valid with K¢ = oo and any positive constants My, My,. Furthermore, here
we can find an explicit minimum for the contrast (51).

19 n,m — QHA 1+1 A )2 (59)

{E:L=02 (Xig1—Xi— E{’"X iAn)(In X;) + 1 En -2 ln(X (X1+1 _ X) }

(60)

= >ico An(ln X;)?
(We have dropped a negligible term in 19A2n,mm for simplification.)
Results of Section 3 apply.
Ifm~!=m;! = o(A,) then, 0, . "—;"’% 6o.
If nA2 - 0, and m;! = o(n"'A,) then,

VnAnA(ﬂn,mn_l;O) n—o0 N 0, 2|,LLOI 904 -
\/ﬁ(ﬁzn,mn - 190) D 0 Z"90

To study how émm behaves on finite sample, numerical simulation results are presented in Tables
1-6.

In Tables 1-2, we have n = 50, m = 100 (hence the total number of observations N is 5000) and
A = 0.3. Table 1 gives the estimator 1§2n,m of the diffusion coefficient for different values of 1 and
Yo. The estimator overestimates the true value and the better results are for 9% = 1. Table 2 gives
fin,m- We know that the rates of convergence of both estimators are slow, which explains the biases
and standard deviations. Also recall that we have to combine nA, big with nA2, n(m,Ay,)™!
small.

When n = 100, m = 500 and A = 0.3 (N = 50000), (Tables 3-4) results are much better. In
Tables 5-6, with the same number of observations (N = 50000), A = 0.05 is smaller. It is not
surprising that the results are not improved when A decreases, because nA becomes too small and
n(mn,A,)~! becomes too large.
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4.2 C.I.R process
Here, Bo(z) =1+ 27! and Boo(z) = 1 4 z. We suppose that:
dX; = (CYXt + ,B)dt + 9/ XdB;, Xo = 7. (61)

witha <0,9,8>0,¢c= 2 > 1.
We assume that the initial distribution is either deterministic, or the stationary distribution of
X, which exists since ¢y > 1. We have an explicit expression for the estimator,

A Z— nAn &n ,Mn n—2(Xz+1 X)
s - [ J - A
nAn An 350 X7 Brma {X X1 = X) +1X72 (R —Xi)z}

19Azn7mn 12)( ( il — X)2

We know by Gloter (1998), (1999, b) that (A1)-(A5) are satisfied with Ky = ¢y — 1 and any
(Mo, M) € [0,¢0) x [0,00). So, the results of Section 3 do not apply directly. Nevertheless, we

have consistency and asymptotic normality by a specific proof on the explicit expressions of the
estimator.

Theorem 4.1. e Ifcog > 13, and m;l = o(Ay), then, én,mn _n;' = 0.

o Furthermore, if nAZ — 0, and m;' = o(n"1A,), then,

VNnAn(énm, — a) 2|el - 20 0
Vha(Bom, — B) %‘4 N (o0, [92-28 (2,6’ g 0
V(92 m, — 9?) 0 0 294

Proof. For the proof, we need to recall the adaptation of Theorem 1.5, when X is a C.LR. process
(see Gloter (1999, b) for proofs).
Let f satisfy CU, and g satisfy CU,.

o If 14+ 27 < ¢, then (27) holds.

® If4V2y+ 3 < ¢y, then (28) holds.

e If 4V 2y+1 < ¢, then (29) holds.

*If4d+2yV1+4y<coand 642y V1+4y < ¢ then (30) holds.

We deduce, for instance, consistency of 19A2n,mn = %Qn,mn (z7!) when ¢y > 13, by application of
(29) (since z~! satisfy CU3) and Lemma 2.4 (with r, = 1. )

The consistency of &, Ty ﬁn ,m, and the asymptotic normality for 6, ,mn, follow by analogous
computations. O

4.3 Bilinear process

Again, Bo(z) =1+ 27! and Beo(z) = 1 + 2. We suppose that, dX; = (aX; + 8)dt + 9X,dB;, with
a<0,9,8>0;weset cg =1+ %%. The initial distribution is either a Dirac mass, or the stationary
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distribution of X. We have explicit expression for the estimator:

A NSAYS Vv )gi—lJ [@n,m,.] _ {X Kip1 — Xi) + 1X72(Ripq - Xi)z}
Ay Z?Z_OIZ Xi_l Ay Z?=_02 Xi—Z Br,man {X 1+1 ) + X ( Ai+1 - Xi)}
1§2n,m,. - -1 Z X 1+1 )

"This process satisfles (A1)-(A5) with Ko = oo, and any (Mp, My,) € [0, 00) x [0,¢0). As in Section
4.2, by an adaptation of Theorem 1.5, we can prove

Theorem 4.2. o Ifco >4, and m;' = o(A,), then, Oy pm, l‘P’ﬁ) 6.
o Ifcop > 8, nA2 =0, and m;t =o(n"lA,), then,
VNAL (G, — ) 2|al +292 28 0
\% nAq (ﬂn,mn - :3) ‘7HTOO'> N 0, —-26 F%O(T 0
V(92 m, — 92) 0 0 2

5 Extension

In this section, we present some extensions of our work. Our first step is to consider p # 0 (recall
(1)). Then, we consider a correlation between the two Brownian motions B and W.

5.1 Presence of a drift term for Y

Here, we assume that (Y) is solution of dY; = p(X;, t)dt+0,dW;. We make the following assumption
on p.

(A6) The function p(z,s) : (0,00) x R, +— R is Borel and satisfies:

de, V>0, Vs2>0, |p(z,s)|<cBul(x).

In Gloter (1999, a), we have shown that the error term E,.m= X; - X, now, writes:

(H' )An
1nm= IZ / (z+-7—)A )Ude + A, IZ /

+‘L)An 1’+L

(H.&)An

H.;'%)An)p(XSaS)ds-

Hence, a new term of error, due to p, has appeared (compare with (15)).

But, under (A6), this new term A;? ;”"{') QI(TL)A) "(Y; — Y(H_J_) )p(Xs, s)ds is negligible

versus A 12’” ¥ 2[;” }A" (Y; — }/(i'i",':_;)&nJo-deS'
Therefore, under the addltlonal assumption (A6), we may prove that results of Sections 2-3
still hold without any modifications.
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5.2 Case of correlated brownian motions

In the financial literature concerned with stochastic volatility models (1)-(2), it is not generally
supposed that the two Brownian motions B and W are independent. We have investigated the
same problem of estimation as above in the case where d < B, W >;= xdt, with x € (-1, 1). The
correlation parameter ¥ may be known or unknown.

Results on the error E;nm are different when a correlation is considered. We still have
E (Ef,n’m ] gl") < em™1B4 (X;a.), but now E (Ef’n’m | gf) < em™ B8 (X;a,) (compare with
(18)). On the contrary, results (19)-(20) are still valid. (see Gloter (1999, a) for proofs of these
results)

These differences for the error yield that the condition on my, for the validity of theorems of
Section 2 is more restrictive. We give these results, but omit their proofs since they are quite

similar to those of Section 2.

Theorem 5.1. Assume that (A1)~(A6) are valid with any positive constant My, My, and Ky. Let
[ satisfy CU,, for some v > 0 and suppose that my, is a sequence of integer.

o If m;!l = o(A2), then Unma (f(-,6)) Lp‘”) vy (f(.,6)) uniformly in 6.

o If m7! = o(A2), then Znma (F(.,0)) HTOO> 10 (f;(.,é?)a2(.)) uniformly in 6.

o If m7! = 0(A2), then Qn,mn (f(.,8)) ipoo) 210 (g(.,9)a2(.)) uniformly in 6.

Let f and g satisfy C, for some v > 0 and suppose that nAZ — 0.

¢ Ifmy = o(n™Ay) then No(f) = Va&a(@nm, (F) = Onmn (1)) =5 N (0,00 (£20%))

o If mﬁl = O(n—lA?L)7 then, Mn(g) = \/'E('g‘@n,mn (9) — Un,mn (‘129)) n_;o_o> N(Oa %VO (9204))

and the vector (N, (£), Mn(9)) converges to a vector with independent coordinates.
Now, we may deduce consistency and normality for the estimator introduced in Section 3.

Theorem 5.2. Assume that (A1)-(A6) are valid with any positive constant My, My, and K.
1) If m;' = o(A2), the estimator is consistent én,mn — 6g.
2) Assume that nA2 — 0, and that ma' = o(n"1A2). Then, we have the convergence in law of

L

((nAn)z(ﬂn,mn — ,uo),n%(@n,mn - 190)) to a

o (S o o (B2
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Table 1: Mean, standard deviation of 1§2n7m when n = 50, m = 100 and A = 0.3 for different values
of (93, 0). Z¢ = In X, is an Ornstein-Uhlenbeck process and N = 5000, nA, = 15, nAZ = 4.5,

n(A,mn)~" = 1.67 (recall conditions for Theorem 2.7 (49)).

po=-2 | po=-1 |po=-0.5|po=-0.1
¥ = 0.01 0.22, 0.064
93 =0.1 0.30, 0.082
93 =05 0.75, 0.22
¥F =1 [1.09, 036 | 1.41,0.63 | 1.54, 0.52 | 1.75, 0.59
93 =2 3.29, 1.59

Table 2: Mean, standard deviation of fi , when n = 50, m = 100 and A = 0.3 for different values
of (93, o). Z: = InX; is an Ornstein-Uhlenbeck process and N = 5000, nA, = 15, nAZ = 4.5,

nm; ' = 0.5 (recall conditions for Theorem 2.7 (48)).

[ po==2 | po=—1 [po=—-05] pg=-01
92 = 0.01 -4.65, 0.91
92 =0.1 -2.43, 0.79
92 =105 -1.69, 0.66
¥95=1 |-2.63,0.90 | -1.63, 0.85 | -0.97, 0.57 | -0.38, 0.35
92 =2 -1.94, 1.00

Table 3: Mean, standard deviation of 1§2n,m when n = 100, m = 500 and A = 0.3 for different values
of (93,0). Z; = InX; is an Ornstein-Uhlenbeck process and N = 50000, nA, = 30, nAZ =9,

n(A,my)~! = 0.67 (recall conditions for Theorem 2.7 (49)).

po = —2 po=—-1 | po=-05 | pp=-0.1
2=0.01 0.048, 0.007
92 =0.1 0.128, 0.018
93 =05 0.509, 0.10
95 =1 [0.901,0.22 | 1.107, 0.24 | 1.597, 0.49 | 1.42, 0.36
9% =2 2.80 , 0.84

Table 4: Mean, standard deviation of /i ,, when n = 100, m = 500 and A = 0.3 for different values
of (93, 10). Z; = InX; is an Ornstein-Uhlenbeck process and N = 50000, nA, = 30, nA2 =9,

nm, ! = 0.2 (recall conditions for Theorem 2.7 (48)).

po=-2 | po=-1 | pup=-05| pp=-0.1
92 = 0.01 -2.95, 0.51
95 =0.1 -1.32, 0.35
93 =05 -1.15, 0.30
19% =1 -2.10, 0.52 | -1.23, 0.36 | -0.87, 0.38 | -0.23, 0.17
92 =2 -1.57, 0.56
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Table 5: Mean, standard deviation of @n,m when n = 100, m = 500 and A = 0.05 for different values
of (93, ug). 2, = In X; is an Ornstein-Uhlenbeck process and N = 50000, nA, = 5, nA2 = (.25,

n(Anmy)~! = 4 (recall conditions for Theorem 2.7 (49)).

po=-2 | po=—1 [py=—05]po=—01
95 = 0.01 0.25, 0.042
95 = 0.1 0.34, 0.058
95 = 0.5 0.73, 0.11
9g = 1.25,0.22 | 1.27,0.22 | 1.28, 0.23 | 1.32, 0.22
98 =2 2.40 , 0.45

Table 6: Mean, standard deviation of
of (’198,”0) Zt

nm;' =0.2 (

recall conditions for Theorem 2.7 (48)).

po=—-2 | po=-1 [pg=-05] po=—01
¥ = 0.01 -16.5, 4.8
95 = 0.1 -4.60, 2.39
95 = 0.5 -2.09, 1.22
¥93=1 |-2.80, 1.29 -1.27,1.12 | -1.19, 0.94 | -0.55, 0.83
9g =2 -1.67, 1.09
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Appendice. Un probléme d’existence de
densité
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Notons X une diffusion sur R, A > 0 un pas de discrétisation et pour ¢ € N

(i+1)A
Ji = / Xds.
A

Le probleme de I’existence d’une densité pour (Jo,. .. ,Jg) est important pour les applications
statistiques, car cette existence est la condition minimale pour pouvoir considérer la vraisemblance
exacte dans les deux parties de cette thése. Ce probléme est 1ié¢ & celui de I'existence de densités
de transition pour la diffusion bi-dimensionnelle (I, X) = ( fot X.ds, Xt)-

Rappelons que le probleme d’existence de densité de transition pour une diffusion multidimen-
sionnelle Z solution d'une équation différentielle stochastique a été longuement étudié. En utilisant
le calcul de Malliavin, on peut montrer que sous les conditions dites de Hormander (rappelées dans le
premier paragraphe) et sous des conditions de régularité des coefficients de ’équation différentielle,
cette densité existe,

E(f(Znas) | Zn = 2) = / (& )pulz, #)d2.

De plus cette densité py(z,2') est réguliere en 2’ (Voir Bell (1987), Nualart (1995), Watanabe
(1984)). La régularité de cette densité en (2,t) ainsi que des majorations pour |0¢0, 0Dt (2, 2]
sont étudiées dans Kusuoka-Stroock (1985), sous des conditions plus restrictives que la condition
de Hérmander.

Dans le premier paragraphe de cet Appendice, nous rappelons les conditions d’existence de
densité de transition pour une diffusion multidimensionnelle. Dans le second, nous montrons que
Pexistence d’une densité pour (J,...,J;) peut étre obtenue sous les mémes conditions que celles
qui assurent ’existence de densités de transition pour la diffusion X.

1 Condition de Hormander

Supposons que (Z;) soit une diffusion sur R™ solution de

d t | t
Zy =z +Z/ O'J(Zs)de +/ J(Zs)dS, (1)
=170 ’
ol 01,...,04,0 appartiennent a C®(R™,R™) et (W',...,W% est un mouvement brownien de

dimension d. De plus, on suppose que I’hypothése suivante est vérifiée.
B : Toutes les derivées d’ordre supérieur ou égal 4 1 de 01,.--,04 et § sont bornées.

Avant d’écrire la condition de Hérmander rappelons ce qu’est le crochet de deux champs de vecteurs.
Si U et V sont deux champs de vecteurs sur R™ (i.e. U,V K™ = R™ sont C*°) alors on definit le
champ de vecteurs sur R™, [U,V] = DV.U — DU.V. La i-eme composante de ce champ est donc:

= OV, Qgiv.
[0, V] = —3—2;'Uj 5 0z; 15
J=1
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Notons Ay = d — %Z?zl Doj.oj et Aj = oj pour j = 1,...,d. De plus introduisons une |
famille de champs de vecteurs indexée par a € M, ot M = |J;50{0,1,...,d}* est I'ensemble des
multi-indices & valeurs dans {0,...,d}. Cette définition se fait }_)ar récurrence sur la longueur |of | |
du multi-indice. |

Pour i € {1,...,d} on pose AF = A;, si |a| =0 et pouri € {1,...,d}, j € {0,...,d}, a € M,
on pose Agj’a) = [A;, AZ], ou (j, ) désigne le multi-indice (j, @1, .-, Qq)- |

On dit que la condition de Hérmander est vérifiée en 2y si la condition suivante est réalisée. |

o 1 e . | |
(z0): U U AY engendre R™,
i=1 aEM I\

Pour illustrer cette condition, prenons le cas d’une diffusion unidimensionnelle X solution de |
dX; = a(Xy)dWy + b(X:)dt.

Alors Ag(z) = b(z) — %a’(x)a(w) et A; = a(z) et la condition de Hérmander en z se réduit a la

condition h(z) suivante,

| a(z) £0
h(z) : { ou bien b(z) # 0 et 3n > 1 tel que o™ (z) £0 ° I

Rappelons le résultat principal d’existence de densités.

Théoréme 1.1. Soit Z solution de (1) et supposons que B soit verifiée et que H(z) soit vraie pour
tout z dans R™. Alors le processus Z admet des densités de transitions pi(z,2') pour toutt > 0 et
(2,2') = pi(2,2') est mesurable pourt >0 et C* en 2’ d z fizé. '

Preuve. 11 est demontré dans Nualart (1995) que sous B et H(z), il existe pour tout ¢ > 0 une
densité de classe C*® pour Z; si Z est solution de (1), issue de Z, = z. Notons pi(z,2') cette I
densité. Il nous reste & montrer la mesurabilité en (z,2'). Pour cela considérons Z(z,t,w) solution |
de (1) issue de Zg = z mesurable en (z,?,w) ol w designe une réalisation du mouvement Brownien

(W1,...,W9%). Et soit ¢ une fonction mesurable de R™ & valeurs dans R d’intégrale 1. Alors, par
continuité en 2', pour tout z fixé, de p;(2, z'), nous déduisons

pi(z ) = 1m E(gn(s' — Z(2,1,.))), 0 gn(z) = n"p(n2).

La mesurabilité en (z,2') (par le theoréme de Fubini) de E(¢n(2' — Z(2,t,.))) implique donc la
mesurabilité de p¢(z, 2'). O

2 Densité pour les integrés
On suppose que X est une diffusion réelle solution de

dXt = a(Xt)th + b(Xt)dt, X() = T, (2)

ol W est un mouvement brownien unidimensionel.
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Nous voulons montrer que si cette diffusion X satisfait aux conditions de Hérmander alors le
vecteur (Jo,...,J;) admet une densité. Désignons désormais par Z la diffusion sur R?,

t
Zt = (It,Xt) = (/ Xst,Xt).
0
Ainsi, d =1, 01(2) = o(z) = [a(gg)] et §(z) = [b(z;)] Montrons que cette diffusion admet des

densités de transition.

Proposition 2.1. Supposons que a et b soient C*® avec toutes leurs derivées d’ordre superieur ou
égal a 1 bornées. De plus supposons que h(z) est verifiée pour tout = réel. Alors Z admet des
densités de transitions notées pi(z,2') pour tout t > 0. De plus (2,2') = pi(z,2') est mesurable,

pourt >0 et C* en 2’ 4 2 fizé.
Preuve. La diffusion Z = (I, X) verifie

X 0

= [b(xt)] o [a(xa

] dWs.

Par le Théoréme 1.1, il suffit de prouver que la diffusion Z satisfait H(z) pour tout zy = (ig, zo) €

R2. Ici Ao(i,z) = [b(zx )}, ou b(z) = b(z) — La(z)d'(z) et A;(i,z) = [a(ox)].

e 1° cas. Supposons que a(zg) # 0. Par simple calcul de crochet de champs de vecteurs

AL = 40, A1)(i0, 7o) = [*a(xo)g_'(am(:)ol al(x(’)] Y

et donc {A1 (io,:z:o),Ago) (io,mo)} est une base de R?. H(ig, zo) est verifiée.

e 274 cas. Supposons que b(zp) # 0 et qu'il existe n > 1 tel que a(zg) =--- = a"(zg) =0,
al™(zo) # 0.

Definissons par récurrence les champs de vecteurs suivants: V(1) = [4, 4;], VP+D) = [4y, V)]
pour p > 1 (c’est & dire V() = A¢ ot « est le p-uplet (0,...,0)). Nous avons besoin du lemme
suivant qui calcule ces champs de vecteurs.

Lemme 2.2. Pourp>1,

—paP=D(g)pp—1 Fp-2,p-1
0 (; oy — |~Pa? N (@)PH(z) + F(p—2,p—1)
e o (@) (2) + Glp — 1,p) @
ot F(—1,0) =0 et pourp > 2, F(p—2,p—1) a la forme suivante
F(p—2p—1) = a(2)P1p-1(z) + - +a?"D(2) Bz o1 (2) (5)

et les Pip_1(z) sont des polynémes en (b(z), ¥ (z),...,6® 1 (z)). Pourp>1
G(p—1,p) = a2)Q1p(z) + - +aP D (2)Qpo1(a) (6)

et les Qi p(x) sont des polynémes en (b(x),b'(z),...,b®)(z)).
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Preuve du lemme. On procéde par récurrence. Pour p = 1, par (3), on a le resultat avec G(0,1) =

—a(z)V (z).

Ensuite, on voit que si ’expression (4) est vraie au rang p, alors par un calcul de crochet

—pa T Bp F -5
Ve, z) = p+1) (z( ) +1($;2)++ G(?p,lerpi)]

avec F(p — 1,p) = —G(p — 1,p) — pa®? V() (¥~ (2))’ + b(e)(F(p — 2,p — 1))’
G(p,p+1) = {-a® (w)5p($) - G(p - 1,p)}¥ (2) + a?)(2)b(2) (¥ (2))' + b(2)(G(p — 1,p))’

Ces deux formules de récurrence pour (F(p—1,p), G(p,p+1)) en fonction de (F(p—2,p—1),G(p—
1,p)) impliquent (5) et (6). Le lemme est donc prouvé. O

En utilisant a(z¢) = -+ = a(®1(z9) = 0 et le Lemme 2.2, on voit que

n)/: 0 n —(n + 1)a™ (zo)b" (z
V™ (ig, 20) = [a(")(mo)i)”(xo)] , V(g zg) = (n+1)(($0)5n2;1(x0() -?-)G((n,or)z +1)

Comme b(z) # 0, a(zo) = 0 et a(™ () # 0, les vecteurs V™ (49, z¢) et V(+1) (49, z9) engendrent
R?. H(4p,zp) est donc vérifiée. O

Théoréme 2.3. Supposons que X soit solution de (2) ot a et b sont C* avec toutes leurs derivées
d’ordre superieur ou égal a 1 bornées. De plus on suppose que h(z) est verifiée pour tout x réel.
Alors, pour tout q € N, le vecteur (Jy,...,Jq) admet une densité.

Preuve. Le processus (J17X(z+1)A)l20 est une chaine de Markov. La probabilité de transition de
cette chaine est la loi conditionnelle de (Jy = Ia,Xa) sachant Iy = 0, Xo = zo, dont la densité
existe d’apres la Proposition 2.1. Notons-la pa(zo; (4, 2))-

Donc, le vecteur (Jo, Xa, J1, X2a, - -+, Jg, X(g+1)a) admet la densité sur R*7+2:
g
p(jOa $1,j1,$27 cee 1jqa$q+1) = HpA(xlv (jl)wl+1))' (7)
=0
Le vecteur (Jo, ..., J;) admet donc la densité
/ p(jo, Z1, 71, T2, - - - ,jq,$q+1)d$1 e dTgy. (8)
Ra+1

Remarque 2.4. Le théoréme précédent ne permet pas de traiter le cas d’un processus de Cox-
Ingersoll-Ross pour X (a cause de la condition de derivée bornée pour a). Cependant, l’existence
de densité pour les intégrées de ce processus est établie dans Coz-Ingersoll-Ross (1985).
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