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Abstra
tWe 
onsider the substitution model T92+CpG of DNA sequen
eevolution whi
h takes into a

ount the hypermutability of CpG din-u
leotides, an e�e
t that 
an be espe
ially observed in vertebrategenomes. We provide an exa
t method to simulate the evolution of�nite DNA sequen
es under this model and numeri
al pro
edures toinfer evolutionary times in two 
ases: between an an
estral and apresent sequen
e and between two homologous sequen
es. We showon simulated data that our new numeri
al method yields very a

urateestimations of divergen
e times. In a 
ontext of strong CpG hyper-mutability, it 
learly outperforms the 
lassi
al estimation pro
edurethat is solely based on the model T92 without CpG in�uen
e.
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1 Introdu
tionThe 
al
ulation of distan
es for DNA sequen
es remains an important part of mole
ularphylogeneti
s. For instan
e, the widely used algorithm PhyML developed by Guindonand Gas
uel (2003) designed to estimate large phylogenies by maximum likelihoodstarts with a fast distan
e-based tree. More importantly, it is a useful tool to pointthe strengths and weaknesses of Markov pro
ess models of nu
leotide substitutions onwhi
h most of the phylogeny re
onstru
tion methods are based. The present papershould be also seen in the light of this.Most sto
hasti
 substitution models assume that nu
leotide sites evolve indepen-dently from ea
h other and, in general, a

ording to a given Markovian kernel. Sin
ethe simplest model developed by Jukes and Cantor (1969), other phylogeneti
ists likeKimura (1980), Felsenstein (1981), Hasegawa et al. (1985), Tamura (1992), Yang (1994)et
. have in
orporated more and more biologi
al 
hara
teristi
s into substitution mod-els to in
rease their a

ura
y. However, all these models still assume that there areno neighbor-dependen
ies between the di�erent nu
leotide sites. But this is a
tuallynot the 
ase in a biologi
al 
ontext. For instan
e, it is well known that in vertebratespe
ies, the frequen
y of the dinu
leotide CpG is mu
h lower than the produ
t of C andG frequen
ies (Bird (1980)). The CpG de�
ien
y is a 
onsequen
e of the methylationof 
ytosine in CpG dinu
leotides sin
e methylated CpG dinu
leotides may 
hange intoTpG with higher frequen
y and 
onsequently into CpA on the 
omplementary strand.For example, in a large s
ale survey of the human genome, Wang et al. (1998) foundthat single-nu
leotide polymorphisms are observed ten times more often at CpGs thanat other dinu
leotides. Thus, in
orporating the in�uen
e of the neighborhood intosubstitution models seems to be inevitable.3



This is the reason why Duret and Galtier (2000) introdu
ed a model that super-imposes neighbor-dependent substitutions CpG→CpA and CpG→TpG onto Tamura'ssubstitution rates, both at the additional rate r > 0. Hereafter, this model will bedenoted T92+CpG. However, introdu
ing these neighbor-dependent substitution pro-
esses greatly 
ompli
ates the inferen
e of phylogenies and the estimation of divergen
etimes: the distribution of a nu
leotide at site i at a given time does not only depend onits value at previous times but also on the values of the surrounding sites i−1 and i+1whose distributions in turn depend on the values at sites i−2, i−1, i, i+1 and i+2 atprevious times and so on. Hen
e, one is fa
ed with in�nite-dimensional linear systemswhi
h are di�
ult to solve. To 
ir
umvent this problem, Duret and Galtier (2000)approximated trinu
leotide frequen
ies (xyz) by dinu
leotide frequen
ies (xy) in thefollowing way: (xyz) ≈ (xy)(yz)/(y). Instead of relying on dinu
leotide frequen
ies,Arndt and Hwa (2005) similarly assumed that word frequen
ies 
an be dedu
ed fromtrinu
leotide frequen
ies. However, all these approa
hes remain approximative and arenot mathemati
ally founded.Entering the �eld of intera
ting parti
le systems, see Liggett (1985) for a reviewof the topi
, Bérard et al. (2008) introdu
ed a wide extension of the T92+CpG modelof neighbor-dependent substitution pro
esses, 
alled RN+YpR, and investigated itstheoreti
al properties. Thanks to the remarkable stru
tural properties of this 
lass ofmodels, Bérard and Guéguen (2010) analyzed the performan
e of an original approa
hdeveloped to show that the phylogeneti
 re
onstru
tion methods in the 
ontext ofindependen
e between sites 
an be e�
iently adapted to this 
lass of models - withina mathemati
ally rigorous framework and without resorting to approximations. Theyalso 
ompare their approa
h with the alternative strategy of Duret and Arndt (2008).In the 
ontext of the Jukes Cantor model with CpG in�uen
e, i.e. the simplest but4



non-trivial model of the RN+YpR model 
lass, Fal
onnet (2010a) provided theoreti
alestimation pro
edures for the time elapsed between an an
estral sequen
e at stationar-ity and a present one and for the time of divergen
e between two homologous sequen
eswhi
h are originating from a 
ommon an
estral sequen
e at stationarity. For the an-
estral 
ase, Fal
onnet (2010a) showed that the result 
an be extended to the generalRN+YpR models but he did not provide an expli
it extension for the homologous 
ase.The performan
e of these pro
edures has also not yet been investigated.The goal of the present paper is to derive theoreti
al estimation pro
edures for ho-mologous sequen
es in the T92+CpG model. Furthermore, assuming model T92+CpG,we develop numeri
al solutions adapted from Fal
onnet (2010a) to estimate the timeelapsed both between an an
estral and a present sequen
e and between two homologoussequen
es. Our numeri
al estimation pro
edures are evaluated on simulated data andare 
ompared to the 
lassi
al estimation method by Tamura (1992) that is based on theT92 model without CpG in�uen
e. It turns out that the 
lassi
al estimators for evolu-tion times be
ome ina

urate very fast when the in�uen
e of the CpG hypermutabilityin
reases. In 
ontrast, our new estimators based on model T92+CpG remain robust assoon as the hypermutability is signi�
ant. Thus, 
onsidering that CpG hypermutabil-ity is one of the major determinants driving the evolution of human DNA sequen
es,we 
an 
on
lude that our new estimation pro
edure 
learly outperforms the 
lassi
alone.The paper is organized as follows. In Se
tion 2, we des
ribe the T92+CpGmodel, weexplain how to simulate the evolution of DNA sequen
es under this model, we providea method to infer phylogeneti
 distan
es for this neighbor-dependent model and wedes
ribe our simulation experiment. In Se
tion 3, we present our main results on the
omparison of the two pro
edures to estimate the divergen
e time of two homologous5



DNA sequen
es. Se
tion 4 is devoted to the dis
ussion and impa
t of our �ndings. TheSupplementary Material 
ontains further mathemati
al elaboration related to Se
tion 2and additional tables for the simulation experiments.
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2 Methods2.1 Des
ription of the T92+CpG modelThe T92 + CpG model is a 
ontinuous-time model of DNA evolution where the se-quen
es evolve under the 
ombined e�e
t of two superimposed me
hanisms.The �rst me
hanism is an independent evolution of the sites as in the 
lassi
al T92model developed by Tamura (1992). Hen
e, it is 
hara
terized by a 4 × 4 matrix ofsubstitution rates, ea
h rate being the mean number of substitutions per unit of time.In our 
ase, the matrix is de�ned as


















A T C G

A · (1− θ)v θv θw

T (1− θ)v · θw θv

C (1− θ)v (1− θ)w · θv

G (1− θ)w (1− θ)v θv ·



















,

where v and w denote respe
tively the rates of transversional (T, C ↔ A, G) andtransitional (T ↔ C or A ↔ G) 
hanges and θ denotes the G+C 
ontent.A se
ond me
hanism is superimposed whi
h des
ribes the substitutions due to thein�uen
e of the neighborhood: the most noti
eable 
ase is based on experimentallyobserved CpG-methylation-deamination pro
esses. Hen
e, we assume that the substi-tution rates of 
ytosine by thymine and of guanine by adenine in CpG dinu
leotidesare both in
reased by an additional nonnegative rate r.This means that every C site whose right neighbor is not o

upied by a G (every Gsite whose left neighbor is not o

upied by a C resp.) 
hanges at global rate v+(1−θ)w,7



i.e. after an exponentially distributed random time with mean 1/[v + (1 − θ)w], andwhen it does, it be
omes an A (a T resp.) with probability (1 − θ)v/[v + (1 − θ)w],a T (an A resp.) with probability (1 − θ)w/[v + (1 − θ)w] and a G (a C resp.) withprobability θv/[v + (1 − θ)w]. On the 
ontrary, every C site whose right neighbor iso

upied by a G (every G site whose left neighbor is o

upied by a C resp.) 
hanges atglobal rate v + (1− θ)w + r, i.e. after an exponentially distributed random time withmean 1/[v+(1−θ)w+r], and when it does, it be
omes an A (a T resp.) with probability
(1−θ)v/[v+(1−θ)w+r], a T (an A resp.) with probability [(1−θ)w+r]/[v+(1−θ)w+r]and a G (a C resp.) with probability θv/[v + (1− θ)w + r].The 
ase r = 0 
orresponds to the 
lassi
al T92 model. We re
all that the T92+CpGmodel belongs to a larger 
lass 
alled RN+YpR introdu
ed by Bérard et al. (2008) andwe refer to this arti
le for the main properties of the model.2.2 Simulating the evolution of DNA sequen
esEvery model of the RN+YpR 
lass 
an be 
onstru
ted relying on the general prin
iplesbased on in�nitesimal generators des
ribed by Liggett (1985). However, Bérard et al.(2008) presented another 
onstru
tion based on Poisson pro
esses 
alled graphi
al rep-resentation, also developed by Liggett (1985), whi
h is mu
h more useful to simulatethe evolution of a DNA sequen
e. We adapt this 
onstru
tion to our 
ontext.In Fal
onnet (2010a), DNA sequen
es are presented as doubly in�nite sequen
es ofletters, i.e. elements of the set A Z, where A = {A, T, C,G}. Sin
e real or simulatedDNA sequen
es are obviously �nite we need to explain how to simulate the evolutionof a �nite sequen
e under a model developed for doubly in�nite sequen
es. Thanks tomathemati
al properties presented in Bérard et al. (2008), we know that the behaviorof the sites in {1, . . . , N} is the same regardless of whether one 
onsiders that these sites8



are embedded in a sequen
e indexed by Z or in a sequen
e indexed by {0, 1, . . . , N,N+

1}. In our 
ase, for a given sequen
e X1:N := (X1, . . . , XN), where Xi is the valueof the nu
leotide at site i, we 
reate a new sequen
e X0:N+1 by adding two arti�
ialnu
leotides at sites 0 and N +1. We know from Bérard et al. (2008) that the 
hoi
e ofthe nu
leotides we add in 0 and N+1 will modify the evolution at the sites 0 and N+1but not at the sites {1, . . . , N}. With these two new nu
leotides and the transformationof the interval as a 
ir
le, every site of the sequen
e possesses two neighbors.It remains to des
ribe how to simulate the evolution until a �xed time t of a 
ir
ularsequen
e indexed by {0, 1, . . . , N+1}. For every site i in {0, 1, . . . , N+1}, we generateten independent homogeneous Poisson pro
esses until time t with the labels, rates anda
tions given in Table 1. Table 1Thus, we have 10× (N +2) independent homogeneous Poisson pro
esses whi
h rununtil time t. Let T = (tk)
K
k=0 denote the in
reasing list of random times generated bythese random pro
esses. We know that this list is almost surely �nite, i.e. K < ∞,and that all the elements are almost surely pairwise distin
t. Every time tk in this listis asso
iated with a site ik and a label L

xk

ik
with L ∈ {U ,W ,R}. Hen
e, to simulatethe evolution of the sequen
e, it su�
es to read the list from t0 to tK and exe
ute thea
tion asso
iated with site ik and label L

xk

ik
.The theory of Poisson Pro
esses and the paper from Bérard et al. (2008) su�
e toprove that the simulation we provide mat
hes the rates of the T92+CpG model.

9



2.3 Inferring distan
es and asymptoti
 
on�den
e intervalsIn the estimation pro
edures below, both 
onstru
tions are based on dinu
leotidesen
oded in the alphabet B de�ned as
B = {R, T, C} × {Y,A,G},where R denote the set of purines de�ned as {A,G} and Y the set of pyrimidinesde�ned as {T, C}.The estimators are based on various quantities provided by the alignment of thetwo sequen
es and we introdu
e some notations whi
h are ne
essary for the rest of thisse
tion.Notation 1. For every t, X(t) des
ribes the whole sequen
e at time t and, for every

i in Z, the ith 
oordinate Xi(t) of X(t) is the random value of the nu
leotide at site iand time t.For every ℓ and every word w of length ℓ+1 written in the alphabet A , we say thatsite i is o

upied by w at time t if and only if Xi:i+ℓ = w.2.3.1 An
estral 
aseThe estimation pro
edure of the time elapsed between a present sequen
e and an an-
estral one is based on the evolution of the quantity (C,C)(t), where (C,C)(t) denotesthe frequen
y of sites o

upied by C at time 0 (in the an
estral sequen
e) and by C attime t (in the present sequen
e) in doubly in�nite DNA sequen
es.Now, we re
all from Fal
onnet (2010a) the de�nition of the estimator (TN
C )est of theelapsed time and the main results about this estimator.De�nition 2. Let (TN

C )est denote the estimator of the elapsed time in the T92+CpG10



model de�ned as the solution in t of the equation
(C,C)(t) = (C,C)Nobs, (1)where (C,C)Nobs denotes the observed value of (C,C)(t) on aligned sequen
es of length

N , i.e.
(C,C)Nobs =

1

N

N
∑

i=1

1{Xi(0) = Xi(t) = C}.Let (κN
C )obs and (νN

C )obs denote the quantities de�ned as
(κN

C )obs =− θv(C,R)Nobs − θw(C, T )Nobs + [v + (1− θ)w](C,C)Nobs + r(C∗, CG)Nobs,

(νN
C )obs =(C,C)Nobs − 5(C,C)Nobs

2
+ 2(CC,CC)Nobs + 2(C ∗ C,C ∗ C)Nobs.Then we have that

(κN
C )obs

a.s.
−−−→
N→∞

−(C,C)′(t).It originates from the delta method used in Fal
onnet (2010a). The quantity (νN
C )obsis the varian
e of (C,C)Nobs.Theorem 3 (Fal
onnet (2010a)). Assume that the fun
tion t 7→ (C,C)(t) is a di�eo-morphism and that the an
estral sequen
e is at stationarity. Then, when N → ∞,

(TN
C )est

a.s.
−−→ t and (κN

C )obs

√

N/(νN
C )obs

[

(TN
C )est − t

] d.
−→ N (0, 1),where N (0, 1) denotes the standard normal law. An asymptoti
 
on�den
e interval at
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level ε for t is given by
[

(TN
C )est −

z(ε)

(κN
C )obs

√

(νN
C )obs
N

, (TN
C )est +

z(ε)

(κN
C )obs

√

(νN
C )obs
N

]

,where z(ε) denotes the unique real number su
h that P(|Z| > z(ε)) = ε with Z ∼

N (0, 1).From Theorem 3, we 
an 
ompute an estimator of the time elapsed provided thatwe are able to solve equation (1). To bypass this di�
ulty, we use the 
lassi
al Runge-Kutta method (RK4). The RK4 method is an iterative method for the approximationof solutions of ordinary di�erential equations, see But
her (2008) for more details. InSupplementary Material A.2.1 we explain the algorithm we use.2.3.2 Homologous 
aseThe estimation pro
edure of the time from divergen
e for two homologous sequen
esoriginating from a 
ommon an
estral sequen
e at stationarity is based on the evolutionof the quantity [C,C](t), where [C,C](t) denotes the frequen
y of sites o

upied by aC at time t in both doubly in�nite present sequen
es. Similarly to the an
estral 
ase,the de�nition of the estimator [TN
C ]est of the divergen
e time is as follows.De�nition 4. Let [TN

C ]est denote the estimator of the elapsed time in the T92+CpGmodel de�ned as the solution in t of the equation
[C,C](t) = [C,C]Nobs, (2)where [C,C]Nobs denotes the observed value of [C,C](t) of the aligned present sequen
es

12



X1 and X2 of length N , i.e.
[C,C]Nobs =

1

N

N
∑

i=1

1{X1
i (t) = X2

i (t) = C}.Let [κN
C ]obs and [νN

C ]obs denote the quantities de�ned as
[κN

C ]obs =−
∑

(uv,xy)∈B×B

Qhom ([uv, xy], [u′v′, x′y′]) [uv, xy]obs,

[νN
C ]obs =[C,C]Nobs − 5[C,C]Nobs

2
+ 2[CC,CC]Nobs + 2[C ∗ C,C ∗ C]Nobs.The matrix Qhom is de�ned in Supplementary Material A.2.2. Analogously to thean
estral 
ase, we have that

[κN
C ]obs

a.s.
−−−→
N→∞

−[C,C]′(t).Theorem 5 (Fal
onnet (2010b)). Assume that the fun
tion t 7→ [C,C](t) is a di�eo-morphism and that the an
estral sequen
e is at stationarity. Then, when N → ∞,
[TN

C ]est
a.s.
−−→ t and [κN

C ]obs

√

N/[νN
C ]obs

[

[TN
C ]est − t

] d.
−→ N (0, 1),where N (0, 1) denotes the standard normal law. An asymptoti
 
on�den
e interval atlevel ε for t is given by

[

[TN
C ]est −

z(ε)

[κN
C ]obs

√

[νN
C ]obs
N

, [TN
C ]est +

z(ε)

[κN
C ]obs

√

[νN
C ]obs
N

]

,where z(ε) denotes the unique real number su
h that P(|Z| > z(ε)) = ε with Z ∼

N (0, 1). 13



Using Theorem 5, we 
an obtain an estimator of the divergen
e time of two ho-mologous sequen
es if we are able to solve equation (2). In order to do so, as in thean
estral 
ase, we use the 
lassi
al Runge-Kutta method (RK4); see SupplementaryMaterial A.2.2.2.4 Simulation experiment: 
omparing estimation pro
eduresFor all our simulations, we have fo
used on the T92+CpG model with parameters
v = 1, w = 3, θ = 0.4 and several di�erent values for the parameter r. The set ofparameters (v, w, θ) is always assumed to be the same sin
e we are only interested inthe in�uen
e of the CpG hypermutability e�e
t (spe
i�ed by the parameter r) on thequality of the estimation pro
edures. The 
hoi
e of parameters will be also dis
ussedin Se
tion 4.In ea
h 
ase, the fun
tions t 7→ (C,C)(t) and t 7→ [C,C](t) are di�eomorphisms asexplained in Supplementary Material A.1. Thus, the 
onditions for Theorems 3 and5 are ful�lled and the estimators (TN

C )est and [TN
C ]est 
an be obtained by applying theRunge-Kutta method (RK4); see Supplementary Material A.2.1 and A.2.2.Employing the tool "random sequen
e" from the RSAT suite with independent andequiprobable nu
leotides, we generated random DNA sequen
es of length N = 1000,10,000, 100,000 and 1,000,000 bp (Thomas-Chollier et al. (2008)). In order to obtaina DNA sequen
e at stationarity a

ording to the T92+CpG model with parameters

v = 1, w = 3, θ = 0.4 and r = 10, we wrote a Python s
ript simulating the evolutionof a given random sequen
e until time t = 2 as des
ribed in Se
tion 2.2. This shouldsu�
e to produ
e stationary DNA sequen
es. As to be expe
ted at stationarity, theresulting DNA sequen
es at time t = 2 
ontain 32.4% 'A's, 32.4% 'T's, 17.6% 'C's,17.6% 'T's and the 'CpG' 
ontent is 0.96%. In the following, we only used these14



stationary sequen
es as an
estral DNA sequen
es for the subsequent simulations.Starting from every of these stationary an
estral DNA sequen
es, we then simulatedits evolution until various time points t for di�erent values of r, r = 0, 0.1, 1, 2, 3, 4, 5, 10, 15and 20, a

ording to the T92+CpG model with parameters v = 1, w = 3 and θ = 0.4(see Se
tion 2.2). Ea
h simulation has been 
arried out 100 times.Our aim is to 
ompare the results of our estimation pro
edure as des
ribed in Se
-tions 2.3.1 and 2.3.2 to a 
lassi
al estimation pro
edure of divergen
e times that isbased on the T92 model without CpG in�uen
e by Tamura (1992) on the simulateddata. The 
lassi
al estimation pro
edure a

ording to Tamura (1992) is des
ribed inSupplementary Material A.3. Let (TN
Tamura)est and [TN

Tamura]est as de�ned in the Supple-mentary Material (see equations (6) and (7)) denote the 
lassi
al estimators a

ordingto Tamura (1992) for the divergen
e time between an an
estral and a present sequen
eand between two homologous sequen
es respe
tiveley.In the �rst s
enario, we 
ompared the evolved sequen
e X(t) at time t, t rangingfrom 0.1 to 1.0, to the an
estral DNA sequen
e X(0) and estimated the time elapsedbetween the two sequen
es using two di�erent estimators: (i) our estimator (TN
C )estbased on model T92+CpG as des
ribed in Se
tion 2.3.1, (ii) the 
lassi
al estimator

(TN
Tamura)est for model T92 a

ording to Tamura (1992). In the se
ond s
enario, we letthe an
estral sequen
e X(0) evolve twi
e until time t and, for every time point t, tranging from 0.1 to 1.0, 
ompared the two resulting homologous sequen
es X1(t) and

X2(t) to ea
h other. As in the �rst s
enario, we then estimated the divergen
e timebetween these two homologous sequen
es by (i) [TN
C ]est and by (ii) [TN

Tamura]est. In boths
enarios, we additionally 
omputed the 95% asymptoti
 
on�den
e intervals of all theestimators based on the estimation method that has been employed, i.e. of (TN
C )est and

[TN
C ]est a

ording to Theorems 3 and 5 and of (TN

Tamura)est and [TN
Tamura]est a

ording15



to Supplementary Material A.3, equations (8) and (9). Finally, we 
he
ked whetherthe real t lies within this interval. We then used the per
entage of real t lying in the
on�den
e interval to assess the quality of the two estimation pro
edures.When estimating the 95% asymptoti
 
on�den
e interval for homologous sequen
esa

ording to our estimation pro
edure, in some 
ases, espe
ially when the sequen
elength N is small, [κN
C ]obs 
an be negative resulting in a negative asymptoti
 varian
e(see Theorem 5). In this 
ase the 95%-
on�den
e interval is not de�ned. Thus, forfurther analyses we have �ltered out these 
ases (for example, for r = 10 we had to�lter out 25.4% of the estimations for N = 1, 000 bp, 15.6% for N = 10, 000 bp, 7.1%for N = 100, 000 bp and only 0.5% for N = 1, 000, 000 bp). On the other hand, whenestimating the divergen
e time between homologous sequen
es a

ording to the 
lassi
alestimation pro
edure, in some 
ases, espe
ially when t is large, the estimator [TN

Tamura]estis not well de�ned either (in equation (5), 1− p̂

θ1+θ2−2θ1θ2
− q̂ 
an be negative). We havealso �ltered out these 
ases (for example, for r = 10, 31.3% of the estimations had tobe �ltered out for N = 1, 000 bp, 16.4% for N = 10, 000 bp, 9.9% for N = 100, 000 bpand 2.5% for N = 1, 000, 000 bp).
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3 ResultsIn this se
tion, we assess the performan
e of the two distin
t methods we 
onsiderfor estimating evolutionary times, i.e. of our estimation pro
edure (see Se
tions 2.3and 2.4) and of the 
lassi
al estimation method based on the T92 model without CpGin�uen
e by Tamura (1992) (see Se
tion 2.4 and Supplementary Material A.3). Wemainly fo
us on the homologous 
ase and only brie�y deal with the an
estral 
ase. Weassess the impa
t of the CpG hypermutability e�e
ts on the a

ura
y of the estimationpro
edures and the impa
t of the sequen
e length on the size of the 
on�den
e interval
omputed.3.1 Results in the an
estral 
aseStarting from a random stationary DNA sequen
e of length N = 1, 000, 000 bp, wesimulated its evolution until time t, t ranging from 0.1 to 1.0, as des
ribed in Se
tion2.4 with parameters v = 1, w = 3, θ = 0.4 and r = 10. For every of the 100 simulatons,we estimated the real divergen
e time t between the an
estral and simulated sequen
eby (TN
Tamura)est (
lassi
al estimation) and by (TN

C )est (new estimation). Additionally,we 
omputed the 95% asymptoti
 
on�den
e interval for every estimation and thenexamined if the real t lies in the 95% asymptoti
 
on�den
e interval or not. Re
all thatthe starting sequen
e is 
lose to equilibrium for the T92+CpG model with parameters
v = 1, w = 3, θ = 0.4 and r = 10. Hen
e, the 
onditions of Theorem 3 are ful�lled,and we expe
t the new pro
edure to be a

urate a

ording to the theory. For instan
e,sin
e we 
arried out the simulation experiment 100 times, we expe
t the real t to be inthe 
omputed 95% 
on�den
e interval about 95 times. The results of this simulationexperiment are depi
ted in Figure 1. As to be expe
ted for the new estimation, in Figure 117



most of the 
ases the real t lies in the 
omputed 
on�den
e interval (more pre
isely:100% for t = 0.1, 100% for t = 0.2, 99% for t = 0.3, 99% for t = 0.4, 100% for t = 0.5,99% for t = 0.6, 98% for t = 0.7, 96% for t = 0.8, 98% for t = 0.9 and 94% for
t = 1.0). In 
ontrast, the real t never (i.e. for all t ranging from 0.1 to 1.0) lies in the95% 
on�den
e interval of the 
lassi
al estimation. As 
an be observed in Figure 1,the 
lassi
al estimator drasti
ally underestimates the divergen
e times. We 
an thus
on
lude that the 
lassi
al estimation pro
edure is not suited for the estimation of thedivergen
e time between an an
estral and a present DNA sequen
e whose evolution wasin�uen
ed by CpG substitutions. For fairness, we have to mention that the startingrandom DNA sequen
e that we used for the simulation experiment is at stationaritya

ording to the T92+CpG model. If we had started the simulations from a DNAsequen
e at stationarity a

ording to the T92 model, the 
lassi
al estimation wouldhave probably yielded better results. However, assuming model T92 is less realisti
.In order to alleviate the dependen
e on the starting DNA sequen
e, we de
ided tofo
us on 
omparing estimation results based on two homologous sequen
es that havediverged from their 
ommon an
estral sequen
e rather than reading too mu
h into the
omparison results for the an
estral 
ase.3.2 Results in the homologous 
ase3.2.1 Dependen
e on the CpG hypermutability e�e
tsWe examine how the a

ura
y of the 
lassi
al and new estimation pro
edures for thedivergen
e time of two homologous sequen
es 
hanges when the CpG hypermutabilitye�e
t varies, i.e. when the parameter r varies. All the simulations in this subse
tionhave been 
arried out 100 times on the same random sequen
e of length N = 1, 000, 000bp with parameters v = 1, w = 3, θ = 0.4 and for di�erent values of r.18



At �rst, like in the an
estral 
ase, we let the starting sequen
e evolve with CpGhypermutability parameter r = 10 ending up with two homologous sequen
es for ea
hdivergen
e time t, t ranging from 0.1 to 1.0. We then estimated the divergen
e time
t between the two homologous sequen
es by [TN

Tamura]est (
lassi
al estimation) and by
[TN

C ]est (new estimation) and 
al
ulated the 
orresponding 95%-
on�den
e intervals.Sin
e the starting sequen
e is 
lose to equilibrium for the T92+CpG model with pa-rameters v = 1, w = 3, θ = 0.4 and r = 10, the 
onditions of Theorem 5 are ful�lledand we expe
t the real t to be in the 
omputed 95%-
on�den
e interval in around 95%of the 
ases. The results are shown in Figure 2 and Supplementary Table 4. Indeed, Figure 2the new pro
edure provides very a

urate estimations ranging from 100% of real t = 0.1being in the 
on�den
e interval to 89% of real t = 1.0 being in the 
on�den
e interval.The general tenden
y is that the new estimation pro
edure performs better for smallerthan for larger divergen
e times t. Like in the an
estral 
ase, the 
lassi
al method un-derestimates the real t and its a

ura
y is very poor: for example, for t ranging from 0.1to 0.7, the real t is never in the 
on�den
e interval, for t = 0.8 and t = 0.9 only in 1%of the 
ases and for t = 1.0 in 4% of the 
ases. The e�e
t of a slightly higher a

ura
yfor in
reasing divergen
e times t might be simply explained by random e�e
ts and bythe fa
t that the length of the 
on�den
e interval in
reases with in
reasing divergen
etime t; see also Supplementary Table 6.We then tested the e�e
t of a varying CpG hypermutability parameter r on the a
-
ura
y of the estimations and repeated the simulation experiment for di�erent values of
r, r ranging from 0 (no CpG hypermutability e�e
t) to 20 (strong CpG hypermutabil-ity e�e
t). The out
ome is depi
ted in Figure 3 and in Supplementary Tables 4 and 5.When the CpG hypermutability e�e
t is absent, i.e. when r = 0, or when there is only Figure 3a very weak e�e
t, i.e. when r = 0.1, the 
lassi
al estimation performs better than19



the new method. But as soon as the CpG hypermutability e�e
t in
reases or morepre
isely, when r > 1, the new estimation pro
edure outperforms the 
lassi
al one. As
an be seen in Supplementary Table 5 whi
h gives the mean values of the estimateddivergen
e times of the two methods, the stronger the CpG hypermutability e�e
t gets,the more the 
lassi
al method underestimates the real t. In 
onstrast, the mean esti-mated divergen
e times of our method are always very 
lose to the real t, sometimesslightly underestimating, sometimes slightly overestimating t. Furthermore, as a gen-eral tenden
y, we observe that for small r, the new estimation pro
edure improves within
reasing divergen
e time t. Similarly, for large r, the 
lassi
al estimation gets slightlybetter when t in
reases. But these e�e
ts 
an be simply explained by larger 
on�den
eintervals for in
reasing t that result in a higher probability of hitting the interval whenestimating t; see also Supplementary Table 6. Generally, the new method rea
hes itsoptimal a

ura
y at around r = 10 while the 
lassi
al pro
edure performs best for
r = 0. However, 
ontrary to the 
lassi
al method whi
h 
an basi
ally just deal with
ases where r 6 1, the new estimation pro
edure 
an 
ope with a very broad range ofCpG hypermutability parameters r and hardly looses its a

ura
y when r ex
eeds itsoptimum at 10.3.2.2 Dependen
e on the sequen
e lengthAll the previous simulations have been 
arried out on a DNA sequen
e of length N =

1, 000, 000 bp. In order to test the impa
t of the sequen
e length on the a

ura
y ofthe new and 
lassi
al estimation pro
edures, we repeated the simulation experimentfor random DNA sequen
es (that are 
lose to equilibrium for the T92+CpG modelwith parameters v = 1, w = 3, θ = 0.4 and r = 10) having di�erent lengths N , Nranging from 103 to 106 bp. Like in the pre
eding subse
tion, we are also interestedin the e�e
t of the CpG hypermutability parameter r. Our simulation experiments20



reveal that independently from the sequen
e length N , when r > 1, the new estimationpro
edure always outperforms the 
lassi
al method as shown in Figure 4. The 
lassi
al Figure 4estimator is only more a

urate when both r = 0 and 104 6 N 6 106. Furthermore, we
an observe that for r > 1, the a

ura
y of the new method in
reases as N in
reases.As opposed to this, the a

ura
y of the 
lassi
al pro
edure de
reases with in
reasing N .Thus, the di�eren
e in a

ura
y be
omes most striking for N = 106: for long sequen
esthat have evolved in the 
ontext of CpG hypermutability, i.e. with r > 1, our newmethod by far provides better estimations than the 
lassi
al one.We also tested how the sequen
e length in�uen
es the size of the 95%-
on�den
eintervals of the two methods. The 
on�den
e interval lengths are illustrated in Figure 5.As 
an be observed, for N 6 105 the new method produ
es larger 
on�den
e intervals Figure 5than the 
lassi
al pro
edure. However, for N = 106, the lengths of the two estimationpro
edures are almost the same. The mean lengths of the intervals for N = 106 arealso given in Supplementary Table 6. Hen
e, applying the new estimation pro
edureinstead of the 
lassi
al method to sequen
es that are su�
iently large, i.e. larger than1 Mb, does not result into signi�
antly larger 
on�den
e intervals.In sum, no matter how long the evolved sequen
es are, the new method produ
esmore a

urate results than the 
lassi
al pro
edure as soon as the CpG hypermutabilitye�e
ts gets signi�
ant, i.e. when r > 1. However, in order to guaranty small asymptoti

on�den
e intervals, the new method should be only applied for long sequen
es, i.e.sequen
es of around 1,000,000 bp or more.
21



4 Dis
ussionFor the T92+CpG model, we have provided an exa
t method to simulate the evolutionof �nite DNA sequen
es and a numeri
al pro
edure to infer evolutionary times betweentwo homologous sequen
es. We have shown on simulated data that this pro
edure isfar more a

urate than the usual ones in the 
ontext of strong CpG hypermutability.However, in order to guarantee small asymptoti
 
on�den
e intervals it should beapplied on long sequen
es, i.e. sequen
es of around 1 Mb or more.Note that it is ne
essary to have a prior knowledge of the set of parameters (v, w, θ, r)to apply the pro
edure. When dealing with real instead of simulated DNA sequen
es,for this purpose, Bérard and Guéguen (2010) have developed a pro
edure to estimateparameters of the T92+CpG model whi
h 
an be applied to real data and whi
h hasbeen shown to be a

urate on simulated data. A 
ombination of the two pro
eduresshould provide a powerful tool in the 
ontext of phylogeneti
 re
onstru
tion, but hasto be further investigated.Another point whi
h 
ould be addressed in the future is the improvement of thequality of the estimators, parti
ularly regarding the length of the 
on�den
e interval
omputed. In this paper, we provided an estimator [TN
C ]obs based on the alignment of
ytosines, but we are able to provide an estimator [TN
x ]obs based on the alignment ofnu
leotides x for every x ∈ {A, T, C,G}. Hen
e, a 
onvex 
ombination of these fourestimators is also a 
onsistent estimator for evolutionary times. The idea would be to�nd the 
ombination whi
h provides the smallest varian
e and as a 
onsequen
e, thesmallest asymptoti
 
on�den
e interval. The problem is that up to our knowledge, thevarian
e 
annot be 
omputed easily and the problem has to be investigated 
arefully.Finally, the main message of this work is that in the 
ontext of strong CpG hyper-22



mutability, one should be 
areful with the use of independent models and be aware thatthe 
hoi
e of su
h simplisti
 models 
an have a wide-ranging impa
t on the quality ofevolutionary estimators. Our new estimation pro
edure in
orporates CpG neighbor de-penden
ies and thus, 
an be seen as a step towards more a

urate evolutionary timesestimators, espe
ially in the 
ontext of vertebrate genomes exhibting a strong CpGhypermutability.
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A Supplementary MaterialA.1 How to prove that t 7→ (C,C)(t) and t 7→ [C,C](t) are di�eo-morphismsEven if it is possible to 
ompute an expli
it formula for (C,C)(t), it is not possible,up to our knowledge, to prove that t 7→ (C,C)(t) is a di�eomorphism for every set ofparameters (v, w, θ, r). However, for every given set of parameters 
onsidered in thispaper, we have an approximate formula for (C,C)(t) that 
an be obtained by 
omputingthe exponential of the matrix Qanc de�ned in Supplementary Material A.2.1.For instan
e, when v = 1, w = 3, θ = 0.4 and r = 10, 
omputations with Maplereveal that (C,C)(t) is 
learly a di�eomorphism as 
an be seen in Figure 6. Figure 6Analogously, the 
omputation of the exponential of the matrix Qhom de�ned inSupplementary Material A.2.2 gives an approximate formula for [C,C](t).A.2 The RK4 methodA.2.1 RK4 in the an
estral 
aseWe explain in this se
tion how to numeri
ally solve equation (1) in t given by
(C,C)(t) = (C,C)Nobs.From Fal
onnet (2010a) we know that in the T92+CpG model, the evolution ofdinu
leotides en
oded in the alphabet B is autonomous and Markovian and ruled bythe 9× 9 in�nitesimal generator Qanc given in Table 2. Table 2
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Hen
e, if U(t) denotes the time-dependent ve
tor of length 9 de�ned as
U(t) = ((C∗, uv)(t))uv∈B,where (C∗, uv)(t) denotes the frequen
y of sites o

upied by C∗ at time 0 and by uvat time t, U(t) satis�es the initial value problem

U ′(t) = f(t, U(t)), U(0) = U0, (3)where f is the fun
tion de�ned as
f(t, U) = QT

ancU with QT
anc being the tranposed matrix of Qancand U0 the ve
tor de�ned as

U0 = (0, 0, 0, 0, 0, 0, (CY )∗, (CA)∗, (CG)∗)
Twith (xy)∗ being the stationary frequen
y of dinu
leotide xy under the T92+CpGmodel.With these notations, we have for every time t

(C,C)(t) = U(CY )(t) + U(CA)(t) + U(CG)(t). (4)Hen
e, if we are able to 
ompute an approximate solution of the initial value prob-lem (3), we get an approximation of the fun
tion t 7→ (C,C)(t) and 
onsequently solveequation (1).We know from Supplementary Material A.1 that the fun
tion t 7→ (C,C)(t) is a30



de
reasing di�eomorphism from (C)∗ to (C)2
∗
for the set of parameters we 
onsider.It 
ould happen that the observed value (C,C)Nobs does not belong to the interval

[(C)2
∗
, (C)∗]. In this 
ase, it is not possible to 
ompute a solution for t. However, weknow that (C,C)Nobs 
onverges almost surely to (C,C)(t) when N → ∞. Thus, if thelength of the sequen
e is large enough, the probability of the event of (C,C)Nobs notbelonging to the interval [(C)2

∗
, (C)∗] is vanishingly small. Note that to 
ompute (C)∗,it su�
es to 
ompute (CY )∗, (CA)∗ and (CG)∗ whi
h 
an be 
omputed via the kernelof QT

anc.We now assume that (C,C)Nobs ∈ [(C)2
∗
, (C)∗]. Thanks to the RK4 method asde
ribed, for example, by But
her (2008), we are able to provide an algorithm to solveequation (C,C)(t) = (C,C)Nobs given a set of parameters (v, w, θ, r), an input value for

(C,C)Nobs and a step h in Table 3. Table 3Let n denote the number of times we iterate step 2 and tn = nh. Let (C,C)n =

Un(CY ) +Un(CA) +Un(CG) denote the approximation of (C,C)(tn). When the algo-rithm stops, one has
(C,C)(tn+1) ≈ (C,C)n+1 6 (C,C)Nobs < (C,C)n ≈ (C,C)(tn).Hen
e, the time t returned is an approximation of the solution of equation (1).The RK4 method for problem (3) is spe
i�ed by the following equations

Un+1 = Un +
1

6
h(k1 + 2k2 + 2k3 + k4), tn+1 = tn + h,
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with Un+1 being the RK4 approximation of U(tn+1) and with
k1 =f(tn, Un),

k2 =f(tn +
1

2
h, Un +

1

2
hk1),

k3 =f(tn +
1

2
h, Un +

1

2
hk2),

k4 =f(tn + h, Un + hk3).The error per step in the RK4 method is up to the order of h5 but the total a

umulatederror is only on the order of h4. This is su�
ient for our problem.A.2.2 RK4 in the homologous 
aseSolving equation (2) 
an be done analogously to the an
estral 
ase. But instead ofthe 9 × 9 matrix Qanc, one has to 
onsider a 81 × 81 matrix Qhom. We do not writethe expli
it in�nitesimal generator Qhom but we explain how to 
ompute the entries ofthis matrix. We need to de�ne the rate of 
hange [uv, xy] → [u′v′, x′y′] for every uv,
xy, u′v′, x′y′ in B, where the state [uv, xy] represents the situation where the site i iso

upied by uv in the �rst sequen
e and by xy in the se
ond sequen
e. This rate isgiven by the following formula:
Qhom([uv, xy], [u

′v′, x′y′]) =



































Qanc(uv, uv) +Qanc(xy, xy) if uv = u′v′ and xy = x′y′,

Qanc(uv, u
′v′) if uv 6= u′v′ and xy = x′y′,

Qanc(xy, x
′y′) if uv = u′v′ and xy 6= x′y′,

0 else.Equation (2) 
an then be solved using the RK4 method in analogy to the an
estral
ase repla
ing Qanc by Qhom, U(t) = ((C∗, uv)(t))uv∈B by V (t) = ([uv, xy](t))uv,xy∈B32



and U0 by V0 = ([uv, xy]∗)uv,xy∈B
.A.3 Classi
al inferen
e of distan
es and asymptoti
 
on�den
eintervals in model T92A

ording to Tamura (1992), an estimator d̂ of the time of divergen
e between twosequen
es in model T92 is given by

d̂ = −(θ1+θ2−2θ1θ2) · log

(

1−
p̂

θ1 + θ2 − 2θ1θ2
− q̂

)

−
1− θ1 − θ2 + 2θ1θ2

2
· log(1−2q̂)(5)where p̂ and q̂ denote the estimators of the proportions of the nu
leotide sites that show,respe
tively, transitional and transversional di�eren
es between the two sequen
es andwhere θ1 and θ2 denote the 'G+C' 
ontent in sequen
e 1 and sequen
e 2 respe
tively.When 
onsidering an an
estral X(0) and a present sequen
e X(t), p and q 
an beestimated by

p̂ =
(C, T )Nobs + (T, C)Nobs + (A,G)Nobs + (G,A)Nobs

N
,

q̂ =

∑N

i=1 1{Xi(0) 6= Xi(t)}

N
− p̂where

(x, y)Nobs :=
1

N

N
∑

i=1

1{Xi(0) = x, Xi(t) = y}, x, y ∈ A .In the homologous 
ase when 
omparing two present sequen
es X1(t) and X2(t), p̂ and
q̂ are analogously given by

p̂ =
[C, T ]Nobs + [T, C]Nobs + [A,G]Nobs + [G,A]Nobs

N
,

q̂ =

∑N

i=1 1{X
1
i (t) 6= X2

i (t)}

N
− p̂33



where
[x, y]Nobs :=

1

N

N
∑

i=1

1{X1
i (t) = x, X2

i (t) = y}, x, y ∈ A .If we want to 
ompare the divergen
e time estimators from Tamura's 
lassi
al estima-tion pro
edure to those from our estimation method, we have to a

ount for the speeddi�eren
es of the two di�erent models T92 and T92+CpG. To do so, we have to divide
d̂ by the substitution rate λr per nu
leotide per unit of time in the T92+CpG modelwhi
h is given by:

λr = v + θw[(A)∗ + (T )∗] + (1− θ)w[(C)∗ + (G)∗] + 2r(CG)∗,where
(A)∗ = (T )∗ =1/4

−rθ2w − 6θv2 − 2θw2 − 8wθv − 4vrθ + vrθ2 + 2rw + 6vr + 2w2 + 8vw + 6v2

3v2 + 4vw + vrθ + 3vr + rw + w2 + rθw
,

(C)∗ = (G)∗ =θ/4
6v2 + 6vr + 8vw + 2rw + 2w2 + rθw − vrθ

3v2 + 4vw + vrθ + 3vr + rw + w2 + rθw
.Setting

(TN
Tamura)est :=

d̂

λr

(6)for the an
estral 
ase and
[TN

Tamura]est :=
d̂

2λr

(7)for the homologous 
ase, we obtain modi�ed 
lassi
al estimators that 
an be 
omparedto the equivalents (TN
C )est and [TN

C ]est of our estimation pro
edure.As shown by Tamura (1992), the varian
e var(d̂) of the estimator d̂ is given by
var(d̂) =

a2p̂+ b2q̂ − (ap̂+ bq̂)2

N34



where
a =

1

1− p̂

θ1+θ2−2θ1θ2
− q̂

,

b = (θ1 + θ2 − 2θ1θ2) · a+
1− θ1 − θ2 + 2θ1θ2

1− 2q̂
.Corre
ting again for the speed di�eren
es of model T92 and T92+CpG by dividing by

λr, one obtains


(TN
Tamura)est −

z(ε)

λr

√

var(d̂)

N
, (TN

Tamura)est +
z(ε)

λr

√

var(d̂)

N



 (8)as an asymptoti
 
on�den
e interval at level ε for t in the an
estral 
ase where z(ε)denotes the unique real number su
h that P(|Z| > z(ε)) = ε with Z ∼ N (0, 1).Analogously,


[TN
Tamura]est −

z(ε)

2λr

√

var(d̂)

N
, [TN

Tamura]est +
z(ε)

2λr

√

var(d̂)

N



 (9)is an asymptoti
 
on�den
e interval at level ε for t in the homologous 
ase.A.4 Additional tables for the the simulation experiments Table 4Table 5Table 6
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Figure 1: Histogram of the divergen
e time estimators for the simulateddata. The simulation experiment has been 
arried out 100 times on a stationaryrandom sequen
e of length N = 1, 000, 000 bp with parameters v = 1, w = 3, θ = 0.4and r = 10 until time t, t = 0.1, 0.2, . . . , 1.0. The divergen
e time t between thean
estral and simulated sequen
e was estimated by (TN
Tamura)est (
lassi
al estimation)and by (TN

C )est (new estimation). For ea
h estimation, we 
he
ked whether the real tlies in the 95% asymptoti
 
on�den
e interval.
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Figure 2: Histogram of the divergen
e time estimators for the simulatedhomologous data. The simulation experiment has been 
arried out 100 times ona stationary random sequen
e of length N = 1, 000, 000 bp with parameters v =
1, w = 3, θ = 0.4 and r = 10 until time t, t = 0.1, 0.2, . . . , 1.0, resulting in twohomologous sequen
es per simulation. The divergen
e time t between the two simulatedhomologous sequen
es was estimated by [TN

Tamura]est (
lassi
al estimation) and by [TN
C ]est(new estimation). For ea
h estimation, we 
he
ked whether the real t lies in the 95%asymptoti
 
on�den
e interval or not.
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Figure 3: Quality of the divergen
e time estimators. We simulated the evolutionof a stationary random sequen
e of length N = 1, 000, 000 bp with parameters v = 1,
w = 3, θ = 0.4 and with various r for 100 times until time t, t = 0.2, 0.4, . . . , 1.0,resulting in two homologous sequen
es per simulation. In dependen
e of the parameter
r, we then 
ounted how many times the real divergen
e time t between the two simu-lated homologous sequen
es lies in the 95%-
on�den
e interval estimated by [TN

Tamura]est(
lassi
al estimation) and by [TN
C ]est (new estimation). The 
ount values are also givenin Table 4.
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Figure 4: Boxplot of the number of times the real t lies in the 95%-
on�den
einterval. For di�erent sequen
e lengths N , N ranging from 103 to 106, we simulatedthe evolution of a stationary random sequen
e of length N bp with parameters v = 1,
w = 3, θ = 0.4 and with various r until time t, t = 0.1, 0.2, . . . , 1.0 for 100 times endingup with with two homologous sequen
es per simulation. In dependen
e of the sequen
elength N and the parameter r, we then 
ounted how many times the real t lies in the95%-
on�den
e interval estimated by [TN

Tamura]est (
lassi
al estimation) and by [TN
C ]est(new estimation). The 
ount values for the di�erent ts are summarized in this boxplot;
olor 
ode: gray - new estimation pro
edure, white - 
lassi
al estimation pro
edure.
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Figure 5: Boxplot of the lengths of the 95% asymptoti
 
on�den
e intervals.Based on the results also depi
ted in Figure 4, for r = 10 we 
al
ulated the lengthsof the 95% asymptoti
 
on�den
e intervals estimated by the 
lassi
al and by our newestimation method in dependen
e of the sequen
e length N and the real divergen
etime t between the two homologous sequen
es. Outliers are not depi
ted; 
olor 
ode:gray - new estimation pro
edure, white - 
lassi
al estimation pro
edure.
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t

(C
,C

)(
t)

(C,C(t))=
− 0.00003177600000*exp(−6*t)+ 0.06557984000*exp(−4*t)
+ 0.00005740800000*t*exp(−2*t)+0.04670912000*exp(−4.552228651*t)
+ 0.001112390400*exp(−6.528285884*t)+ 0.02975923200*exp(−2*t)
+ 0.03097556800*exp(7.181707148*10**(−16)*t) + 0.001736669669*exp(−26.91948547*t)

Figure 6: The fun
tion (C,C)(t). Depi
ted is the spe
ial 
ase of (C,C)(t) withparameters v = 1, w = 3, θ = 0.4 and r = 10.
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label rate A
tion: The nu
leotide at site i moves . . .
U A

i (1− θ)v . . . un
onditionally to A.
U T

i (1− θ)v . . . un
onditionally to T .
U C

i θv . . . un
onditionally to C.
U G

i θv . . . un
onditionally to G.
W A

i (1− θ)(w − v) . . . to A provided that it is a G.
W T

i (1− θ)(w − v) . . . to T provided that it is a C.
W C

i θ(w − v) . . . to C provided that it is a T .
W G

i θ(w − v) . . . to G provided that it is a A.
RT

i r . . . to T provided that it is a C and its right neighbor a G.
RA

i r . . . to A provided that it is a G and its left neighbor a C.Table 1: Labels, rates and a
tions of the Poisson pro
esses of the T92+CpGmodel. Depi
ted here are the labels, rates and a
tions of the Poisson pro
esses ne
es-sary to simulate the evolution of site i in a 
ir
ular DNA sequen
e under the T92+CpGmodel.



RY RA RG TY TA TG CY CA CG
RY · (1− θ)v θv (1− θ)v 0 0 θv 0 0
RA v · θw 0 (1− θ)v 0 0 θv 0
RG v (1− θ)w · 0 0 (1− θ)v 0 0 θv
TY v 0 0 · (1− θ)v θv θw 0 0
TA 0 v 0 v · θw 0 θw 0
TG 0 0 v v (1− θ)w · 0 0 θw
CY v 0 0 (1− θ)w 0 0 · (1− θ)v θv
CA 0 v 0 0 (1− θ)w 0 v · θw
CG 0 0 v 0 0 (1− θ)w + r v (1− θ)w + r ·Table 2: In�nitesimal generator Qanc. Depi
ted is the in�nitesimal generator Qancwhi
h rules the evolution of dinu
leotides en
oded in the alphabet B for the T92+CpGmodel based on Fal
onnet (2010a). Every diagonal term is su
h that the sum over theterms of its 
orresponding line is equal to zero.



Algorithm to solve equation (C,C)(t) = (C,C)NobsInitialization. Set t = 0 and U = U0.Step 1. If U(CY ) + U(CA) + U(CG) 6 (C,C)Nobs, stop and return t.Step2. Else, 
ompute a new ve
tor U a

ording to the RK4 method,a new time t+ h and return to step 1.Table 3: Algorithm to solve equation (C,C)(t) = (C,C)Nobs. Based on the RungeKutta method, we provide a numeri
al pro
edure to solve equation (C,C)(t) =
(C,C)Nobs.



Classi
al estimation
H
H
H
H
H
H

r
t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0 10 79 87 95 97 96 90 95 66 510.1 0 0 0 4 45 66 86 87 79 541 0 0 0 0 0 0 3 25 50 352 0 0 0 0 0 0 0 9 19 273 0 0 0 0 0 0 0 2 15 144 0 0 0 0 0 0 0 2 8 135 0 0 0 0 0 0 0 2 2 1110 0 0 0 0 0 0 0 1 1 415 0 0 0 0 0 0 0 0 2 420 0 0 0 0 0 0 0 0 2 1New estimation
H
H
H
H
H
H

r
t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0 0 0 0 0 0 0 3 37 97 940.1 0 0 0 0 0 0 8 52 95 971 0 0 0 0 2 17 63 92 99 972 0 0 0 8 35 72 89 98 98 933 0 0 11 49 69 84 94 99 95 904 0 10 46 69 82 93 96 92 99 945 0 39 69 86 89 90 97 98 99 9610 100 98 95 92 94 96 97 96 97 8915 97 99 95 95 92 95 92 96 92 7920 97 94 96 95 91 93 92 96 89 87Table 4: Quality of the estimators. We performed 100 simulations on a stationaryrandom sequen
e of length N = 1, 000, 000 bp with parameters v = 1, w = 3, θ = 0.4and with various r until time t, t = 0.1, 0.2, . . . , 1.0 ending up with two homologoussequen
es per simulation. In dependen
e of the parameter r, we 
ounted how manytimes the real divergen
e time t between the two sequen
es lies in the 95%-
on�den
einterval estimated by [TN
Tamura]est (
lassi
al estimation) and by [TN

C ]est (new estimation).
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r
t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.00 0.129 0.234 0.344 0.452 0.559 0.647 0.743 0.886 0.936 1.0550.1 0.126 0.23 0.336 0.439 0.547 0.66 0.76 0.917 1.025 1.1581 0.116 0.217 0.322 0.424 0.526 0.627 0.703 0.796 0.861 0.9242 0.109 0.209 0.312 0.411 0.506 0.6 0.677 0.747 0.8 0.9943 0.106 0.206 0.307 0.411 0.511 0.609 0.704 0.81 0.919 1.0114 0.104 0.204 0.305 0.406 0.507 0.599 0.678 0.74 0.883 0.9525 0.103 0.202 0.303 0.405 0.511 0.597 0.686 0.781 0.919 0.96610 0.1 0.199 0.3 0.397 0.498 0.613 0.732 0.802 0.973 1.02715 0.099 0.2 0.299 0.399 0.498 0.609 0.707 0.762 0.884 0.96620 0.099 0.2 0.298 0.394 0.499 0.587 0.68 0.802 0.953 0.92Table 5: Mean estimated divergen
e times. Based on 100 simulations with pa-rameters v = 1, w = 3, θ = 0.4 and with various r on a stationary random sequen
eof length N = 1, 000, 000 bp (homologous 
ase), we estimated the divergen
e time tbetween the two sequen
es by [TN

Tamura]est (
lassi
al estimation) and by [TN
C ]est (new es-timation). This table provides the estimations for t averaged over the 100 simulations.
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t 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.00 0.003 0.005 0.008 0.015 0.028 0.043 0.069 0.155 0.181 0.3140.1 0.003 0.005 0.008 0.015 0.026 0.047 0.077 0.207 0.293 0.6381 0.003 0.004 0.008 0.015 0.026 0.043 0.061 0.097 0.112 0.1452 0.003 0.004 0.008 0.014 0.024 0.039 0.055 0.074 0.091 0.2813 0.002 0.004 0.008 0.014 0.025 0.044 0.068 0.106 0.195 0.324 0.002 0.004 0.008 0.014 0.024 0.04 0.056 0.071 0.142 0.1825 0.002 0.004 0.008 0.014 0.026 0.042 0.066 0.096 0.225 0.25610 0.002 0.004 0.008 0.014 0.025 0.051 0.084 0.116 0.382 0.24615 0.002 0.004 0.008 0.013 0.024 0.046 0.076 0.083 0.144 0.21620 0.002 0.004 0.008 0.013 0.024 0.039 0.066 0.113 0.462 0.231Table 6: Mean lengths of the 95% asymptoti
 
on�den
e intervals. After 100simulations with parameters v = 1, w = 3, θ = 0.4 and with various r on a stationaryrandom sequen
e of length N = 1, 000, 000 bp (homologous 
ase), we estimated thedivergen
e time t between the two sequen
es by [TN

Tamura]est (
lassi
al estimation), by
[TN

C ]est (new estimation) and the 
orresponding 95% asymptoti
 
on�den
e intervals.This table provides the lengths of the 95%-
on�den
e interval averaged over the 100simulations.


