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Many problems in biological sequence analysis have the same structure: based on
a sequence of symbols from some alphabet, capture some information about the
complexity of the molecule, its history, etc. We introduce standard Markov models
and hidden-Markov models which are helpful in this purpose.

1 Markov chains

All along this section we focus on a concrete example (Doudou le hamster) to
illustrate rigorous definitions and results about Markov chains.

1.1 Definition and Markov property

Doudou is the hamster of your little cousin Kevin. Doudou has only three activities
in his life.

e Sleeping (alone).
e Eating (pellets).

e Running (in its wheel).

We are going to use a Markov chain to describe Doudou’s way of life and answer
this important question :

“How long a day does Doudou sleep?”

Understand “Is Doudou as lazy as he seems?”.



Why a Markov chain? A Markov chain is a random process characterized by a
main property : it retains no memory of where it has been in the past. This means
that only the current state of the process can influence where it goes next.

Definition 1.1. Ler S be a finite or countable space. Let (X,),en be a sequence of
random variables defined on a probability space (Q, <7 ,IP) with values in (S, Z(5)).
We say that (X,,) is an homogeneous Markov chain if

e (Markov property) for n € N and xy, ... ,x,11 €S

IED(Xanrl = Xn+1 |X0:n :x0:n) = IED()(nJrl = Xn+1 ‘Xn :xn);

e (Homogeneity) the transition probability P(X,+1 = y|X, = x) does not de-
pend on n, for any x,y € S. We denote this transition probability by p(x,y).

The distribution of Xy is called the initial distribution of the Markov chain, and we
call transition matrix, the matrix (with possibly infinite dimensions) defined as

P =(p(x,y))xyes-

The matrix P fullfills

p(x,y) =0 and Y p(x,y)=1.
y

Such a matrix is called stochastic.

In our case, a state is an activity for Doudou and S = {Sleeping, Eating, Running}.

To satisfy the Markov property, we assume that every minute, Doudou can change
his activity or can do it again, and it only depends of his current activity.

Remark 1.2. In the case of Doudou, the lack of memory is quite obvious.

Behaviour of Doudou.

e When Doudou is sleeping, he does not wake up the next minute with proba-
bility 0.9.

e When Doudou wakes up, he has lunch or makes some jogging with equal
probability.

e He just eats during one minute (pellets are not so tasty), after he moves.

e After lunch, he makes exercise with probability 0.3 or he has a nap with
probability 0.7 (Doudou is a lazy hamster).



e Jogging is hard, hence after one minute of jogging he takes some rest with
probability 0.8. But with probability 0.2, he forgets that he is tired and jogs
for one minute again.

The corresponding matrix P of the description above is given by

S E R
S /09 0.05 0.05
P=E|07 O 0.3
R\08 O 0.2

Markov chains are always best described by diagrams as illustrated on Figure 1.
We might have drawn a loop from Sleeping to itself with label 0.9 but since the
total probability on jumping from S must be equal to 1, this does not convey any
more information and we prefer to leave the loops out.
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Figure 1: Doudou’s French way of life

Theorem 1.3. [f a discrete time random process (X,) is Markov(l,P), then for
any n > 0 and any xq., € S

IP)(XO:n = xO:n) = H(Xo)p(xO,xl)p(Xl,XQ) .. 'p(xn*hxn)'

Proof. By induction. By definition, P(Xyp = xp) = u(xp). Now, fix n > 0 and
assume that for any xo., € §"*!

P(Xo.n = x0:n) = M (x0) p(X0,x1)P(x1,X2) .. p(Xp—1,%n)-



Let xg.,1 € S"2. We have
P<X0:n+1 = xO:n—H) = P(Xn—H = Xn+1 ‘XO:n = xO:n>P(XO:n = xO:n)-
Using Markov property yields

P(XO:n+1 = xO:n+l) = IED(XnJrl = Xn+1 |Xn = xn)P(XO:n = xO:n)-

Since
P(Xn11 = X041 | Xn = X0) = p(Xn,Xn11),
and
P(Xo:n = x0:n) = p(x0) p(x0,x1) px1,%2) ... p(Xn—1,%n),
this achieves the proof. O

1.2 Distribution of X,

What is the probability that after n steps our Markov chain is in a given state? For
instance, in our context, what is the probability that after » minutes Doudou sleeps?

We shall see that this problem reduces to calculating entries in the nth power of the
transition matrix.

Proposition 1.4. Let (X,,) be Markov(u,P). Then
P(X, =x) = (uP")(x), VxesS.
Proof. Let 1™ denote the distribution of X,,. We have

u(x) =P(X, =x) = Y P(Xy =x,Xu1 = ).

Conditioning on [X,,_; = y] yields

u(x) =Y P(Xy =x|Xao1 =y)P(Xae1 =y) = ¥ p(r, )" D () = (u"VP) ().
y y

We achieve the proof by induction. O

Assume that Doudou sleeps the first minute. Then,
p@=(1 0 0.
After one minute, one has
puV =p®p=1(09 0.05 0.05).
And after two and three minutes

u® =(0.885 0.045 0.07) and p® = (0.884 0.04425 0.07175).

One can see that ,u(z) and u(3) are close. We now explain why it is not by accident.
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1.3 Convergence to equilibrium

Many of the long-time properties of Markov chains are connected with the notion
of an invariant distribution or measure.

Definition 1.5. We say that a distribution A is invariant for P if

AP=A.

For our example, the distribution 7 defined as

n=(&§ w1 )

is invariant for P. Yet, one has

160
— ~0.884, —
181 0884, 181

Some computations give us

13
~0.044, and — ~0.072.
T}

0.885 0.045 0.07
P>={ 0.87 0.035 0.095 ]|,
0.88 0.04 0.08

and
0.884 0.04425 0.07175

P> =10.8835 0.0435 0.073
0.884  0.044 0.072

We have the impression that
P (x,y) = m(y) asn — oo,

This phenomenon really happens under some conditions that we detail now.

Class structure. It is sometimes possible to break a Markov chain into smaller
pieces, each of which is relatively easy to understand, and which together give an
understanding of the whole. This is done by identifying the communicating classes
of the chain.

Definition 1.6. Letr x and y be two states in S. We say that x leads to y and write
x — y if there exists n > 0 such that p(") (x,y) > 0. We say that x communicates
with y and write x <>y if both x — y and y — x.

It is clear (really?) that x — y and y — z imply x — z. Also x — x for any x € §.
So «» satisfies the conditions for an equivalence relation on S, and thus partitions
S into communicating classes.

Definition 1.7. We say that a class C is closed if

xeC,x—y implyyeC.



Thus, a closed class is one from which there is no escape. A state x is absorbing if
{x} is a closed class.

Definition 1.8. A Markov chain with transition matrix P is called irreducible when
S is a single class.

Exercise 1.9. Find the communicating classes of the following transition matrix

T
D= O O OwI=
O rI-ORI= O
Ohl= = O O
O rI= ONI—= O
R—=h—= O O NI=

Explain why irreducibility is one of the condition necessary for a convergence to
equilibrium.

Aperiodicity. We shall investigate the limiting behaviour of the n-step transition
probabilities p")(x,y) as n — co. Consider the two-state chain with transition ma-

trix
0 1
().

Then P? =1, so P?* = I and P?"*! = P for all n. Thus, p")(x,) fails to converge
for all x, y.

Definition 1.10. A state x is called aperiodic if p™ (x,x) > 0 for all sufficiently
large n.

Lemma 1.11. Suppose P is irreducible and has an aperiodic state x. Then, for all
states y and z, p) (y,2) > O for all sufficiently large n. In particular, all states are
aperiodic.

Proof. There exists r,s > 0 with p(") (y,x), p*) (x,z) > 0. Then

PU (3,2) = p (3,20 (x,0)p (x,2) > 0. -

Here is one important result for Markov chains.

Theorem 1.12. Let P be irreducible and aperiodic, and suppose that P has an in-
variant distribution 7. Let |1 be any distribution. Suppose that (X,) is Markov(lL, P).
Then

P(X, =x) —» m(x) asn— oo forall x,

and
p (x,y) = w(y) asn— ooforallx,y.

Proof. See [Nor97] page 41-42. O



Exercise 1.13. A fair die is thrown repeatedly. Let X,, denote the sum of the first n
throws. Find

lim P(X,, is a multiple of 13).

n—yoo
The speed of this convergence is of order |{|" where { is the biggest eigenvalue of
P different from 1.

In our example, P satisfies the hypothesis of the theorem above and |{| = 0.05.
Hence the stationary regime is reached really fast, as shown by the computations
below

0.885 0.045 0.07 0.884 0.04425 0.07175
P?=10.87 0.035 0.095 and P>=[0.8835 0.0435 0.073
0.88 0.04 0.08 0.884 0.044  0.072

One can say
Every minute, the probability that Doudou sleeps is about 88.4%.

Does it mean that Doudou sleeps about 88.4% of the day?

1.4 Ergodic theorems

Ergodic theorems concern the limiting behaviour of averages over time. An es-
sential tool in probability theory is the following ergodic theorem for independent
random variables.

Theorem 1.14 (Strong law of large numbers). Let (Y,) be a sequence of i.i.d. real
valued random variables such that E(|Y,|) < co. Then

Yi+---+Y, as.

n n—yoo

EM),

that is,

IE1,<Y1+---+Yn

n n—soo

> E(Y 1)) =1.
In general, the random variables (X,,) are not independent for a Markov chain, but

there is an equivalent of the strong law of large numbers.

Theorem 1.15. Suppose S finite. Let P be an irreducible and aperiodic transition
matrix. Then,

o P has a unique invariant distribution T.

e For any bounded function f : S — R, we have

S LI 22 7= T 200

xS



Let Vg(n) denote the number of minutes Doudou has slept before n. One can write
Vs(n) = f(X1) -+ f(Xa),  with  f(x) = 85(x).

Then, Vs(n)/n is the proportion of time before n Doudou slept and
V.
p <S(”) s 7(S) ~ 88.4% asn—>o<>> —1.
n
Conclusion.

Doudou sleeps about 88.4% of the day.

Understand “Doudou is really une grosse feignasse”.

One could argue that the choice of parameters we made in the transition matrix P
could not have provided another result. This is right but, in fact it is possible to
estimate the parameters of the transition matrix with the following theorem.

Theorem 1.16. Suppose S finite. Let P be an irreducible and aperiodic transition
matrix. Suppose that (X,,) is Markov(m,P) with 7 the unique invariant distribution
of P. Then

n

S WCERIKC J IR e)

i=1 X,yeS

for any bounded function f : S xS — R.

Hence,

1 ¢ a.s.
. Y X =xXi=y) == n(x)p(x,y).
i=1

n—soo

1.5 Modelling DNA sequences

Let us turn to a simple example to understand why Markov models are important
for DNA sequences.

Example: CpG islands. One knows that regions of the DNA are more prone to
mutations than others and that some of them are related to the dinucleotide CpG.
Here and later on in this lecture, we use the notation “CpG” as a shorthand for
“5' — CG — 3. In CpG dinucleotides of mammalian genomes, the cytosine is
frequently methylated! (see [Bir80]). Methylated CpG dinucleotides may change
into TpG with higher frequency, and consequently into CpA on the complementary
strand. There exist other hotspots in DNA, but this one is of particular interest to
the biologist because of the existence of CpG islands in mammalian genomes (see

ICytosines in CpG dinucleotides are methylated by DNA methyltransferases in many eukaryotic
organisms to form 5-methylcytosine. In mammals, 70% to 80% of CpG cytosines are methylated.



[Bir86], [AB91b], [AB91a]). A CpG island is a region of DNA that have a higher
concentration of CpG sites, and frequently these regions are functional ones (see
[AB99]). This suggests that the process of methylation is repressed in such regions,
and the comprehension of this phenomenon is important in biology.

What sort of probabilistic model might we use for CpG island region? We know
that dinucleotides are important. We therefore want a model that generates se-
quences in which the probability of a symbol depends on the previous symbol.
The simplest such model is a standard Markov chain.

From now on, the random vector X;.y represents a genomic sequence of length
N, that is, a random string of N symbols taken in the nucleotidic alphabet o/ =
{a,t,c,g}.

Estimation of the order of the model. Definition 1.1 contains the description of
an homogeneous Markov chain of order 1, that is, a process where the next state
depends only on the current state. This definition can be extended. For instance if
we wish the next state to depend not only on the current state but also on the state
just before. Such a process is also a Markov chain, but with order 2. In this section,
we explain how to choose the “right” order for the sequence we observe.

Definition 1.17. We say that (Y,,) is an homogeneous Markov chain of order m if

e (Markov property) forn > mand yy,...,y,+1 €S
IP)(YnJrl = Yn+1 |Yl:n :xl:n) = IED(YnJrl = Yn+1 ’Ynferl:n = ynfmqtl:n);

e (Homogeneity) the transition probability P(Y,+1 = y| Yy—m+1:n = x) does not
depend on n, for any (x,y) € S™ x S. We denote this transition probability by
p(x.y).

The distribution of Y1., is called the initial distribution of the Markov chain, and
we call transition matrix, the matrix (with possibly infinite dimensions) defined as

P = (p(x,y))xyesmxs-
The matrix P fullfills
px,y) 20 and Y p(x,y)=1.
xeS}ﬂ

Remark 1.18. When S = <7, the number of free parameters for a Markov(u, P, 1)
is 15, 3 for the invariant distribution and 4 X 3 for the transition matrix. For a
Markov(u, P,m), this number is (4™ — 1) +4™ x 3. One can see the cost of the
extension of the memory of a Markov chain.

From Theorem 1.3, we know that the probability to observe the DNA sequence
x1:n under a Markov chain (u, P) of order 1 is

P(X1.ny = x1:v) = 1(x0) p(x0,x1) p(x1,%2) ... p(Xn—1,%N).

Such a formula can be generalized for Markov chains of order m



Theorem 1.19. If a discrete time random process (Y,) is Markov(u, P,m), then for
any n = m and any y1., € S"

IED(Yl:n = yO:n) = .u(yl:m)p(ylzmymerl)p(yZ:erl 7ym+2) .. ~p(yn7m+l 7yn)-
Example 1.20. Consider the sequence of length 8
seq = aatatagc.

If we assume that this sequence is the realisation of a Markov(u,P,1), then we
have

(L.1) IP)(X1:8 = Seq) = /.L(a)p(a, a)p(a,t)p(t, a)p(a,t)p(t, a)p(a, g)p(g, C)'

If we assume that this sequence is the realisation of a Markov(u,P,2), then we
have

(1.2) P(Xi:3 =seq) = u(aa)p(aa,t)p(at,a)p(ta, t)p(at,a)p(ta,g)p(ag,c).

If we assume that this sequence is the realisation of a Markov(u,P,3), then we
have

(1.3) P(X;.3 =seq) = u(aat)p(aat,a)p(ata,t)p(tat,a)p(ata,g)p(tag,c).

Equation (1.1) can be rewritten

P(X,:s = seq) = (a)p(a,a)' p(a,t)*p(a,g)' p(g.c) ' p(t,2)*.

One can see that the exponent corresponding to p(a,a) is equal to 1 which is ex-
actly the number of times the dinucleotide aa appears in the sequence seq. The ex-
ponent corresponding to p(a,t) is equal to 2, the number of times the dinucleotide
at appears in the sequence seq. In general, for a Markov chain of order 1

PXiv=s)=pls1) J] ploy)™e,
(xy)ed xof

where N;(xy) is the number of apparitions of the dinucleotide xy in the sequence s.

Similarly, Equation (1.2) can be rewritten

P(X;.s =seq) = ,u(aa)p(aa,t)lp(at,a)zp(ta,t)lp(ta, g)lp(ag,c)l.

Proposition 1.21. If the discrete time random vector Xy.y is Markov(, P,m) with
N > m, then for any s € o/~

(1.4) PXiy=s)=p(stm)  []  ploy)™™),
(x,y)ea/™x of

where Ny(xy) is the number of apparitions of the word xy in the sequence s.
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Given a sequence s, we wonder which Markov model fits better s, that is maximizes
P(X.x = s). First, we can fix m and look for the “better” Markov model with order
m. It suffices to find the set of parameters 0 = (u, P) such that

0un(0ls) = u(stm)  []  ploy)™®),
(xy)ea/™xof

is maximum. The function 6 — ¢,,(8|s) is called the likelihood function. The
maximum likelihood theory tells us that the set of parameters 6,, which maximizes
L, given s is

Ns(xy)
Ni(xe) ’

Ax)=UHx=s1m}, Vxe™ and p(x,y)= V(x,y) € ™ x .

Furthermore, we have

£m+1(ém+1’s) P €m+1(ém|s)7

hence the larger the order is, the “better” the model fits. But, the number of pa-
rameters increases exponentially with m so we want to penalize it. In the end, we
would use a Bayesian information criterion (BIC) to choose our order and as a
consequence our model. The BIC is given by

BIC = —L,,+3 x4"log(N),

where L,, is the log-likelihood of the model defined as

Ly =log (( )H ﬁ(X,Y)NS(W)) = L Nlo)log [1]\\],38}3} '

e XA (xy)edd™mxof

2 Hidden Markov models

Standard Markov models are useful to study homogeneous stretches of genomic
sequences. We already know that mammalian genomes are not homogeneous be-
cause of the existence of CpG islands, and we cannot use a standard Markov model.

To understand why, consider that we are in a normal region of the genome, that is,
a region where the cytosines are frequently methylated. In such region, there is a
lack of dinucleodies cg, hence the transition probability p(c,g) is low. However, in
a CpG island region, the process of methylation is repressed, and the concentration
of dinucleotides cg is higher which implies that the transition probability p(c,g)
is high.

To take into account this phenomenon, we need to define two Markov chains, one
for CpG island region and one for the rest of the genome. But given a genomic
sequence, we do not know where the differents spots, they are hidden. This is
where HMMs come to rescue us.

11



2.1 Definitions

We consider two random processes which are strongly dependent. One corresponds
to the observed process, that is, in our context the DNA sequence. The other one
corresponds to the hidden process related to the hidden structure of the observed
process, in our context, CpG island region or not. One of our purpose later in this
section is to find a way to rebuild this structure.

The hidden process. The hidden process, denoted by Z;.y, is a sequence of
hidden states with values in a discrete space S. In the context of CpG island re-
gions, S = {4, —} where + means that methylation is normal and — means that
the methylation is repressed.

Definition 2.1. The process Z.y is an homogeneous Markov chain whose param-
eters are denoted by q where

qu,v)=P(Zis1 =v|Zi=u), Yu,veS

and
qu)=P(Z;=1), VYues.

As a consequence,

-1
P(Zin = 21v) = q(m)lh q(2i,zit1)-

i=1

The observed process. The observed process, denoted by Xj.y, is the sequence
of the observed symbols with values in a finite alphabet 2, in our context nu-
cleotides. In a biological context, it would be nice to keep the dependence between
the present symbol and the next one, but for a better understanding of the model
we start without this dependence. We assume that for a given state z € S there are
emission probabilities p defined as

pZ(x):P(Xi:x|Zi:Z)7 Z pZ(x):lv VZGS
xeZ

Definition 2.2. We say that a process X,.y is a hidden Markov model MIMO if

o there exists a hidden process Z,.n defined according to Definition 2.1 with
parameters q;

o conditional on the sequence Z\.y, the random variables X,,...,Xy are inde-
pendent and

=z

N
P(Xi.nv =x1n|Ziv = 21v) = H]P(Xi =xZ;=z)= sz,-(xi)-
i1 i=1

12



c——Zi Z; Zit
J JpZi J
Xi1 X; Xiv1

Figure 2: Directed Acyclic Graph of M1MO model

Such a process can be visualized on Figure 2.

Likelihood of the M1MO0 model. Let 6 = (g, p) denote the set of parameters of
the MIMO model. Under 6, the joint probability Pg(X;.y = x1.5,Z1:8 = Z1:¥) 1S
given by

N-1 N
2.1 Po(Xiv = x1:8: Ziv = 21v) = q(z1) [ 9(zirzir1 sz, Xi)-

i=1

Indeed conditioning on [Z;.y = zj.y] yields
Po(X1:nv = x1:n, Z1:v = 21:8) = Po(Xiv = x1n|Z1v = 21v)Po (Ziv = 21w).

On one hand, one has
N
Po(Xi.v =x1:n|Z1N = 21n) = sz,- (xi),

and on the other hand,

N—1
Po(Zi.y = z1:v) = q(z1) [ [ 9(zirzis1)-

i=1

A consequence of (2.1) is

N-1 N
2.2) Po(Xin=xin)= Y. 4z H (zirzi+1) [ [ e (30)-

71.NESN i=1

2.2 Estimation of 6

Our goal is to describe a procedure to estimate 6 given a sequence of observations
x1.v € ZN. We could estimate maximum likelihood theory to do so but we would
have to maximize the right hand of (2.2) which is computationaly impossible.

Expectation-Maximization. In statistics, an expectation—-maximization (EM) al-
gorithm is an iterative method for finding maximum likelihood or maximum a
posteriori (MAP) estimates of parameters in statistical models, where the model

13



depends on unobserved latent variables. The EM iteration alternates between per-
forming an expectation (E) step, which computes the expectation of the log-likelihood
evaluated using the current estimate for the parameters, and a maximization (M)
step, which computes parameters maximizing the expected log-likelihood found on
the E step. These parameter-estimates are then used to determine the distribution
of the latent variables in the next E step.

EM ALGORITHM
Initialization. Given an initial value 6’, given a sequence x = xj.y.
Step 1 (Expectation). Compute the function

0 — Q(97 9/) = EB’ (log [PG(ZIZNqutN)] |X1:N :x) .
Step 2 (Maximization). Compute 6” such that

0(68",0") > 0(6,0"), V6.

Step 3. Stop the algorithm or go back to Step 1 with 8’ = 6"

E step. The first question is how to compute Q(6,6’). From (2.1), we have
(2.3)  log[Pe (X1, Z1N)]

N
=10g[Po(Z1)]+ )_log[Py(Xi|Z:)]+
i=1
N—1
+ Y 1og[Py(Zi111Z)]

i=1

= Zlog )]1{Z, —z}+2210g p.(X)|{Z; =z} +

z€S i=1z€S§
N—1
+) ) loglg(n ) {Zi =y.Zin1 =2}
i=1 yzeS
As a consequence,

24)  0(6,6") =Y logg(2)|Py(Z1 = z|x) +ZZlOngXz)]P9/( = zlx)+

zeS i=1z€eS

+ Z Y loglg(y2)IPe/(Zi = y,Zi1 = zlx).
i=1 yzeS
To compute Q(6,6’) we need to compute

P@/(Z[ :z]x), Vze S, Vie {I,N},

and
P@/(Zi =vZir1 = z]x), Vy,z €S8, Vi€ {1,N* 1}.

To do this we use a forward-backward procedure.

14



FORWARD PROCEDURE
Initialization. Given initial values Py (Z; = z), given a sequence x = x;.y,
giveni=1,
Step 1 (Prediction). Compute
Po(Ziy1 = ylxii) = Y 4 (2,9)Po (Zi = zlx1.0).

Z€S

Step 2 (Filter). Compute

P (xis1)Por(Zis1 = zlx1:)
Yees P (xis 1) Por(Zi1 = zlx14)

Pe’( i+1 = z|x1 z+1)

Step 3. If i = N — 1, stop the algorithm, else go back to Step 1 with
i=i+1.

In the end of the forward procedure, we know
P@/(Z,‘:Z|X1;,‘> Vi=1...N, VzeS,

and
Py (Zis1 =z|x1) Vi=1...N—1, VzeES.

BACKWARD PROCEDURE

Initialization. Given a sequence x = x;.y, given initial values from the
forward procedure, given i = N,

Step 1 (Smoothing). Compute

Py (Zi—1 = y|x1:)q (v, 2)Po (Zi = z|x)
Py (Zi = z|x1:i—1) ’

Po(Zi—1 = y,Zi = z|x) =

and
Py (Zio1 = ylx) = Y Por(Zio1 =y, Z; = 2lx).

z€S

Step 2. If i = 2, stop the algorithm, else go back to Step 1 withi =i—1.

M step. The maximization step is almost for free because of the shape of Q(6,6").
Indeed, from (2.4) we have

0(0,0') = Zlog )Py (Z) = z|x) +Z Z log[p;(y Z Py (Z; = z|x)+

Z€S ZESyEJ =y

+ Y loglg(y,2) Z Py (Zi =y, Ziv1 = z|x).
y,2€8

As a consequence, Q(0,0’) is maximum at 6 = (g, p) defined as

q(z) =Py (Z1 = zlx),

15



and
Z PG’ y, i+1 = Z‘x)

and

= ) Po(Z=zlx).

xj=y
To understand why, we focus on one example which also helps to understand what
happened in the E step. Of course, this is not a proof.

Example. Imagine that Py and Py are two probability measures on {0, 1} such that
Po(1)=1—-Py(0)=6, and Py(1)=1—Py(0)=86".

Py can be seen as a function on {0, 1}. As a consequence, for any random variable
& with values in {0,1}, log[Ps(&)] is a random variable. Since & can take two
values, log[Py(&)] can take two values which are

log[Pe(1)] =1log6 and log[Py(0)] =log(1—0).

What is the probability of the event [log[Pg(&)] =1log 6] ? It is exactly the prob-
ability of the event [§ = 1]. Similarly, the probability of the event [log[Ps(&)] =
log(1— 0)] is given by the probability of the event [§ = 0].

As a consequence, if the distribution of & is given by Py, we have

P(log[Pp(§)] =1log8) =P(§ = 1) = Py(1) =6,
and

P(log[Pp(5)] =log(1 - 6)) =P(§ =0) = Por(0) = 1 -6,
which yields
E(log[Py(&)]) = 0'log0 + (1 — 6')log(1 —0).
The derivative of the function 6 — E(log[Pg(Z)]) is given by
0'—6

0(1-0)’
which implies that E(log[Py(Z)]) reaches its maximum at 6 = 6'.

0—

Results. The EM algorithm converges toward a local maximum of the function
0 — Py (X;.y = x). To reach the maximum of the function and the corresponding
0%, it is necessary to run the EM algorithm with different initial values, compute
the corresponding log-likelihood and check what happens. The computation of the
log-likelihood can be done during the forward procedure because

Po(X1iv1) = Y pz(xir1)Po(Zip1 = 2lx1).
z

Right now, it is not possible to find the structure of the sequence given the obser-
vations. To do so, we introduce a new procedure which is a stochastic version of
the EM algorithm.
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2.3 Reconstruction of the hidden structure

Once we have an estimation 6 of 6, it is possible to compute an approximation
Pg(Z).y = z|x) for any z in SV because

N-1
Po(Zi.n = z1:n1x) = q(z1) [ 9(zirzien)-

i=1

The problem is to find z such that this quantity is maximum. Because of the too
large possibilities for z, it is not possible to compute all the quantities and make a
comparison. One possible compromise is the stochastic EM algorithm.

SEM ALGORITHM
Initialization. Given an initial value 6’, given a sequence x = xj.y.
Step 1 (Expectation). Compute

PQI(Z,‘ :z]x), Vze S, Vie {I,N},

with the forward-backward procedure.
Step 2 (Simulation). Simulate one realization z}. of a random vector Z}.,
such that

IP)(Z; = Z) = Pg/(zi = Z|X).

Step 3 (Maximization). Compute 6” such that
R(6",0') > R(6,6"), V6,

with

N—-1 N

R(6,6") =loglq(z})] + ; loglq(z},2i4.1)] + glog[pz; (1))

Step 4. Stop the algorithm or go back to Step 1 with 6’ = 6"

Note that R(6, 8’) is the computation of the logarithm of the complete likelihood
Po (X1:v = x1:8, Z1N = Z).y)-

Results. In the end of the SEM algorithm, we obtain the posterior distribution of
the states (Z;) given the sequence x. Hence it is possible to simulate the hidden
structure under this distribution or compute the maximum a posteriori estimate.

2.4 MIM1 model

In the MIMO model, conditional on the sequence Z;.y, the random variables X,
..., Xy are independent. To fit genomic data, we would like to modify the M1MO
model such that X;,; depends on X;. This is the M1M1 model.
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Definition 2.3. We say that a process X\.n is a hidden Markov model MIM1 if

o there exists a hidden process Z,.n defined according to Definition 2.1 with
parameters q;

e conditional on the sequence Z.y, the joint distribution of the random vari-
ables X1,...,Xy is

P(X1.ny = x18|Z1v = 21:8)
N—1
=P(Xi =x1|Z1 = 21) [ [ P(Xi1 = xi111Zis = ziv1, Xi = %)
i=1
N-1
= Py (Xl) H pZi+,' (xi7xi+1)7
i=1
where (p.(x))xc 2 is an emission probability for any z € S and (p,(x,y))xye 2
is a transition matrix for any z € S.

Such a process can be visualized on Figure 3.

Si 1 Si Sit1
C— X X; Xit1

Figure 3: directed Acyclic Graph of M1M1 model

Likelihood of the M1M1 model. Let 6 = (g, p) denote the set of parameters of
the MIM1 model. Under 6, the joint probability Pg(X;.y = x1.5,Z1:8 = Z1:N) 18
given by
N—1 N—1
(2.5) Po(Xin =x1:8, Ziv = 21v) = q(21) Pz, (1) [ | 9(zinzinn) [ Py (i i)
i=1 i=1

A consequence of (2.5) is

N-1 N—-1

2.6) Po(Xiv=xin)= Y, q(z)py (1) []a(izie) [] paes (inxin)-

2veSN i=1 i=1

Results. All the procedures introduced for the M1MO model can be adapted to the
MIM1 model. See [DEKM98] and [Nic03] for more details.
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3 One example of nucleotidic substitution process

The Jukes-Cantor model [JC69] is the simplest model of nucleotidic substitution
processes in DNA sequences. Relying on the theory of Markov processes, this
probabilistic model describes changes between nucleotides. In this section, we
present a mathematical description of the model and the main tools to estimate
distances between DNA sequences.

3.1 Mathematical description of the model

The Jukes-Cantor model (JC) is a continuous-time Markov chain. In JC, one as-
sumes that the nucleotidic sites evolve independently from the others, in a similar
way. Hence, the evolution of the DNA sequence is ruled by the independent par-
allel evolutions of N nucleotidic sites. Another assumption of JC is that every
substitution occurs at the same rate.

3.1.1 Dynamics of one site

We present now the dynamics of one nucleotidic site in JC.

Definition 3.1. Let X;(t) denote the random value of the nucleotide at site i and
time t. In JC, the process (Xi(t));>0 is a Markov process on <f and there exists a
parameter A > 0 such that the infinitesimal generator Q = (qxy)xy is given by the
4 X 4 matrix of substitution rates

A T C G

A= A A A

I VR A
=¢cl 2 1 - 2
s\ a2 2 1 -

Each off-diagonal entry g, is the rate of substitution of the nucleotide x by the
nucleotide y, that is, during a small interval of time df, x is replaced by y with
probability g.,df. Each number —¢,, can be interpreted as the rate of substitution
of the nucleotide x. This means that site i occupied by nucleotide x is modified
after an exponentially distributed random time with mean —1/¢y,, and that, when
it is modified, it becomes occupied by nucleotide y with probability —g.y /gy, for
each y # x.

In JC, this means for example that nucleotide C becomes an A, a T or a G with
probability % each and that the rate of substitution of C is 3A. The parameter A
rules the overall rate of evolution.

The infinitesimal generator Q fully determines the dynamics of the Markov chain.
For instance, let p,,(t) denote the probability that site i is occupied by y at time ¢
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given that it is occupied by x at time O, that is,

Py (1) = P(Xi(1) = y|Xi(0) = x).

Then, the transition-probability matrix over any time ¢, denoted P(r) = (pyy (1)), is
determined Q as the unique solution of the initial value problem

d};gt) = QP(t), P(0)=Identity,

The solution is
P(r) =e?.

The reader will find a complete presentation of continuous-time Markov chains on
discrete spaces in [Nor97]. We now provide the transition-probability matrix for
JC.

Proposition 3.2. In JC, for every x and every y # x in o/, py(t) = %p(t) and

Pux(t) = 1—p(t), with
p(t) = % (1 —e_‘W) .

Proof. Let I denote the 4 x 4 identity matrix and J the 4 x 4 matrix whose every
coefficient is §. Then, IJ = JI = J*> = J and Q = 4A(J —I). Hence,

th _ 674/1zle47u1 — ef4lte4/lzj'

For every integer n > 1, J* = J, hence

(4Ar)"

n>0 n.
This means that e = e ~**J 4 (1 —e~**)J, which implies the result. O

The transition-probability matrix coupled with an initial distribution for X;(0) fully
determines the law of X;(7). Indeed, assume that X;(0) has the initial distribution
7T = (7)., that is

P(X;(0) = x) = m,,

then the law of X;(¢), denoted 7(z), is given by m(¢) = wP(t), that is, for every
nucleotide x

m(t) =P(Xi(t) =x) = Y ypy(t).
yed
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3.1.2 Dynamics of the DNA sequence

Until now, we have presented the evolution of one site. Let X;.y(¢) be a shorthand
for (X, (¢),X>(t),...,Xn(t)) and denote the random value of the N nucleotides from
site 1 to site V at time ¢ in the DNA sequence.

Definition 3.3. In JC, the process Xi.n(t) is Markov, with initial distribution T,
where Tt is a distribution on /" and transition kernel Q¥". In other words, one
has for every x1.y = (x1,%2,...xy) € &N

(me?),,.

=

]P)(XI:N(Z‘) :xl:N) = ﬁP(Xl(l) :.x,') =
i=1 1

Definition 3.3 is just a translation of the independence of the N sites and their
identically distributions.

When the length N of the sequence is large, the number 7, can be interpreted as
the initial proportion of nucleotides x in the sequence, as a consequence of the law
of large numbers. Indeed, one has

1 u a.s.
N; 1{X;(0) = x} m E(1{X;(0) =x}) = &,.

Similarly, 7, () can be interpreted as the proportion of nucleotides x at time # in the
sequence.

The distribution 7* on <7, defined as 7 = 1/4 for every nucleotide x, is stationary
for the Jukes-Cantor process on one site. This means that if the initial distribution
of X; is m*, then for every time ¢ the distribution of X;(#) is ©*. Furthermore, the
Jukes-Cantor process is ergodic, which means for example that the law of X;(r)
converges to £ when ¢ tends to infinity, for any initial distribution of X;.

As a consequence, the proportion of nucleotides x in the DNA sequence when ¢
is large is almost 1/4, and one can imagine that the sequence is really blended in
comparison of the initial sequence, and that pick some information in the sequence
may be difficult.

3.2 Distance estimation

Since we have presented the Jukes-Cantor model, we now discuss the possibility
to calculate pairwise distances between DNA sequences.

3.2.1 One Estimator of the time elapsed between ancestral and present se-
quences

Consider two DNA sequences of length N. Assume that one sequence is ances-
tral to the other and that the present sequence has evolved under the Jukes-Cantor
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model since an unknown time ¢. This means that every nucleotide site i in the
past sequence is ancestral to nucleotide site i in the present sequence. We want to
provide an estimator of the elapsed time between these two sequences.

First of all, note that the law of X;(¢) under the Jukes-Cantor model with parameter
A is similar to the law of X;(¢/2) under the Jukes-Cantor model with parameter 2A.
Indeed, in the transition-probability matrix P(t), these quantities appear only in the
form of a product A¢. Thus, without external information on A, there is no hope to
estimate 7 in function of A. Yet, 34 is the global rate of substitutions per site per
unit of time. Given the organism, the nature of DNA, or the area of DNA we look
at, maybe some information can be provided on A, but that is not our purpose here.

In Jukes-Cantor model, the estimator used for the elapsed time is simply based on
the proportion of different sites in the two sequences. This is a direct application
of the maximum likelihood method.

Precisely, let Py, denote the observed quantity defined as
1 N
Fobs = o Y Ki(r), with Ki(r) = 1{X;(t) # X;(0)}.
i=1

The random variables (K;(t))Y., are Bernoulli random variables identically dis-
tributed, and their common mean is p(z). Indeed, for every initial distribution 7 on
</, one has

P(Xi(1) =Xi(0)) = ) mupu(t) = ) m(1—p(t)) =1—p(t).

xeof xeof

The random variables (K;(¢))Y_, are also independent, then the law of large num-
bers and central limit theorem provide

G P = plt), V(B = (1)) == A (0.p(0)(1 = (1)),

where ./ (o, 62) stands for a normal law with mean @ and variance 62.

Now we explain how it is possible to compute an estimator for Az from Pyps. The
function d — 3 (1 —e~*/) is increasing on [0, 4-co[ from the value 0 at d = 0 to the
value 3/4 at d = +oo, and every value p in the interval [0,3/4] corresponds to a
unique value d in the interval [0, +-oo] via this function.

This one to one correspondence allows to define the estimator D of the time elapsed.

Definition 3.4. Let D denote the estimator of the time elapsed defined as the solu-
tion in d of the equation

—4d)

3
Z(l—e :PObS'
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3.2.2 Consistency of the estimator and asymptotic confidence interval

Consistency of estimator D is a consequence of the almost convergence of Pyps and
the continuity of the reciprocal function of d — 2 (1 —e~*?).

Proposition 3.5. The random variable D converges almost surely to At when N
tends to infinity. Hence, D is a consistent estimator of At.

Consistency is a nice property for an estimator, but we are also interested in an
asymptotic confidence interval for estimator D. Thanks to central limit theorem,
we already have an asymptotic confidence interval for p(r), and we now use the
delta method [vdV98] to provide an asymptotic confidence interval for ¢.

Citing [vdV98], the delta method consists of using a Taylor expansion to approx-
imate a random vector of the form ¢@(7y) by the polynomial @(6)+ ¢'(0)(Ty —
0)+... in Ty — 6. It is a simple but useful method to deduce the limit law of
o(Ty) — @(0) from that of Ty — 6.

Proposition 3.6 (delta method). Let @ : I C R — R be a map defined on an interval
I of R and differentiable at 6. Let (Ty) be random variables taking their values in
the domain of ¢. Assume that ry(Ty — 0) converges in distribution to a random
variable T, with ry — +oo.

Then ry(@(Ty) — @(0)) converges in distribution to ¢'(0)T.

The situation we have with D and Py is exactly these of proposition 3.6. Indeed,
let u denote the reciprocal function of d — %(1 —e %), Function y is differen-
tiable on [0,3/4[, and

D= ,u(Pobs)> At = [,L(p(l‘))
From convergence in distribution (3.1), we deduce

Corollary 3.7. The random variables \/N(D — At) converges in distribution to the
centered normal law with variance 6 (t), where

(1= p(0)
=G awy

To build a confidence interval for At from corollary 3.7 requires to know the value
of p(¢) which depends on the quantity Az to be estimated. Slutsky’lemma (see
[vdV98]) allows to bypass this difficulty. Indeed, Slutsky’s lemma states that if two
sequence of random variable (Xy)y and (Yy)y are such that (Xy)y converges in
distribution to a random variable X and (Yy )y converges in probability to a constant
¢ then the sequence (XyYy)y converges in distribution to the random variable cX.
In our situation, we apply this lemma by using the fact that

3— 4Pobs a.s. 3— 4p([)
Pobs(l_Pobs) N—rteo p(t)(l—p(t))'

23



Hence from central limit theorem for Py, delta method and Slutsky’s lemma, one
has the final result.

Theorem 3.8. In the Jukes-Cantor model,

(3 — 4Pyys) (D— A1) N"—> N (0,1).

— oo

At the moment, we have only provided an estimator of the time elapsed between
an ancestral sequence and a present one. Remember that in most cases, data are
not available for extinct ancestors. We now explain how it is possible to derive
an estimator of the time of divergence between two present sequences, that is, a
phylogenetic distance between these two DNA sequences

3.2.3 Estimation of the time of divergence between two present sequences

In the case of the Jukes-Cantor model, we provide an estimator for the time of
divergence between two present sequences directly from the estimator of the time
elapsed between an ancestral sequence and a present one. However, it is necessary
to assume that the ancestral sequence is at stationarity.

The Jukes-Cantor model is a time-reversible Markov chain. Reversibility means
that the dynamics will look the same whether time runs forward or backward. To
check if a Markov process is time-reversible, one can use the generalized Kol-
mogorov criterion (Kendall [Ken59]), that is, one needs to check that for each loop
in the state space, the product of the rates is the same whatever direction in the loop
is chosen.

Proposition 3.9 (Generalized Kolomogorov criterion). A stationary Markov pro-
cess with infinitesimal generator Q and state space . is reversible if and only if
the entries of Q satisfy

Ax129x0x3 + - - Axy 1%, Dxpxy = xixyDxpxy—1 « - - Gz Gxoxy

for any elements xy, xp, ..., X, € 7.

As a result, given two sequences at stationarity, the probability of data in a state
is the same whether one sequence is ancestral to the other or both are descendants
of an ancestral sequence at stationarity. Roughly speaking, for every x and y that
belong to 7, going from a x at time ¢ to O then back to a y at time ¢ on another
branch, is equivalent to going from a x at time O to a y at time 2¢, as illustrated in
figure 4.

To understand why stationarity is necessary, imagine the following case. Let the
time run forward largely from the ancestral sequence to sequencel. Then, sequence
1 is almost at stationarity. As a consequence, the proportion of each nucleotide in
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Figure 4: A tree for two sequences showing the observed nucleotides x and y at
one site. (a) Two sequences diverged from a common ancestor. (b) Sequence 1 is
ancestral to sequence 2.

sequence 1 is almost 1/4. Now, let the time run backward from sequence 1 to the
ancestral sequence, as the time is large, the ancestral sequence is also at stationarity.
Stationarity is necessary for time-reversible process.

Let Xf (t) denote for every k € {1,2}, the random value of the N nucleotides from
site 1 to site NV at time ¢ in the DNA sequence k.

Let P, denote the observed quantity defined as
5 1, . 5 1 2
Pobs:NZKi(t)a with Ki(t)zl{Xi (t)#Xi (t)}
i=1

Definition 3.10. Let D denote the estimator of the time elapsed defined as the
solution in d of the equation

3 _ ~
1(1 —¢€ 8d> :PObS'

The main result of this section is the following.

Theorem 3.11. Assume that two present DNA sequences have diverged under the
Jukes-Cantor model with parameter A from a common ancestral DNA sequence at
equilibrium since a time t.

Then, D is a consistent estimator of At, and

~ N ~ d.
(6 — 8Fops) m(l)_h) m/(0a1)~
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